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PREFACE 


Each  year  the  Department  of  Mathematics  of  the  University 
of  Maryland  sponsors  a  "Special  Year"  in  some  field  of  mathe¬ 
matics.  These  special  years  are  designed  around  a  series  of 
lectures  by  distinguished  mathematicians  and  have  the  goal  of 
refining  the  understanding  of  the  frontier  of  the  field,  stim¬ 
ulating  new  research,  and  enhancing  scientific  cooperation. 
During  the  1980-81  academic  year  the  Speci<al  Year  was  in  numer¬ 
ical  analysis.  One  of  the  major  topics  of  the  Year  was  the 
numerical  solution  of  partial  differential  equations. 

Thirty  visitors  delivered  lectures  on  numerical  PDE, 
touching  on  nearly  all  of  the  important  subfields  of  the  area. 

In  addition,  many  of  the  participants  submitted  written  ver¬ 
sions  of  their  lectures;  these  papers  are  contained  in  this 
volume.  The  papers  range  from  extended  abstracts  of  lectures 
to  systematic  survey  articles  to  research  papers.  We  have  per- 
pared  this  volume  to  record  the  activities  of  the  Special  Year 
and  also  in  the  expectation  th^t  others  will  find  the  papers  of 
interest .  ■- 

The  Organizational  Committee  would  like  to  thank  the  Mathe¬ 
matics  Department  and  the  Air  Force  Office  of  Scientific  Re¬ 
search*  for  their  support,  and  all  of  the  participants  for  their 
'stimulating  lectures  and  their  informal  contribution  to  the 
lively  "i-ientific  climate  that  prevailed  during  the  Year. 

I .  BabuSka 

T.-P.  Liu 

J.  Osborn 


/ 


* 

The  Special  Year  was  partially  supported  by  AFOSR  Grant 
No.  80-0251. 
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ADAPTING  COURANT-FRIEDRICHS-LEWY  TO  THE  1980 'G 


Garrett  Birkhotf 
Harvard  University 


Iv  introduction 


In  19S2,  Courant ,  Friedrichs  and  Lewy  published  a  nov'  famous 
paper  [6]  on  the  numerical  solution  of  partial  differential  equa¬ 
tions  (DE's).  In  it,  they  considered  difference  approximations 


to  the  Laplace,  biharmonic,  heat,  and  wave  equations.  Thf’i"  .  o 
aim  was  to  treat  these  by  difference  methods  that  were  app]  r’ cal  0  u  ■ 
to  other  partial  DE's  of  elliptic,  pai.'abolic,  and  hvperbcl.ic  tvpcs 
respectivelv.  Foi-’  simplicitv,  they  used  -uectanRulcr  mc.fne::  .r-i  ;  t. 
constant  mesh-lengtli  h  in  space  and  (for  parabolic  and  hyrorbo'' i 
DE's)  another  c.onstant  mesh-) engtb  A-!"  in  lime. 

Tlieii’  mairi  concern  was  with  provinp,  p,‘=ncra)  cy, is'.. .U'  (>.  '’ri’.-.uc 
ness,  and  convei-gence  theoi'oms ,  and  not  with  actually  scd.virp^  sne- 
cific  problems.  Their  intention  v;as  to  d'^monstrate  that  this  area 
of  Analysis  (partial  I F '  s )  could  be  .irijhmejriced  in  priiT_cip]e. 

They  did  td’s  s:';  wf;l,'!  tl,:!'  tdn'ir  aiu:i.‘-l,-:  w.'.'  ^'cudial’'’  nc  ■bi- 


.  uanT  i  .a 


'\'cr  v;r:  ttU'U  or:  ■  .:c  ;r 'm,  !'.'i^',n  I  :;olU:‘'‘on  ■  d'  r.^r 


O',  .' t‘  'tr.  uro ‘d  ’'iin  a ‘'um.aru: " ' 


thinl-.i  nq . 


Today,  compute).-  hardware  has  i.:icreaso,i  in  '  -  ic  U:  •/  ]-,\r  yi 

( 

a  laryo  tactor  (.1')'?)  that  the  noj'.rrio-)  ;  m  in\  n.-irtiu'  iF'.-;.  h.":  ' 
I'cen  arithmeti  ::ed  in  practice .  hh'cauS'  of  this  tao-",  .bt  seems  tim- 
to  r(.!cn  ns  J  e’er  ‘  he  methods  prenosed  i  n  f  ^  i  ,  .'■nd  ;o  o^mnase  eh.em  v’idb 
other'  Diethods  that  Irave  been  pro7)oscd  j\ihsec \i  rnt  1  -f^cr  the 

s  ame  partial  DF. '  o  . 


Ana  J  or  “>1),';  comment  '  brs  ovt  1. 1  ■ 
u.nd  Pai'‘  c!'  ;  r;cc  [  f  '  ]  "  . 


A.  THE  LAPLACE  EQUATION 


2 .  Dirichlet  problems 

The  problem  treated  most  thoroughly  in  [6]  was  the  Dirichlet 
problem.  Letting  denote  the  set  of  all  mesh  points  (x^,y^)  = 

=  (ih,jh)  lying  in  the  domain  2  in  which  such  a  problem  was 
posed,  they  assumed  [6',  p.221]  that  a  known  smooth,  but  other¬ 
wise  unspecified  function  g(x,y)  was  interpolated  in  some  boundary 

strip  to  the  given  boundary  values  on  T  =  32.  Then  Runge ' s  5-point 

2 

difference  approximation  =0  to  the  Laplace  equation  was 

solved  for  the  values  of  g  on  the  boundary  of  M,  . 

n 

A  better  way  oi  approximating  Di richlet-type  boundary  condi- 
f'ons  was  developed  in  the  jato  .I930's  and  early  1940's  by  Shortley 
and  Weller  [12],  K.V.  f.outliW'.' .1  1  1  12],  Lesiie  Fox  [8],  and  others 
interested  in  the  p  r  ^  c  t:  i  c  a  1  numer-ical  solution  of  elliptic  problems. 
As  in  [6],  one  r'ii'st  overla'.'s.  torruiins  in  FT  with  a  square  mesh, 
and  domains  in  F'  w'tli  a  rnhic-  mesh,  ver'.'  much  in  the  spirit  of 
[6].  One  then  .jup'-ienienfs  tiic  set  M,  of  noints  (x.,v.)  =  (ihjih) 


in 


where  the  me.d;  linos  intersect  v;i  th  the  set  T 


of  boundarv 


node 

s  (xi,v)  ap...i 

(x,v 

•'  ) 

Wli 

the 

boun-iary.  Cnt: 

then 

so 

i  ves 

b  n : ;  ’ 

hr'-,'  values  in 

r,  . 

Th  i  5 

n 

■  '4' 

oundarv  valu-  s. 

/  a  I  Ki 

i 

3  ge 

1.  ;■  0  C  j  0  r'l  L  1. 

sts  de 

1  f  '  t ' 

-  X  in  it  ions  a  t 

nesh  ;■ 

'  2  i 

a  single  mesfi  lin 
u  =  0  on 


ntersec  ts 


,  =  M,  U  r,  for  the 

ri  h  h 


a  s  s  o  c  i  a  t  e  ■  1  w  1  h  t ;  t 


.  tine 


This  problem  w<r-;  consider':-d  *  heoret  i  ca  1  1  v  in  another  connection 
.  h.  Whitnev,  i'rans  .  Amer.  Math.  So(' . 


I 


Of  these  two  formulas,  (2.1)  has  only  0(h)  accuracy,  but  gives 
a  symmetric  matrix;  (2.2)  is  more  accurate,  but  gives  an  asymmetric 
matrix. 


The  symmetry  of  the  matrix  given  by  Shaw's  less  accurate 
formula  (2.1)  is  easily  explained:  it  is  the  formula  given  by 
the  electrical  network  analogy,  in  which  each  mesh  segment  is  re¬ 
placed  by  a  conducting  wire  of  the  same  resistivity  per  unit  length. 
Note  also  that  when  a  =  3 ,  the  two  formulas  differ  only  by  a  fac¬ 
tor  1  +  a.  This  may  be  interpreted  physically  as  corresponding 
to  the  area  over  which  the  source  term  f(x,y)  is  introducing  an 
inflow  of  current  at  the  node  w^  . 

It  is  interesting  to  compare  the  preceding  formulas  with  the 
recipe  given  by  Varga  in  [14,  p.l86l.  Setting  a  =  h^/h  and 
p  =  kj/k  in  Varga's  (6.37),  we  get  0+a)(l  +  p)  times  Shaw's 
(2.2).  This  is  encouraging,  especially  since  Varga's  (6.37)  gives 
a  symmetric  matrix  in  a  rectangular  domain . 

However,  in  spite  of  the  plausibility  of  the  derivation  of 
Varga's  (6.37)  in  [14,  pp. 183-6]  it  seems  unlikely  that  one  should 

4 

use  the  same  weighting  tor  the  domain  ol  Fig.  1  as  for  a  rectangle. 
Moreover,  For sythe-Wasow  consider  thi'ee  i-ecipes  for  boundary  con¬ 
ditions  in  [7,  §20.2],  and  are  non-commital  as  to  which  is  best. 

It  may  not  even  be  best  to  interpolate  to  boundary  values! 


^Well-known  monotonicity  principles  assert,  in  fact  that  the  weighting 
factor  for  f  should  increase  with  the  domain.  It  would  be  in¬ 
teresting  to  obtain  numerical  results  for  -V'^u  =  1  in  the  square 
max  (|x|,|yl)  5  1  and  the  octagon  satisfying  also 
|x|  +  |y|  §  3/2. 


J 


(l 


з .  Normal  derivatives 

l-.'ven  leas  is  known  (ihout  the  best  wav  to  appi'oximato'  bourular^v 
eond i t  i oin;  of  the  form 

(3.1)  3u/an  +  a(v)u  =  (v)  on  P, 

which  was  totaliv  ignored  in  [hi,  t  lian  is  known  .d-.'iii  approx !  t:ia !  i  ng 

и.  Thus,  whereas  it  is  relativelv  (.'asv  to  aj^pj-ox  i  ma  1 1'  n  with 

a  truncation  eri'OT'  of  0(lh),  the  co-t'i'i'spcviui  i  ng.  error  in  appi'oxi- 
mating  du/an,  say  by 

(3.3)  [a(w^-WQ)  +  p  (w,,-W|^ )  1  /  Ja''  +  [' ''  , 

with  tlte  dimensions,  of  Fig.  1,  is  tvpicalJy  0(h). 

A  brief  but  incisive  s.tni’.marv  is  given  bv  Fcrsvthe  and  Wasow 
in  [7,  ;;'30.!l)l  td'  t  lie  main  Ith’ar.  .ind  re.sults.  of  Barsclu'li't  [3], 

Shaw  [11],  Allen  [1],  and  Y is.w.uiathan  Ll!'l.'  'Iheir  summar'y  empha¬ 
sises  how  "compl  i  cated"  the  facts,  are,  and  mentions  [V,  p.  204  l 
the  poss.i  bi  1  itv  fd  getting  improved  ;iccuracv  hv  using  "reflection" 
methods.  We  will  next  supplement  their  s.ummai’v ,  bv  discussing  some 
examples . 

Fxample  1.  Consider'  the  one-dimensional  Foisson  DF 
-u'(x)  =  f(x),  with  the  boundarv  conditions  u(0)  =  u(l)  =  0 

and  mesh-points  x.  =  ih,  i  -  h  =  l/I.  Use  the  St^rmer- 

Numerov  appr’ox  imat  i  on  . 

(3.3)  ^i  +  1  -  +  ''i_i  "  ‘'^•'^i-l  ^  ^“^i  ^i+1^^^^’ 

k 

'  Batschelet '  s.  ]'.^[ior  seems  the  most  thorough.  The  other  authors 
cited  take  Fox  [7]  and  Southwell  [13]  as  their  starting  point, 
and  fail  to  eoT’t'elate  their  results  with  Batschelet '  s . 
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a  formula  whose  truncation  error  is  h^u'^^CC  )/240  if  f  €  C^C0,1].^ 
For  smooth  f  and  Dirichlet-type  boundary  conditions,  one  can 

4 

achieve  0(h  )  accuracy  with  (3.3). 

However,  with  the  boundary  conditions  u(0)  =  0  and  u'(l)  =  1, 
the  approximation 

(3.4)  Uj  =  +  h  to  u'(l)  =  1 

gives  only  0(h)  accuracy!  If  we  approximate  the  boundary  condi¬ 
tion  u '  (  0  )  =  0  by 

(3.5)  Uj  =  Uq  +  hu^  +  h^fQ/2  +  h^f|^/6  +  0(h‘^) 

=  Uq  +  hu^  +  h^(2fQ  +  f^)/6  +  0(h'^), 

2 

and  set  Uj  =  1,  (3.3)  gives  0(h  )  accuracy. 

Example  2.  Likewise,  for  the  reduced  Helmholtz  DE , 

(3.6)  u  =-u  +Xu, 

XX  yy 

the  [third]  boundary  conditions  along  the  line  y  =  0  can  be  well 
approximated  on  a  square  mesh  by  using  9-point  formulas  in  [5]  and 
[10].  If  one  takes  as  unknowns  the  u  ,  .  and  u„  .  ,  one  gets 

one  equation  for  each  j  from  (3.6),  and  a  second  equation  by 
collocation  from  the  boundary  condition. 

(3.6')  u^(0,y)  +  g(y)u(0,y)  =  h(y). 


^See  F.H.  Hildebrand, 
McGraw-Hill,  1971. 
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Reflection  methods.  The  preceding  method  for  achieving  higher- 
ordei’  accuracy  in  discretizing  boundary  conditions  is  a  special 
application  of  reflection  principles  stemming  from  Fourier  (1822), 
and  extended  by  H.A.  Schwarz  (ca.  1880)  and  many  others.  These  are 
especially  applicaole  to  boundary  conditions  of  the  form  u  =  0 
or  au/dn  =  0  on  straiglit  boundai",'  segments  making  angles  of 
nk/U  witii  the  x-axis,  where  k  is  an  integer.  Some  simple  examples 
of  such  applications  to  the  wave  equation  are  presented  in  Appendix 
A,  "Discretizing  I’oitial  and  Boun-!ary  Conditions." 
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B.  THE  WAVE  EQUATION 

4 .  Wave  equation:  regular  mesh 

We  consider  next  the  semi-discretized  wave  equation  on  a 
square  or  cubic  mesh  of  side  h; 


(4.1) 


u 


tt 


2r,2 

c  V,  u 
h 


2 

where  Vj^  is  the  (2p+l)-point  discretized  Laplacian  in  p  space 
dimensions.  We  will  call  a  polygonal  domain  with  sides  that  are 
all  horizontal,  vertical,  or  make  a  45°  angle  with  the  axes  a 
regular  domain  when  its  corners  can  all  be  made  to  fall  on  mesh- 
points  of  such  a  square  or  cubic  mesh. 

The  simplest  full  (central)  discretization  of  (4.1)  is 


(4.2) 


c  n 
tt  2 


r^h 


^2, 


n 

i’ 


where  r  =  cAt/h  is  a  dimensionless  parameter  today  called  the 

Courant  number.  The  condition  for  stability  is  r  5  1/Vp,  and  the 

most  accurate  stable  r  is  also  the  maximum  stable  r,  with 
2 

r  =  1/p.  This  choice  reduces  (4.2)  to  the  (2p+2)-point  formula 

n^’l  ^n  n— 1 

(4.3)  u.  =<)u.-u.  , 

1  ^11 

where  ^  denotes  the  sum  taken  over  all  mesh-points  adjacent  to  x. 

t  Q 

A  1975  study  by  Dougalis  and  the  author  showed  that,  in  free 
space ,  the  CFL  discretization  (4.3)  was  more  efficient  than  any 
other  second-order  discretization,  and  competitive  with  later 
fourth-order  schemes.^ 


V.A.  uougalis  and  G.  Birkhoff,  pp. 231-51  of  J.W.  Schot  and  N. 
Salvesen  (eds.),  Proc.  First  International  Conference  on  Numerical 
Ship ,  Hydrodynamics,  N.S.R.D.C.,  1975. 


^L.  Collatz,  pp. 41-61  in  J.J.  Miller  (ed.).  Topics  in  Numerical 
Analysis ,  Academic  Press,  1973;  M.  Ciment  and  S.H.  Leventhal, 
Math.  Comp.  29  (1975),  pp. 985-94. 


1C 


However,  none  of  the  papers  referred  to  above  considered  in 
detail  how  to  handle  boundary  conditions.  For  boundary  conditiori 
of  the  special  form  u  =  0  on  F  and  ^  0  on  F,  and  more 

generally  for  'mixed'  boundary  conditions  in  which  some  one  of 
these  is  specified  on  each  edge  of  a  regular  domain  subdivided  by 
a  regular  (square  or  cubic)  mesh,  we  can  use  a  re  flection  method , 
stemming  from  Fourier  and  applied  to  the  Laplace  equation  by  H.A. 
Schwarz,  to  treat  boundary  conditions  without  loss  of.  accuracy. 
Indeed,  for  u  s  0  (the  natural  physical  boundary  condition  for 
vibrating  membranes ,  it  suffices  to  set  u^  =  0  on  F.  For 
du/dn  s  0,  a  more  elaborate  procedure  is  described  in  the 
Appendix  attached. 
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5 .  Approximating  boundary  conditions 

In  [6],  only  the  pure  initial  value  problem  was  considerea; 
we  next  describe  a  method  for  approximating  behavior  near  the 
boundary  of  a  vibrating  membrance,  where  u  =  0.  For  simplicity, 
we  assume  that  a  convex  domain  2  in  IR^  with  boundary  F  has 
been  overlaid  with  a  uniform  (p-1),  square  (p=2),  or  cubic 
(p=3)  mesh.  This  will  give  rise  in  general  to  irregular  stars 
at  nodes  adjacent  to  the  boundary. 

Since  the  lengths  Ax^  of  mesh  segments  adjacent  to  F  can 
be  arbitrarily  small  fractions  of  h,  the  Courant  stability 
criterion  At  s  min(Ax^/c)  can  become  a  severe  limitation  near 
the  boundary.  But,  fortunately,  one  can  circumvent  this  limita¬ 
tion  very  easily. 

Namely,  at  the  centers  of  such  irregular  stars,  simply  re¬ 
place  the  usual  hyperbolic  difference  approximation  to 

2  2  2 
u^^  =  c  V  u  by  the  el liptic  difference  approximation  to  7  u  =  0. 

In  physical  language,  this  amounts  to  sti f fening  the  membrance 

artificially  at  such  points, all  of  which  will  be  adjacent  to  the 

2  2  .  . 

boundary.  Since  u  =  0  on  F,  whence  V  u  +  k  u  =  0  implies 
2 

V  u  =  0  there,  the  resulting  eri'or  should  be  small  except  for 

wave  lengths  X  s  5h  (say)  very  high  frequency  sound  waves.  More- 

2  2 

over.  It  can  be  rtduced  further  by  setting  u^^  =  c  6  TV  u,  where 
is  the  minimum  ratio  of  AXj^/h  for  a  mesh  segment  issuing  from  x^  . 

For  example,  consider  the  case  p  =  1,  with  domain 
=  [n,0h  +  Jh],  0  '  0  “S  1 .  At  regular  mesh-points 

(5.1)  ^j+1  ”  0h+  ih,  j  -  1,2,...,J-1, 
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the  semi-discretized  wave  equation  reduces  to 
(5.2)  Uj(t)  =  (c^/h^)[Uj  ^  -  2Uj  + 

Especially  since  Uq(0)  =  u^^(0,t)  =  0  implies  u^^(0,t)  =  0, 
it  seems  reasonable  to  approximate 


u^(t)  =  u(0h,t)  by  u(h+9h ) / ( 1  +  9 ) . 


For  At  =  h/c,  this  gives 


(5.3) 


n+1  0  n  .  n  n-1 

^2  ■  1+e  ^2  ^3  ^2 


and 


(5.3’  ) 


n+1 

u . 


i-1 


n-1 

u . 

3 


for  j  >  2. 


We  next  estimate  the  discretization  error  resulting  from  the 
preceding  approximation. 


Error  estimate.  One  way  to  estimate  the  discretization 
error  of  (5.3)  is  to  calculate  the  'forcing  term'  required  to 
make  the  functions 


(5.4) 


<<.j^(x,t) 


sin 


knx 

j+e 


cos 

sin, 


knt 
J+0  ’ 


which  constitute  a  basis  of  simply  harmonic  solutions  of  =  u 

become  solutions  of  (5.3)  with  this  term  added. 

Since  the  difference  and  differential  equations  are  time- 
independent,  we  can  suppose  t  =  0  without  losing  generality. 
Moreover,  for  the  sin  factor  in  (5.4),  all  terms, and  hence  the 
forcing  term  needed  to  correct  for  the  error, are  zero  when  t  =  0 


XX  ’ 


There  only  remains  the  cos  factor,  for  which 


(5.5) 


^tt^k 


-4  sin 


2 


krr  h  _  „  kir  6 

2J+2e  j+e  ‘ 


On  the  other  hand,  evaluating  (5.3),  we  see  that  its  solution 
without  a  forcing  term  satisfies 


(5.5'  ) 


^t^l 


ITe  ^t^2 


49 

‘i+e 


sin 


2  knh 


2J+2e 


sin 


kn  (1  +  0) 


J+6 


The  left-hand  factors  in  (5.5)  and  (5.5')  are  the  same.  Expanding 
the  right  (spatial)  factor  of  (5.5),  we  get: 


(5.6) 


kTT9  _  kn  6  1  /  kn  6  \  3 

J+9  ■  J+e  ~  6|j+0/ 


as  compared  with 

(5.6'  ) 


9  kn(l+e) 
sin 


1+0 


J+e 


kne 

J+e 


41 


k^n^(l+9)^ 

(J+e)^ 


+ . 


The  forcing  term  f2  required  to 


make 


3 

satisfied  by  is  thus  0(1/J  );  it  is  small.  This  suggests 

that  the  local  relative  order  of  accuracy  of  (5.3)  at  x  =  0h 

is  0(h).  Since  this  is  only  one  of  J  mesh  points,  and  the 

difference  equation  (5.3')  is  satisfied  exactly  elsewhere.  The 

2 

global  order  of  accuracy  should  be  0(h). 

Unfortunately,  it  seems  to  be  much  harder  to  find  a  good 
way  to  discretize  the  boundary  condition  5u/en  =  0  for  a  general 
domain  with  curved  boundary  F.  Since  this  is  the  boundary 


condition  that  is  appropriate  for  the  reflection  of  sound  waves, 
it  would  be  most  desirable  to  invent  a  good  procedure  for  dis¬ 
cretizing  it  which  would  not  greatly  reduce  the  maximum  stable 
time  step. 
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6 .  Burgers'  and  Korteweg  de  Vries'  equations 

It  is  natural  to  wonder  whether  prescriptions  like  those 
given  in  §§4-5  have  satisfactory  analogs  for  variants  of  the 
linear,  constant-coefficient  wave  equation  (4.1).  For  the  one¬ 
dimensional  heat  conduction  equation  u^  =  u  as  well  as  for 

t  XX 

(4.1),  if  u(-x,t)  is  a  solution  then  so  is  u(-x,t).  It  is 
because  of  this  that  solutions  satisfying  the  boundary  condition 
u(0,t)  =  0  can  be  constructed  by  extending  initial  conditions 
anti- symmetrically  by  the  formula 

(6.3)  u(-x,0)  =  -u(x,0), 

and  u^(0,t)  =  0  can  be  built  into  a  solution  by  the  following 
symmetric  extension  of  initial  data: 

(6.3')  u(-x,0)  =  u(x,0). 

For  the  Burgers  equation  (6.1),  it  is  still  true  that  if 
u(x,t)  is  a  solution,  then  so  is  -u(-x,-t).  Hence,  we  can  still 
satisfy  the  boundary  c.'ondition  u(0,t)  =  0  by  using  the  extended 
initial  condition  (6.3).  However,  one  cannot  'force'  the  condition 
u^(0,t)  =  0  by  an  analog  of  6.3. 

For  the  Korteweg  de  Vries  equation,  which  was  originally  pro¬ 
posed  as  a  higher-order  nonlinear  approximation  to  'simple'  gravity 
waves  moving  in  one  direction,  one  cannot  satisfy  either  type  of 
boundary  condition  by  reflection  symmetry.  This  is  because,  for 

tlie  transformation  x  >->■  -x ,  tn-t,  ut->-  Xu,  to  respect  (6.2) 

.  .  .  2  2 

for  general  initial  data,  we  must  have  X  =  -X  =  X  .  Hence 

neither  u(0,t)  =  0  nor  u^(0,t)  =  0  can  be  satisfied  by  reflecting 
the  initial  conditions. 
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APPLN  I'lX. 


PISPK;'TIZIKP  rXITIAL  AND  BOi  NUAKY  COHDTTTONS 


In  The  ramou,'  ;'a;-e!-  |i  1  t'V  D'-’UiMn!,  :'r.i  r-ar’i  chs  ,  and  I.ewv , 
one  of  the  most  impo;'tar;t.  oor.tri!'i;T:  onr.  v;as  thei'o  '''-point  formu 
la  for'  di  sore’ i  sing  the  :wo  din.'  noionai  v^7ave  coiiatio!i 

(I)  A,.  "  s'  . 


or  the  optimal  Co'arar.t  rium::.'! 


this  is 


(2) 


u 


n+1 
!  f 


It  is  'l-;ar'd  to  heat',  becau's;  it  it 
racv  with  it  =  ix/cl,',  and  reqt:ire 
tractions)  and  one  binart  per 

formula  (2)  does  not  explain  >iow  to 


n-] 

-  ;  ^  • 

xp  i  i  o  i  '  ,  ( ir  )  accu- 

onlv  additions  (and  sun 
ini"  step'.  However,  their 
indJo  'nitial  or  boundary 


cond i t ions  . 


Ir;itiai  coadi  :  i  tats .  .As  regards  initial  conditions,  one 
aiwa'/s  has  a  c  a;  ■erpo't  i  t  i  i  ■:!  el  twi,'  cases: 

(3o)  ’ 

•ind 

(^f)  u,^(.)  =  u,/G)  =  g.^, 

re  1 1  eel  t  L  ve  1 V  .  In  t.-jc  ‘irr-t  Cvise,  we  can  use  tlio  method 
fleoii  -n:  sin  "  u.^(l)  -  -a  .  ^  - 1  )  ,  we  can  rerlrtce  (2) 


of  re- 
when 


rl)-- 


(u  ,) 


I 
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In  the  second  case,  we  know  by  the  reversibility  of  (1)  that 

2 

u.,(-t)  =  -u.,(t).  Hence  D  u(x,y,0)  =  0,  and  we  can  logically 
9  *  9  * 

replace  (2)  when  n  =  0  by 

(4b)  =  Sj^At  +  O(h^). 

Therefore,  using  the  Whittaker  or  Birkhof f-Lynch  [3]  to 

infer  u(x,y;0)  from  tlie  g.  ,  one  can  presumably  achieve 

9 

higher-order  accuracy  in  estimating  the  u..  from  the  data 

9 

(4b).  This  would  require  applying  known  (exact)  Green's  func¬ 
tions  and  their  derivatives  to  the  interpolant  thus  obtained. 


Boundary  conditions.  We  will  consider  here  only  the  case 
of  a  polygon  with  horizontal,  vertical,  and  45°  lines  as  edges, 
for  Dirichlet-type  and/or  Neumann-type  boundary  conditions. 

The  case  of  Dirichlet-type  boundary  conditions,  Uj^(t) 
given  on  F,  is  very  easy.  The  only  alteration  is  that,  in 
Eq .  (2),  one  or  more  of  the  terms  in  is  a  known  quantity 

(function  of  time),  whenever  u^^  is  adiacent  to  the  boundary. 

For  Neumann-type  boundarv  conditions,  one  must  however  use 
the  method  of  reflection  across  the  boundary.  Thus,  if  (x^,y) 
is  an  interface  (vertical  side  of  the  polygon),  we  must  set 
u'^.  =  u!^.  on  that  side.  Substituting  into  (2),  this  gives 
after  cancellation. 


(5a) 


n+1  n  n 

'l«  ""  ^1,«  +  1  '^«-l 


-  u 


,n-l 

If. 


Likewise,  if  (x.,v  •)  lies  on  the  oblique  interface 

1  '  m- 1 

X  +  v  =  mh ,  then  we  must  set  u*?,,  .  =  u?  •  ,  •  Setting 

1  +  1, m-i  i,m-i-i  “ 

this  replaces  (2)  by 


m  = 


2  and  i 


1, 
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n  + 1 


n-1 


‘11  ’  "^^01  ^lO'^ll^  ■  ^11  ’  example,  or  -  2(u^-,+u^p,) 


n  .  n 
‘01  ^10' 


Rules  like  the  pi’eceding  cover  all  boundary  points  (where 
the  values  of  u  must  be  treated  as  unknowns  for  the  boundary 
condition  au/an  =  0  on  F),  except  corners .  Here  one  must 
consider  six  cases;  (a)  90°  corner  formed  by  horizontal  and 

vertical  edges,  (b)  90°  corner  formed  by  two  diagonal  edges, 

(c)  135°  corners,  (d)  225°  cornel's,  (e)  270°  corner  formed 

by  horizontal  and  vertical  edges,  and  (f)  270°  corner  formed 

by  two  diagonal  edges.  Our  recommendations  for  these  cases  are 
as  follows: 


Case  1.  A  90°  corner  between  horizontal  and  vertical  edges. 
Without  loss  of  generality,  we  can  take  these  edges  to  be  the 
horizontal  and  vertical  axes.  The  configuration  of  Fig.  la 
shows  how  to  express  the  boundary  values  in  terms  of  interior 
values , 
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Case  2 .  A  90°  corner  between  two  diagonal  edges.  Without 
loss  of  generality,  we  can  assume  this  is  the  wedge 
-n/4  s  0  s  n/4  depicted  in  Fig.  lb.  Hence  we  can  use  reflec¬ 
tion  to  obtain  equations  for  the  boundary  Uj^  ,  as  illustrated 

in  Fig.  lb. 

Case  3.  Any  135°  corner  can  be  transformed  by  translation, 
rotation,  and  reflection  into  the  corner  yaO,  x+yaO 
(i.e.,  into  min(y,x+y)  s  0).  The  reflections  corresponding  to 
the  edges  y  =  0  and  x  +  y  =  0  yield  the  identities 

u.  =  u.  ,  and  u  .  .  .  =  u  .  .  ,  ,  respectively;  see  Fig. 

2a. 

The  logic  of  reflection  symmetries  involving  reentrant 
corners  subtending  angles  a  >  180°  is  more  subtle.  One  must 
in  effect  imagine  a  Riemann  surface  in  which  the  given  angle 
together  with  its  images  under  reflection  in  the  sides  subtends 
an  angle  180°  +  a  ^  360°.  Of  the  three  cases  dual  to  Cases 
1-3,  that  dual  to  Case  1  is  logically  the  simplest.  By  a  rota¬ 
tion,  we  can  transform  it  to  the  following. 

Case  4 .  Consider  a  square  mesh  of  side  h  that  fills 
tfie  first  3  quadrants,  as  in  Fig.  2b.  Reflection  in  the  posi¬ 
tive  x-axis,  corresponding  to  the  boundary  condition 
au/an  =  au/av  -  o,  suggests  setting  u(h,-h)  =  u^^  ;  reflec¬ 
tion  in  tfie  negative  v-axis  suggests  that  we  should  set 
u(h,-h)  =  u  ,  ,  ,  which  appears  to  be  inconsistent.  However, 

the  inconsistency  between  these  two  formulas  is  only  apparent, 
and  can  be  r'.'solved  by  thinking  of  the  origin  as  a  branch  point 
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in  a  three-sheeted  Riemann  surface.  In  polar  coordinates: 

u(r,-0)  =  u(r,9)  u(r,3Tr  =  0) 


whence 


u(r,0)  =  u(0-3n)  =  u(0-6ti). 


From  a  computational  standpoint,  the  ’’elevant  difference  equa¬ 
tions  are 


^0 

= 

^00 

"'“ll 

^  '^21' 

""0,-1 

= 

^00 

‘■'^-1,-1 

+  u 

0  ,-2 

^00 

^10 

“lO 

+  u  + 

“o,-i 

•“-1,2 

•“02 

•“12 

•“22 

•  “-1.1 

N 

*  “l,2 

•  “02 

•“oN 

•“oi 

s, 

•“ll 

•“21 

*20 

•“-1.0 

•“12 

•“ii 

•“01 

•“ll 

•“21 

•"-1,-1 

u 


-1,1  ■ 


01 


•  u 


11 


•  U 
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120. 


11  *'^21 
^  £I  21 

“-1,-1  “-2,-1 


Fig.  2  a 


Fig.  2b 


Case  5 .  The  complement  of  case  2  can  be  treated  similarly. 
By  a  translation  and  a  rotation,  we  can  transform  it  to  the  do¬ 
main  S2  ;  -45°  i  0  §  22  5°.  It  is  a  good  exercise  to  number  the 
mesh  points  in  this  sector  near  the  corner  sequentially,  and 


then  write  out  the  equations  which  express  the  edge  values 
u.  .  and  u  .  .as  linear  combinations  of  interior  values. 
The  hardest  case  to  treat  is  the  vertex  value  (Uq  in  Fig,  lb) 
it  is  not  clear  that  replacing  u^  by  the  average  of  the  two 
reflected  values  will  give  a  suitable  answer. 

Case  6.  The  complement  of  Case  3  leads  to  a  similar  diffi 
culty ! 


Parametrization  Methods  for  Approximation  of  Solutions 
of  Elliptic  Boundary  Value  Problems 

by 

J.  H.  Bramble 
Cornell  University 

The  purpose  of  this  talk  is  to  reconsider  the  Lagrange  multiplier 
method  introduced  by  Babuska  [2 ]  and  to  present  some  new  error  esti¬ 
mates  as  well  as  a  rapidly  convergent  iteration  for  the  computation 
of  the  solution.  One  of  the  main  points  whii_h  I  wish  to  make  is  that 
the  approach  given  here  applies  quite  well  to  many  other  problems. 
Problems  which  can  be  treated  by  similar  methods  include  interface 
problems,  exterior  problems,  scattering  problems,  the  stokes  equations 
and  the  elasticity  equations,  the  biharmonic  problem  (with  first  and 
second  type  boundary  conditions)  and  the  polyharmonic  Dirichlet 
problem.  I  will  illustrate  the  results  and  the  approach  here  by 
discussing  a  second  order  model  problem,  and  the  biharmonic  Dirichlet 
problem.  A  complete  discussion  of  the  second  order  problem  may  be 
found  in  [4  J . 

Let  1  be  a  bounded  domain  in  d-dimensional  space  with 

smooth  boundary  d..  Consider  the  Dirichlet  problem  for  the  Laplacian 

L  u  u  =  f  in  i,' 

1  ) 

u  =  g  on  afi  . 


For  a  ^  0,  set 
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A(ct>.4^)  =  ?  /  ^  a«p,^p>  , 

j=i  n  j  j 


where  =  /  4nj;ds.  Define 

an 


Tf  =  V. 


where 

and 


L  V  =  f  in  n 

1^  +  av  =  0  on  an 
on 


and 


where 


Go  =  0) , 


L  u)  =  0  in  n 


and 


^  +  aw  =  0  on  an. 

an 


Here  a/an  is  the  outward  normal  derivative  on  an.  Now  write 


2)  u  =  Tf  +  Ga 

where  u  is  the  solution  of  1).  Note  that  o  =  —  +  au  on  an. 

We  can,  loosely  speaking,  formulate  1)  as  follows:  Find  o  such 
that 

Go  =  g  -  Tf  on  an. 

Then  2)  gives  the  solution  of  1). 

,Je  seek  now  an  approximation  of  u  in  a  subspace  ^  ^ 

which  we  call  u,^^.  To  define  u,^^  we  first  define  an  approximation 

n  in  S.  C  L„(3n)  as  an  approximation  to  o.  This  we  do,  in  turn, 
k  V.  c 

by  approximating  T  and  G  by  projecting  onto  relative  to  A(-,- 


i 


(as  an  inner  product  on  Thus  we  define  (cf.  [3]) 

T  =  P,T  and  6  =  P,G 

hi  ii  1 

where  is  the  -proj  ect  i  on  given  by  A(  ,x  )  =  0  for  all 

-r  ^  and  >  S^.  Let  be  the  !  ^  (  )  -  pro  j  ect  i  on  onto  S|^. 

Then  we  define  ;|^  by  Po^f^'lc 

u.,  =  G.’.  ^  fui- 

kh  h  k  h 

Now  it  is  easy  to  see  that 

A  (  u  ^  =  (  f  ,  f' )  +  ‘  k  ’  '  ' 

and 

"'kh  ' 


for  all  t  t;  and  x  '  where  (•,•)  is  the  inner  product. 

These  are  essentially  the  same  as  the  equations  given  by  Babuska  [2]. 
The  main  stability  estimate  (proved  in  [4])  is  the  following.  If 
h  £  ek,  for  t  sufficiently  small  and  fixed,  we  have  that 


*'0  I  "  1-1/2 


G,2,6.  -  C,j 


Here  and  C.|  are  constants  independent  of  0,  h  and  k.  We 

have  tacitly  assumed  the  usual  approxima ti on  properties  for  and 

S|^  and  inverse  properties  are  required  only  for  the  spaces  Sj^  (cf. 

[3]).  Now  if  r  and  r  are  the  parameters  indicating  the  degree  of 

approximation  of  and  Sj^  respectively,  then  we  can  state,  for 

example,  the  following  error  estimates: 

''^■"’k'-3/2  ^  ""‘"“kh^'  -  G(h'"||u||^+  |  o  |  ^ )  . 
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Here  the  norms  are  the  indicated  norms  in  the  appropriate  Sobolev 


spaces  and  1|  •  ||  is  the  norm.  Furthermore  if 

the  L2(9S7)-norm  and  if  { 3(2)  then 


denotes 


f|^  -{a,-ag)|  <  C{k 


-r+l/2^2r-2 


Both  these  estimates  are  new  and  may  be  found  in  detail  in  [4]. 

We  may  illustrate  the  extension  of  this  technique  on  the 
biharmonic  Dirichlet  problem 


A  u  =  f  in  Q 


u  =  ^  =  0  on  3Q. 

3n 


u  =  T^f  f  TG 


■  u  =  f  in  Q 


+  an  =  0  on  3(2 
(n 

for  any  n .  Hence  determine  o  such  that 

TGo  =  -T^f  on  30. 

Then  u  =  0  and  thus  =0  so  that  u  is  the  solution  to  4). 
approximation  is  now  clear.  Set 

^h  = 


with 


The  analogous  stability  and  error  estimates  are 


5) 


2  8 

Col9i.3/2  - 

and 

llu||^+k  ^  |o|^). 

Again  assumptions  similar  to  those  made  previously  concerning 
and  S|^  are  tacitly  being  made.  This  approximation  was  given  by 
Falk  [6]  but  the  estimates  here  are  new. 

We  finally  consider  the  question  of  computing  Oj^.  For 
Sj^c.  H^(as2)  define  the  "discrete  surface  Laplacian"  ^  ^k 

for  all  4>,x  c  Sj^.  Here  '■’'^■1  ^  an  inner  product  on  Now 

S,^  is  positive  definite  and  symmetric  and  hence  is  defined  in 

the  usual  way.  Now  it  can  be  shown  [4]  that  on 

CqIhI  i  I  Ip!  . 

This  together  with  the  stability  estimate  3)  yields 

6)  CqIp!^  <  <(ilJ/^PgG^cJ/^)u,P-  1  C,|p|^ 

for  some  constants  Cq  and  C.j  .  This  means  that  the  matrix  induced 
1/4  1/4 

by  5 1^  PqG^5|^'  has  a  uniformly  bounded  condition  number  and  hence 

in  order  to  solve  the  system 

PoS-k  •  Po<5-^hP> 

we  solve  instead 


7) 
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and  then  obtain  by 


Equation  7)  may  be  solved  efficiently  by  the  conjugate  gradient 

method  (cf.  [1])  because  of  6).  We  have  assumed  that  the  operator 
1  /4 

is  easy  to  compute  which  may  be  the  case.  For  example  if 

d  =  2  and  consists  of  peiiodic  smoothest  splines  on  a  uniform 

1 12 

partition  of  then  may  be  obtained  by  using  the  fast 

Fourier  transform  [5]  in  0(k  \n  k’^)  operations.  When  this  is  not 
so  easy  to  compute,  other  stability  estimates  given  in  [4]  lead  also 
to  efficient  computational  procedures. 

In  the  case  of  the  biharmonic  problem  we  want  to  solve 

Po^h^h‘’k  "  "Po^h^- 

The  estimate  5)  and  the  properties  of  lead  to 

i  1 2  /  3/4  jp.3/4v  *I|2 

Cq  :  ■■  !  Po^h^h  '  k  '  '•  '  P  ' 


for  (I  t  S|^.  This  leads  us  to  formulate  8)  as 


,3/4  3/4 

'k  Po^'^h'k  ) 


3/^n  T^f 
k  Po^h^ 


with 

_  3/4 

k  ■  k  • 

As  in  the  case  of  7),  equation  9)  may  be  solved  efficiently  using  the 
,0'ij-,c|ate  gradient  method. 
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i f  ro  Juc  t  i  on  , 


I  n  t  ii 

IS  pa; 

'  0  r  Is  e 

: 

sh  to  stude 

twi'  mixes!  finite  element  ."lethos! 

fo  r 

tno  an 

p  fox  i;; 

■lat 

i  on 

0  t 

a  i'^ounda  r;.' 

I'aJue  proi'le);:  modeling  a  simple' 

supi 

'  0  r  1 0  d 

p  Late, 

,  i-  ■ 

.  c  . 

U  0 

c  0  n  s  i  d  o  r  1 1 

i!.  biharmonie  equation 

ill  -■  'u  ■' 


subject  to  the  bounoar;.-  coi'.d  i  t  ;  in - 

'  2  '  ,!.u  -  :  I  u  +  Ku  =  (' 

;■  '■  r. 

a  n  vi 


.  3  '  u  =  i'  on  3  , 

'.vhere  ..  is  a  oounJeu  donain.  ui  It"  with  smooth  boundary  3,  f  i 

a  clven  function,  K  is  the  curvature  of  ,  i-r  is  Poisson's 

rat  io,  and  ti  ,  and  u  denote  the  tanuential  and  exterior  normal 
>  n 

derivatives  of  u  res  nee  t  i  \  e  i  >■  alone  3. 

In  the  standard  variational  formulation  of  (^1  is  a 

natural  boundarx-  condition  and  so  the  solution  u  may  be 


charact  0  r  i  ted  Ivi 


2  I 

i  1  Ild  U  t  11“  I  --  I  n  )  <uch  that 


-U  , . 


f  U  ,  V  . 

XX  \  v 


=  (f,v) 


fc'  r  all  V  f  11"  1  .d)  O  ( ..  I 
I'-vii'i''  (•,‘1  denotes  the  L ,  ( -i )  inner  product) 


If  one  nases  a  finite  element  method  on  this  variational 
principle,  one  is  faced  with  the  difficulty  of  constructing 
suhspaces  of  H"(  .iO  ll^ly.l.  This  requires  the  use  of  finite 


i 

I 

i 

I 

I 


I 

j 


elements  which  must  vanish  on  dii. 

By  using  the  mixed  method  technique  of  introducing  new 
independent  variables  (e.g.  w  =  Au),  we  are  able  to  reformulate 
this  problem  as  a  lower  order  s}'stem  of  equations.  This  w'ill 
allow  us  to  define  a  conforming  finite  element  method  using  only 
finite  elements.  In  addition,  we  make  use  of  the  Lagrange 
multiplier  method  to  handle  the  problem  of  essential  boundary 
conditions . 

The  two  finite  element  methods  we  shall  consider  are  based  on 

two  different  variational  formulations  of  Problem  (l)-(3).  For 

simplicity,  we  shall  mainly  deal  in  this  paper  with  the  simpler 

variational  formulation,  valid  for  domains  with  strictly  positive 

curvature  (i.e.  K  0).  llie  case  of  ge>  oral  K  will  be  dealt  with 

briefly  at  the  end  of  tiie  paper. 

■> 

Let  denote  the  L"ir')  inner  product  and  also  the 

pairing  between  11'"’ (i  I  and  11  '  (ij  and  let 

A^(u,v)  =  Igtad  u,  grad  v)  +  a<u,v'' 

where  a  is  chosen  sufficiently  large  so  that  2a+K  >  0.  We  then 
cons ider : 


Problem  O’l*:  Find  (  u  ,  w  ,  o  )  c  (  A]  ><11^  Al  such  that 

(5j  A^[w,v}  =  (  f,v)  +  ■  j,v-  for  all  v  e  (A)  , 

1  ti )  A  i  u  ,  c  )  -  I  w  ,  c  , 

and 

(71  -  u ,  d  '■  =  0  V  d  e  11 


for  ail 


c  h\a). 


To  luulerstaiid 


l  :'ic  rolatioii  in.- 1  a  o  i.- ;i  i’rohlc-in  (P*)  and  the 
i’Lharnonio  jm’uI' I  c.r:  ili  i  ''  oi’servc  iirat  that  eijuation  |5j  is 
weak  I'onu  of  the  honiKiaro  value  prohl-o:-: 


the 


- dw  -  l  in 


--  +  iK  on 

•i: 


and  ctiuatjon  loj  is  the  weak  i, ;  tlie  tioundary  value  problem 


-  '.u  = 


liquat  ion 

if'.' 

gives  the 

bound  a  rv  ond  1 1  i 

on  u  -  0  on  i' . 

Suppose 

now  that  f 

or  u  a  Ill 

solution  of  !l)-(3)  we  set 

IS) 

w  =  -  du 

and 

1,  d ) 

'  “  -  )— ■  ..u  + 

^  ..n 

idu). 

Then  b\' 

'1.11 

,  ■  Iv;  =  f 

ami  !u'  i  8  '  (  o  i  , 

:  ■"  — -  w  +  aw  which 
.■n 

impl  i  cs 

that 

( Li ,  K  ,  :  1 

a  t  i  s  f  i  e  s  i  s  i  . 

Now  from  (51 ,  u  =0  on  T 

S  S 

so  that 

by  (  : 

)  and  1 S  1 

’U  w 

—  all  •  -p. 

s  n  r  K 

Hence  (.b)  is  satisfied. 

!■  i  na  1  1  y 

1  3  1  i  nip  1  i  e  s  1  ■■  I 

so  that  iu,w,c 

1  with  w  and  o  defined 

b  |_  8  )  -  1 

0  )  1  s 

a  solution  of  Problem  (P* 

)  . 

idis 

e.l  on 

t  ii  1  s  V  a  7-  j 

ational  to  rnui  1  at  i  on  ,  wc  now  consider  the 

f 0  1  low  i  Ti 

g  fin 

ite  olcmcn 

t  scheme.  Although  other  choices  are  possible 

wc  shall  for  simplicity  let  b,  n<}i<l,be  the  restriction  to  n  of 
^v  e  C  fo1  :  vl^  t  V  t  e  ij^}  where  denotes  polynomials 

of  dcyrcc  r-1  or  less  in  x  and  y  and  denotes  a 

triangulation  of  some  fixed  polygon  a  containing  H  with 


j 


triangles  t  of  diameter  _<  h.  For  0  <  k  <  1  we  shall  denote  by 
the  (a  e  C^CF):  o|j  e  Vie  where  denotes 

polynomials  of  degree  r-1  or  less  as  a  function  of  arclength 
along  r  and  is  a  quasiuniform  partition  of  F  into 

subintervals  I  of  arclength  £  k. 

With  this  choice  of  subspaces,  our  finite  element  scheme  is 
given  by: 

~k*  ^  „  • 

Problem  :  Find  ^  ^h^^h^^k  that 


(10) 

(11) 


A 

D 

V 

+ 

for 

all 

Vh  e  S 

for 

all 

and 


^  • 

(12)  <Uj^,i3j,'-  =  0  for  all  ^  . 

The  motivation  for  this  formulation  comes  from  the  following 
ideas . 

Define  operators 

T:  ^  H^‘"“(r.) 

and 

G:  H^(r)  ^  (i') 

by  A^(Tf,v)  =  (f,v)  for  all  v  e  C*(G) 

oo  - 

and  A  (Ga,v)  =  <a,v>  tor  all  v  g  G  (fi) , 

f'l 

i.e.  Tf  is  the  weak  solution  of  the  boundary  value  problem 

-A(Tf)  =  f  in  il 


^(Tf)+a(Tf)  =  0  on  F 


and  Gj  is  the  weak  solution  of  the  boundary  value  problem 


(Go!  =  0  i  n 


)  +a  i^Gc  )  =  0  on  . 

Using  these  definitions  we  see  from  ;  I  -  (  0  j  that 


W  -  If  tiC 


u  =  Ik  -  Gs^-- r-  w  ) 

I  K 

=  T'f  +  TGc-GC:::^  Tf)-G(:^  Go). 

Let  us  now  define 

ulo)  =  TGo  -  Gt^  Go  j  . 

1 

Then  u  =  T"f  -  Gf— p  If)  +  ut,o)  so  that  i'roblem  (P*)  can  be  stated 

'  T  K 

in  the  form: 

- 1  /  ”* 

Problem  l,P*):  Lind  o  e  U  '“(T)  such  that 

u(,o)  =  -r"f  +  Gl^^  Tf]  on  r. 

~  k* 

As  we  shall  now  sliow,  the  approx  i.mat  ion  scheme  Problem  Pj^ 
can  be  viewed  as  an  approximation  of  the  above  formulation  where 
we  approximate  the  function  o  and  the  operators  T  and  G. 

Let  us  define  operators 

T^:  H-fs)  ^  S, 


Gj^:  H  -  S, 


A^^CThf .  X)  =  (f  .X)  ^  ^  ^h 


r 


and 

^  ^  ^h' 

These  are  just  the  standard  Ritt-Galerkin  approximations  to  T 
and  G . 

Using  the  operators  T.^  and  G^^  we  can  also  rewrite 
-k* 

Problem  in  a  form  analogous  to  Problem  P*.  From  (10)  we  hav 
that 


(15) 


‘u  =  ’ll,!  * 
h  h  h  k 


and  from  (.11)  that 


ill) 


W,  -  o,  ■  — IT  W. 

n  n  n't  : 


-  r,i'i,u,  c,"D 
h.  a  n  k 


rJi  -  f-  -  r  1  r  - 
h^rK  ‘h  ^h'k 


We  now  define  for 


115) 


Then 


f  -  r  n 


:  n  a  t 


W  1  j- 


:i  *  h  •  :  N  ‘  h  ‘  ' 
an  be  res :  at  e. 


\  * 

Prcblem  ?: 


^  S  : 


,  ^  ^ 


IS  tne  L, 


ion  1 n  t , 


.ne  mam  laea  ct  tnis  torr.uiation  is  mat  tne  s-.'ster. 


linear  equations  corresrondinc 


:nis  onerator  eo, nation  can 


solved  in  an  efficient  manner  using  the  preoondit: 


?  a  c  0  n  ■  11  c  a  t  e 


'rauier.t  metnoc.  '.e  now  examine  how 


Cw\n  wOr.6, 


To  apply  the  conjugate  gradient  niethod  we  need  to  be  able  to 


compute  for  any  j  e  Sj^.  From  the  definition  of  ^ 

we  see  that  this  inv'olves  the  solution  of  two  Neumann  problems 
involving  the  same  matrix  at  each  iteration.  Hence  once  an 
initial  Lu  factorization  is  found,  tlie  calculation  of 
will  involve  only  two  backsolutions .  The  application  of  Pq  then 
requires  one  additional  backsolution  per  iteration  after  an  initicl 
factorization  of  the  matrix  corresponding  to  P^. 

For  this  method  to  be  effective  we  would  like  to  precondition 
the  iteration  so  that  the  spectral  condition  number  and  hence  the 
number  Df  iterations  required  will  be  independent  of  the  mesh  size. 

Our  choice  of  preconditioning  is  based  on  the  following  result. 

Lemma  1 :  For  h  _<  ck,  with  c  sufficiently  small,  there  exist 
positive  constants  and  C,  independent  of  c,  h,  and  k 

such  that 

Cj|o|^j  1  1  Co)  1  1  for  all  a  e  S^. 

To  make  use  of  this  result  we  define  a  discrete  boundary 
Laplacian 

^k-  k  " 

<i^a,d>  =  <o,e>  + 

for  all  e  c 
It  is  then  possible  to  show  that 

Ci|o!?i  1 

for  all  a  e  Sj^,  where  and  are  constants  independent  of  k. 
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Inserting  this  result  in  Lemma  1  and  setting  a  =  0 

we  get 

It  then  follows  from  the  definition  of  u,  that 

n 

The  above  inequalities  imply  that  the  matrix  induced  by  the 
(self-adjoint)  operator 

has  a  condition  number  which  is  bounded  independent  of  h  and  k. 
Thus  we  can  obtain  a  solution  8  to  the  equation 

to  within  accuracy  h  by  the  conjugate  gradient  method  in 

0(2.n  ^)  iterations.  Returning  to  the  untransformed  variables, 

1/2 

we  now  need  to  compute  P^g  for  g  e  H  (F)  and 
[Tj^Gj^-G|^  (-^)  ]  0  and  for  o  e  Sj^.  As  described  earlier, 

all  of  these  require  only  back  substitution  at  each  iteration  once 
some  initial  factorizations  are  performed. 

We  now  turn  our  attention  to  a  brief  discussion  of  error 
estimates  for  the  approximation  scheme  just  described.  The  basic 
variable  in  our  formulation  is  a  and  the  key  result  will  be  to 
estimate  appropriate  norms.  Once  this  is  done,  estimates 

for  u-Uj^  will  follow  easily  from  known  estimates  for  (T-Tj^)f 
and  (G-Gj^)o.  To  see  why,  recall  that 

a  =  T’f-G(^)Tf  +  TGa-G[^  Go] 


and 


4  0 


T-f-G,  (^]T,  f  +  T.G.o.- 
h  h^Tk  h  hhk 


h  T  K  h  k  • 


Applying  the  triangle  inequality,  we  get 

If-Shllo  1  ll[T’-TSlf|lo 

*  lUCC7l)T-G,(^)Th)fl|„  irrGo-T,G,o^;|„ 

»  IIGItk  G(!]-C|,(:j^  G|^0|^)  illj. 


We  now  show  how  estimates  may  be  derived  for  a  typical  term  in 
the  above  inequality  using  standard  approximation  results  and 
a  priori  estimates.  We  write 

TQo-T^G^a^  =  (TG- Tj^G^)  -  TG)  (a- Oj^) +TG  (a - Oj^)  . 

Now  (TG-Tj^Gj^)a  =  (T- Tj^)  Ga+ (T- Tj^)  (Gj^- G)  a+T( G- Gj^)  a . 

Let  us  consider  the  case  r  =  4  (piecewise  cubics) .  Then 
||(T-Tj^3Gai|Q  <  Ch^llTGall^  <  Ch'^HGalj^  <  Ch'^iol^/,, 
ll(T-Th)  (G^-G)allo  <  Ch^  ||T(G^-G)  o  II2 

<  Ch^||(Gj^-G)a||Q  <  Ch'^ilGali^  <  Ch'^|a|^/2’ 

and 


l|T(G-G^}o||p  <  ||(G-Gj^)a|L2  1  Ch'^HGaH^  < 

A  similar  argument  gives 

ll(Tj^Gj^-TG)  (o-a^)  ||g  <  Ch'^  |  a-Oj^  |  ' 

Finally,  |lTG  (a- a^)  il^  <  C  ||G(a-aj^)  ||_2  <  C  |  o-Oj^ )  _  2/2  • 

Since  the  other  terms  in  ||u-Uj^||q  can  be  estimated  in  a  similar 
way,  the  problem  is  reduced  to  estimating  la-Oj^|  in  various  norms. 
The  main  ideas  involved  in  these  estimates  are  the  following. 


:)  I  ; 


Derive  an  a  priori  osti.nate  for  the  continuous  problem. 


We  prove  that  for  all  s  _  0, 


^1  i -3/2-s  -  '  1/2-s  -  ^2  ' -  .-S/Z-s 

where  u(o)  is  the  solution  of  the  biharmonic  problem: 


A  “  u  =  U  in 


3n 


Au-iAu  =  o  on 


-  Au  +  t  K  [  u^ +au  ]  =  0  on  i'. 

The  relationship  of  this  problem  to  the  original  one  is  that 


>  1 

we  seek  a  o  sucli  that  u(o)  =  -T'  i  + 


-or 


this  a,  u(o)  solves  (l)-(3j. 

It  is  worth  noting  that  this  is  not  a  standard  biharmonic 
problem.  From  the  first  boundary  condition,  it  seems  that  a 
should  look  like  three  derivatives  of  u  on  F.  The  a  priori 
estimate  says  it  acts  like  two  derivatives.  This  fact  is  reflected 
in  the  error  estimates. 


Step  2:  Derive  similar  estimates  for  the  approximate  problem. 
We  prove: 


rheoreiii  I:  l-or  h  ck,  with  c  sufficiently  small,  there  exist 

positive  constants  and  C independent  of  e,  h,  and  k 

•  2 

such  that  for  all  0  <  s  ^  min(r-2,  r+^) 


-5/2-s  - 


O^h 


I 


1/. 


c  I 


3/2- 


for  all  a  e  S, 


Since  tliis  is  a  continuous  dependence  theorem  for  the 
approxi.mate  problem  with  C,  indejiendent  of  ii  and  k  we 

can  now  get  error  estimates  in  the  standard  way. 


_ I 


Step  3:  Let  ■  ^  '  c  S.  Sl*  an  optimal  'jrder  approximation  to 
~  ■  K  K 
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luCJ  - 
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A  spoeiai  ease  i  our  I'lnal  error  estimates  gives  the 
toll  ou i ng  r  es  a  1  * . 


rheorem  3  :  '■  a : •  p 

Then  for  h  k 


:,r 


e  i  e  ii'  1  i  ,  ■  e  iT  ;  i  1  w  i  tli 

with  s  u  t' r  i  c  i  ent  I'.’  small 

1  r  *  5  /  2 


e.  •  ii  1 


'  T  ■  :> 


r  3 2 


'  r  < 


f+5/2. 


•  }  . 

r 


In  particular  it  we  us^  continiiou'  :■ 
aiu!  i^ontlnuous  i>iecewise  linear  lunctions 
r  =  2  a n  Ji  w  •  ■  > .  i)  t  a  i  n  t  li  e  e s  t  i  ::ia  t  e 

,u-u,^;:,,  :  c-h-‘i  lir;^  V  .  _  , 

To  balance  riiC'C  terais  we  could  choose  h 
sufficiently  small  the  condition  h  -k 


ecewise  cubics  for  Sj^ 

f o  r  S,  ,  then  r  =  4  , 
k 


9/2 


=  k ■  ^ so  that  for  k 
is  automaticallv  satisfied. 


We  conclude  this  paper  with  a  brief  discussion  of  a  finite 


element  method  valid  lor  arbitrarv  smooth  K.  The  method  is  based 
on  the  followiti;^  va  r  i  a  t  i  oria  1  to  i  ion  of  the  biharmonic  problem 


Problem  (P) 

:  Find 

( u  ,  w  ,  •  ,  ■  1 

(T) 

such  that 

(17) 

A^(w,v) 

=  ( f ,  \ )  + 

■  1 , v  -  i  ■  •  , V  >  fo r  al  1  V  G 

s  s 

H^rn) , 

(18) 

A^(u,z) 

=  1  w  ,  t  )  ^ 

,  c  ■  for  all  c  e  (fi)  > 

(19) 

T  s  k  (  '  - 

■U1  j  ,  a  -  1  ■  u 

.  ,  a  ^  ■  w  ,  c  '■  =  0  for  all 

U  € 

r)  ,  and 

(20) 

<u,3>  = 

0  f  o  r  a  1 1 

To  understand  the  relation  between  Problem  (P)  and  the 
biharmonic  problem  (r)-(5},  observe  first  that  equation  (17)  is 
the  weak  form  of  the  boundary  value  problem 

-aw  =  f  in 

^  +  aw  =  o+i\  on  r, 
d  n  s  s 

and  equation  (18)  is  the  weak  form  of  the  boundary  value  problem 

- d  u  =  w  in  d 

3u  ,  '  . 

■;r—  +  au  =  \  on  .  . 

3n 

Equations  (19)  and  (20)  give  the  boundary  conditions 

T  [  K  ( 1  -  aii  1  ^  ^ 

and 

u  =  0  on  r . 


Suppose  now  that  for  u  a  smooth  solution  of  (l)-(3)  we  set 


w  =  -  u  , 


u  +  au  1 
n  s  s  s  s  ' 


Then  from  (_  11  ,  -.'w  =  f  and  bv  i  111 -1,15) 


w  +  aw 


which  implies  that  (u,w,  ^,c)  satisfies  (K).  Xow  from  (21)  and 
(22),  it  easilv  follows  that  iu,w.'',ol  satisfies  vl8).  Using 
1.2),  (21),  and  (.22)  we  get  that  w+ i  ;  ^  +  K  i  ■  -  aii )  ]  =  0  on  f 

and  so  (Idl  is  satisfied.  finally,  (31  inniiies  (  2i)  i  so  that 
iu,w,  ‘  ,  r),  with  w,  i,  c  defined  b\'  i  21)-(23)  is  a  solution  of 
Problem  P. 

Tlte  app  ro  \  ima  t  i  on  proceeds  as  before  except  now  the  basic 

variables  are  ,  and  o,  .  We  tlien  seek  e  S,  xS,  such 

K  K  k  K  K 

«  • 

that  (IP) '(20)  hold  foi'  all  a,;;  e  where  w  is  replaced  by 

ti  h  h  k  k  ss^ 

and  u  is  replaced  b>' 

'^h  "  ^h^'h  *  ^’h\' 


Once  .again  we  get  a  linear  svstem  for  X,  ,  o,  which  can  be 

K  K 

efticieatly  solved  by  the  conjugate  gradient  method  after  we 
determine  the  correct  preconditioning.  To  compute  the  action  of 
the  relevant  matri.x  on  a  vector  we  need  only  be  able  to  apply  the 
operators  Tj.^ ,  Gj.^  and  P^^ .  As  before  this  is  quite  easy  once  some 
initial  f ac t o r i ca t i ons  arc  determined. 
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1.2.  'AC  'd ;  i  J  1  ruvv\  ir.ide  pome  cc'n'"'  a;  i  p  on  !  lie  nature  of  the 
I'lroblcmp  ana  pive  pome  cxamplfv.  We  remark  firr.t  that  the 

ii  H 


L)f  •  !;(:■  OPtl- J'd  tor'  T.  In 


bcisic  asoumpt  i  i:.  ti:*'  ■  ■-..■irpaf  j 

the  application.;,  problc;;)  (J.i)  wi  j  L  ;dt>!-r  he  written  in  the 
form 


(1.4) 


Au  +  .)  (  u  ,  \ )  =  ') 

+  ho  ni-tarv  ea;idit:ono 


where  A  v;ill  be,  tao,  .a  linear  elliptic  operator  from  a 
functional  sp  ic«  V  l.yit'--  its  dual  sp-tce  V;  we  may  then 
.t'jsume  that  the  nonlinear  iTiapping  '"(u.X)  maps  x  IF:  into 
a  subspace  V.'  of  V  .and  tha:  for  any  f  f  V  tfie  problem: 


(1.5) 


has  a  unique  sol.,;tion  u  =  'if.  We  m.ay  also  assume,  without 
a  "serious"  loss  o:  peri'':  al  i  ty ,  r:hat  the  bounaarv  conditions 

ar’e  hcuno;0'neous  ,  S'  T  is  ;  iirU'/ir  ~p.:  rsjt  s'r .  In  this 

r'amev/or  k  ,  .on.  .S'.'h.,;  ;u -urnlo  S'lC  ’h.rt  tls'  acsumr’tion  "T  is 
compact  fro;':  ..  iro  ■  "  r>;-s,.i!''  in  .‘i  t.Llviness  req-uire- 

mcnt  o;i  '■■(a,\):  i::  s  a;,.,'  sen.',  ,  Mr;  ipp  J  i  oa"' ion  o  ■'  G  makes 

•.  '!  ‘  :  u  :  ; t  :  : ,  :.a  t  t  is ■  a.  -  -  s  .  i  '.s  ■  a pn  1  i ca  t i on  of 

i'  A  ■  t'  •  :‘a'a  a,  r!.c  ,  •  \‘-r:  m-  cf  rcou  1  aritv , 

W  i  wi  :  I  I  .i  " i  .:a'u  1  .a t  i  s  i  nr  '.'tu' -itc-r  .  "  Assume  now 
I'.'  I  ’:/-:(!  nr-.  a  c.sjc  ...)  '.rhiaui  can  be 

;•■■■  :  .  )  in  .rai  i;  !  xiiu,!!.  v;  r,  ;  tlion  wo  could 

c  j  ;  i  ,  :  '  . .  .  c' . i  •  ■  :  i  *  i  ■  n  :  (  1  .1  )  .  I  'sual  1  y  the 

'  i .  :  ■  .  ■  If  a  p:-.  !■  ’  •  a;,  .c  1  '/p<  (  1  .:  )  .ire  oxprc'Sf^cd  in 
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the  form 

(l.b)  liT^f-Tflly  - 

where  1/  a  suitable  functional  space  of  "regular"  func¬ 

tions  and  the  exponent  k  depends  on  the  "dcpree"  of  the 
approximation  and/or  on  the  regularity  of  U .  In  the  abstract 
theory  that  follows  for  nonlinear  problems,  v-.'c  shall  obtain 
error  estimates  of  the  type 

(1.7)  il%-u|iv  S  c!i(T^-T)rUu,X)'!,^, 

that  should  be  considered  as  optimal  in  the  following  sense: 
if  one  has  an  estimate  of  the  tvpe  (1.6)  for  the  discrete 
solution  of  the  linear  problem  (1.5),  then  (1.7)  will  provide 

(1.8)  Iju^-uil^  5  ch^l!TG(u,X)  =  ch^ljull^^ 

which  means  that  the  (asymptotic)  error  in  the  nonlinear  pro¬ 
blem  is  as  good  as  the  one  we  have  on  the  linear  problem,  for 
the  given  "method" 

/•.  particular  case  which  is  of  great  interest  in  the  ap¬ 
plications  is  the  following  one,  that  we  shall  call  the  "pure 
Galerkin  case."  Assume  that  we  are  given  a  bilinear  contin¬ 


uous  elliptic  form  a(u,v)  on  V  x  V  and  assume  that  T  is 
defined  through  a(u,v)  by  means  of 
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(1.9) 


( 


f  £  V 


Tf  e  V,  solution  of 
a(Tf,v)  =  <f,v>  Vv  €  V. 


Assume  finally  that  we  are  given  a  family  closed 

subspaces  of  V,  such  that 

(1.10)  Vv  €  V  lim  inf  |!v-v,  l|„  =  0; 

h.O 


can  now  be  defined  by 


(1.11) 


"Th  = 


f  €  V  ->■  T  f  6  V,  solution  of 
h  h 


a(T-f,v)  =  <f,v>  Vv  €  V,  . 
n  n 


If  the  inclusion  W  £  V  is  compact,  T  will  satisfy  the 

Ji 

assumption  (1.2)  and  the  abstract  theory  will  be  applicable. 
We  recall  that,  in  that  case,  the  estimate  (1.6)  can  be 
written 


(1.12) 


,.Phf- 


Tf|| 


V  - 


c  inf  ||Tf-v, 

V,  ev, 

h  h 


h"V 


cfr.  e.g.  [2]. 

We  shall  spend  a  few  words  now  in  order  to  show  that,  in 
fact,  the  pure  Galerkin  case  is  not  the  only  interesting  case 
in  which  the  theory  can  be  applied;  we  shall  restrict  our¬ 
selves,  for  the  sake  of  simplicity,  to  a  particular  example, 
but  we  hope  that  much  more  general  cases  may  be  easily  guessed 
once  this  one  is  understood.  Consider  in  a  convex  polygone 


S2  IR'^  the  problem 


f. ; 


(1.13) 


^ -Au  +  Xg(u,u  ,u  )  =  0  in  S 

I  X  y 

V  u  =  0  on  352 


0  2  2 

where  g  defines  a  smooth  mapping  from  I/(S)  x  L  (S2)  x  L  (52) 

0  o 

into  L‘'(52)  (or,  if  you  wish,  into  H'(52),  s  >  -1).  Assume 
that  you  have  a  "code"  which  solves  the  linear  problem 


(1.14) 


{ 


-  Aw 


w 


=  f  in 


0  on  352 


by  "mixed"  finite  elements;  this  means  that  for  any 
f  f  H  ^(52)  and  for  any  given  mesh  size  h  your  code  will 
provide  T^f  =  (w^,p^)  where  w^^  is  an  appi^oximat ion  of  w 
and  p^  =  is  an  approximation  of  p  =  grad  w.  Assume 

in  addition  that  you  have  error  estimates  of  the  type  (see 
e  .  g  .  [  2  ]  ) 


(1.15) 


w-w. 


2 

L  (S2) 


IIP-P 


h "  2  2 

^  (L^(52)) 


s  chllw|l  ; 

(a) 


then  you  can  study  the  mixed  approximation  of  problem  (1.13) 
with  the  following  setting 

V  =  (L"(£;))^  5  {V  =  (<p,t),  (P  f  L^(ffi),  T  e  (L^(2))’}, 

W  =  L^(S2), 

CiCv^X)  — 


2 

and  with  T  defined  as  the  mapping  that  to  each  f  €  L  (S2) 
associates  Tf  =  ((p,t^,T2)  €  V  with  -Acp  =  f  (cp  €  Hg(2)) 
and  T  =  gnad  tp .  The  estimate  (1.15)  yields  now 

(1.16)  ||Tf-T  f|l  5  clhlllfll  „ 

^  L^(S2) 

Hence  we  may  say  that  an  abstract  error  of  the  form  (1.7)  is 
still  optimal  for  our  mixed  approximation  of  the  nonlinear 
problem  (1.13)  . 


1 

I 

I 

I 

I 


CHAPTER  2 


2.1.  We  shall  now  give  a  theorem  that  will  be  used  systemat¬ 
ically  in  the  sequel;  the  theorem  is  a  minor  modification  of 
a  result  proved  in  [5],  [6].  However,  since  the  original 
proof  of  [5],  [6]  is  rather  technical  and  since  the  two  state¬ 
ments  do  not  coincide  exactly,  we  shall  also  give  a  sketch  of 
the  proof.  The  following  lemma  will  be  "used"  in  the  proof 
and  will  also  be  useful  in  the  sequel. 


Lemma  _1 .  Let  B^,  ^  Banach  spaces  and  let  F  €  C^(B^;B2); 

let  moreover  Xq  be  an  element  of  such  that  ^ 

and  DF(Xg)  is  an  isomorphism  from  onto  B^.  ££ 

is  a  sequence  of  mappings  whicli  converges  to  F  uniformly  in 


C  (B^; Bg)  then  there  exist  an  integer  n,  a  neighbourhood 

^  ^0  —  ^1  £  constant  c  such  that  for  any  n  i  n 

there  exists  a  unique  x  F  U  such  that  F  (x  )  =  0  and  we 
-  -  _  1 —  n  -  -  n  n  -  — 


have 


(2.1) 


cllFn(Xo^''B, 


clip  (x_)-F(x„)IL 
n  0  OB. 


Proof  (sketch).  Since  DF  -»•  DF  uniformlv  and  since  DF  is 

n 

nonsingulai"  at  x  =  Xg  we  have  that,  for  n  big  enough, 

(DF^)~^  is  uniformly  bounded  in  a  suitable  neighbourhood  of 

x„  independent  of  n.  Hence  F  has  an  inverse  function, 

0  n 

say  G  ,  in  a  sphere  S^(F  (x^,))  in  B„  with  radius  P 
^  n  P  n  0  2 

independent  of  n.  For  n  big  enough  ^ 


hence  =  G^(0)  exists  and  is  unique  in  a  neighbourhood  of 

Xjj .  Let  now  G  be  the  inverse  mai^ping  of  F;  we  have 

(2.2)  5  sup||DG^||-||F„G„(0)  -  F^G(0)||g^ 

-  supIlDG^II -110  -  F^(Xp)||g^ 

which  completes  the  proof  since  DG^  =  ^^^n^  ^  uniformly 

'■  'unded . 

We  are  now  ab?e  to  present  the  main  result  of  this  section 

we  recall  first  that  if  <f  is  a  mapping  (r?l)  from 

X  X  Y  into  Z,  where  X,  Y,  Z  are  Banach  spaces  and 

(x.,v^)  is  a  point  in  X  x  Y  such  tliat 
U  (J 

i)  4-’(x,^ ,  Vj^, )  =  0 

ii)  tfx,,'.',)  is  an  ise>morphism  f r'cm  Y  onto  Z 
V  '  •  • 

then  rne  clar.i-ical  implurit  function  theorem  oncures  the 

.  .  r 

existence  of  a  unique’  mapping  g(x)  f  C  (X;Y),  defined  on  a 
noishbourhoo  I  N  of  x^^  in  X  such  that  “  Vg  and 

;  (  X  ,  0  (  X  ) )  =  T'  in  hi . 

Ihcoiem.  Lei  X,  Y,  Z  be  Banach  spaces  ami  let 
■  f  "  ( /.'  vY;  ■)  foi’  r  ^  1  with  D  f  unifomily  continuous 
'  i'.'undi'  1  ‘ilsef.i;  1  t  (Xg,'/^)  be  a  point  in  X  x  Y  such 
that  c-'U.li:  i  'ir..  i)  ni d  ii)  are  satisi'ied  and  let  r(x)  be 


A 


the  implicit  function  defined  by  :  ^  the  Tieig)ibour-hood  W 

o f  X .  Assume  that  we  are  given  u  sequence  { }  qX 
mappings  from  X  x  Y  Into  and  .assume  t  i ; . ;  1  .■onvi^vrc 

.  .  T' 

to  unitormlv  in  C  .  Then  there  ex ;  r ^  n-,  ,  r  nfourhs'  '  ! 

'd(Xg)  1  neighbourhood  "(■/^)  \_u  ",  !  rterei' 

and  a  constant  c  such  that  the  fc]  ''  ow  i  ::r  r’’''r*-T ‘XjLd_ 

For  any  integer  n  ^  n  there  exi  sts  a  an  i  g..''  'i.  r  p :  nr 

Sj-j  ^  C^(X;Y)  defined  on  'd(Xp)  wi  th  valvies.  jji  iK'.o  )  ‘••■.c'u 

that 

(2.3)  (x,g  (x))  =  in  '.'(x  ). 

n  n  ' 

Moi'eovei''  converges  to  r.  u:i  i :  y  :_n  jjid^  ^  'id''I£ 

for  any  m  integ'-'r  with  0  t  m  <  r  -  ■  : 


(2.4)  i|D"'(g^(v)-g(x))!:^ 

m  '  ' 


m 

y  ';n^  (x,p(x)) 
bn.  n 


uni f ormly  in 

rroo_f  (sketch).  Consider  as  usual  the  auxiliary  functions 

F(x,y)  '  (x,;(x,v))  and  F  (x,v)  =  (x,!  (x,v))  which  are 

n  '  n 

maopings  from  X  x  Y  into  X  x  d. .  Prooeelinr,  as  in  the 

procd  of  Lerrima  1  we  have  that  the  inverse  ‘‘unctions  G(x,:')  - 

(x,f(x,;:))  and  G  (x,7,)  =  (x,T  (x.r.))  "xist  in  a,  neighbour- 

n  n 

hood  of  (0,0)  and  (  0 , (  x..^ ,  )  )  (TX-:p.)  wi  tii  :‘i  xed  I'adius 

obviously  g(x)  -  ?(x,n)  and  setting  g^,(4’)  -  f,^(x,0) 
(allowed  for  n  big  enough)  we  gf^t  trie  implicit  function  for 
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*  which  satisfies  (2.3).  Proceeding  as  in  (2.2)  we  obtain 
n 

(2.4)  for  m  =  0 .  Then  (2.4)  has  to  be  proved  by  induction; 

we  sketch  the  case  m  =  1:  remark  first  that  by  a  suitable 

choice  of  U(Xq)  and  UCy^)  we  may  assume  that  the  first 

derivatives  of  $  and  are  Lipschitz  continuous  (now 

ri2).  Hence  we  remark  that  Dy‘t^(x,g^(x)  )Dg^(x)  + 

D  t  (x,g  (x))  =  0  and  D  f  (x,g(x)  )Dg(x)  +  D  4>(x,g(x))  =  0 
X  n  °n  y  ^ 

so  that: 

D^t^(x ,g^(x) ) (Dg(x)-Dg^(x) ) 

(2.5)  =  (D^‘f'^(x,g^(x) )  -  Dy'*’(x  ,g(x) )  )Dg(x) 

+  D  t  (x,g  (x))  -  D  f(x,g(x)). 

X  n  n  X 

Since  (  (x  ,  g^ ( x ) )  )  "^  is  uniformly  bounded  and  ’ 

'■  t  are  Lipsciiitii  continuous  we  have 
X  n 

(2.5)  iDp ( X ) (x )  II  V) 

<  c  { l( g ( X  )  -  g^ ( x ) !! ^  +  II  (x  ,g  (x ) )  •  Dg ( X )  ®  ^  ^  L  (X  ,Z  )  ^ 

=  c  { I !  p  ( X )  -  g  ^  (  X )  1  ^,  +  1 1 D ;  ( X  ,  g  ( x ) )  1 1  ^  ^ ^ 

and  (2.4)  foi’  m  =  1  follows  from  (2.4)  for  m  =  0  which 

wis  ulr’oiiv  proven.  If  r  =  1  formula  (2.5)  together  with 

t  h'’  .:i  iform  continuitv  of  D  t  and  shows  that 

Dr  (x)  converges  uniformly  to  Dg(x)  but  does  not  provide 
"n 

'niJs  of  the  form  (2.4). 


I 
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Remark .  When  F(u,X)  and  Fj^(u,X)  have  the  form  (1.1)  and 
(1.3)  respectively,  (2.7)  takes  the  form 

m  m  £ 

(2.8)  (u,  (X)-u(X))  ^  c  I  (T-  -T)G(u(X)  ,X) 

!dx‘^  ^  V  £=0  dX^  ^  V 

that  we  already  discussed  in  Section  1.2. 


H  A  P  T  E  R  3 


L''*  nov:  .  ■■  r’  (^!,,\,,)  wh'':'.:  j  in 

ill  L)::;nrnh  -  nn, .  A;-.'- .n-iinn  ‘i.nt’  r(ii,>)  fia:  rh^-  f<na:!  (]  .  L 


I:  aire  tlic 
V)  sue;! 

^  1-“;'.  .  -  3  ,  .,  :  ,  C  .  '  ~  '  ^  <e,  ^'4'q>  -  1- 

)  V  -  +  \A  wherv.: 

)  ^  ^  (vjv  €  V,  -v,,nj;>  =0}  =  P(L), 

)  a|..  ;u  an  A'omorphisni  of  '.A  oiitc  \A  . 

;•  C':'rpp’^:- i  f  i'.'n  (  A3)  will  A(^  i  ho  starting  point  for  the 
"ioa’  3.  1!  iinov-iolirn  i  ■) ;  aor .  jmp.o' i  ;  ;  on  that  we  shall  dcs- 
is  Ai  ■  sec;i'i;i.  Wo  intro  iuia'  '  irsf  tlie  operator 
LCvAVj  h'^ino,:  :v 
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(3.6)  Qv  =  V  -  <v,(Pq>(Pq 

and  we  remark  that  F(u,X)  =  0  in  V  if  and  only  if 

(3.7)  QF(u,X)  =  0 

(3.8)  <F(u,X)  ,(Pq>  =  0  . 

The  decomposition  (3.3)  will  now  be  used  to  write  the  solution 
(u,X)  in  the  form 

(3.9)  u  =  Uq  +  +  V,  a  e  ]R,  V  € 

(3.10)  X  =  Xg  +  £  5C3R. 

The  basic  idea  of  the  L-S  procedure  is  to  use  equation  (3.7) 
to  eliminate  v  in  the  expression  (3.9),  as  an  implicit  func¬ 
tion  of  f;  and  a.  More  precisely,  let  us  consider  the 
auxiliary  mapping 

(3.11)  F(f;,a,v)  =  QF(uQ  +  a4)^  +  v ,  +  O 

P 

which  is  clcarlv  a  C  mapping  from  IR  x  ]R  x  into  . 

Civ  Lous Iv  F(0,0,0)  =  0;  it  is  easy  to  check  that 
D^_F(0,n,ii)  =  L,  which  is  an  isomorphism  from  onto 

(3.F);  therefore  (3.11)  defines  uniquely  v  =  v(^,a)  with 
v(0,0)  =  0  ar;  an  implicit  function.  Plugging  v(Ji,a)  into 
(  ^.1)  we  have  that  (3.T)  is  identically  satisfied,  so  that  we 
have  to  dea]  with  (3.8)  only:  setting 


r  (  f  ,  a  ) 


=  ■.  ;’(L!.^  +  acp,j  +  v(r^  H  )  ,ip';  .. 

we  easilv  ehec'.  th.it  i  =  +  atp,,  +  v(f.,a),  \  =  X,,  +  r  in 

a  soliitinn  of  (1.1)  i  "  f  (.".,a)  na  f  i  ion 

(1.13)  :'(r  ,a)  =  n  (  "  ;  f  '  ]R)  . 

3.2.  Annuine  t'ow  tluit,  an.  in  Section  1.1,  w<''  are  pi  von  a 
!"  imilv  ;’,^(u,\)  C'  nia;''pinrn.  wiiicl'.  cn.mvoT'eer  iniformlv 

to  r(u,\)  in  t'‘  ;  'i'viounlv  (n,.\)  =  0  it"'  = 

0  and  < Fj^ (  n  ,  \  )  ,  .p  1>  =  ( ' .  d'n.inp  .ipriin  the.  ■  iecompc.n i  t  i  on 
(3.3),  (3.1.)  v;o  coiTi  connider  the  anxiliarv  n;a;'pinrn 

(3.14)  r,^(',.a,v)  =  Ql,  ( n^.^  +  t:;p,^  +  '.' ,  Xp+i); 

ninco  Fi^  o('nver'poe  fo  F  unilormly  in  C  wo  may  apply 

Theorem  1  ■.••iiicli  enn.ure:;  .  t  ot'  li  t-  ti^ ,  the  existence  of  a 

? 

itniquc  mapninr'  a  ne i  phbourhood  of  (0,0)  in  IR  into 

a  nei  phbonrno.,' ;  . '  0  in  such  that 

(3.1.-.)  Fp  ( .f  ,  <1  ,  v,^  (  F  ,  a  )  )  =  0  near  (0,0). 

It  in,  now  ean-.  ti'  nco  tint  it  =  u„  -I  atp^  v,  ( F  ,  a )  , 

u  LI  n 

X  =  ^[1  ^  of  (1.3)  iff 

(3.1G) 

It  in  clc-ir  tint  Vj^(F,(i)  ■t'onverpon  uniformly  to  v(f.,a)  in 
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and  hence  converges  uniformly  to  f(5,a)  in 

C  ;  a  more  careful  use  of  the  estimates  (2.4)  leads  to  the 
following  theorem  (cfr.  [6],  [7]  for  the  detailed  proof). 

Theorem  3 .  We  have  for  all  m  with  0  £  m  <  r  -  1 


(3.17) 


m 


(5,a)-v(^,a))|| 


L  (3R^,V)  ~ 
m 


(3.18)  ||D'"(fj^(^,a)-f(^,a))||^  (^^2  < 

m  ^ 


m  . 

c  I  IID^F  (C,a)ll 
1  =  0 


,V) 


where  Fj^(g,a)  =  F^^  ( UQ+a(pQ+v(5  ,  a  >  ,  moreover  if 

a(t),g(t),  |t)  stg  is  a  C  curve  in  a  neighbourhood  of 

(0,0)  and  aj^(t)  ,^j^(t) ,  |t|  £  t^  converges  to  a(t),?(t) 
uniformly  in  we  have  for  all  0  s  m  <  r  -  1 


.m 


dt 


ra 


(3.20)  £  c  [ 
t  =  0 


dt 


e  '^h 


(a, (t)-a(t) ) 


dt 


I  '“h 


dt 


j  F^(^(t),a(t)) 


D(h,m,t) 


and 


(3.20) 


,m 


dt 


m 


(fj^(^j^(t)  ,aj^(t))-f(C(t)  ,a(t))) 


£  D(h,m,t) 


G4 


where  D(h,m,t)  ^  c!e f ined  in  (3.19). 

In  summary  we  may  say  that  in  a  neighbourhood  of  a  simple 
singular  point  (that  is,  a  solution  (Uj^,X^)  which  satisfies 
(3.1))  the  Liapunov-Sc)imidt  pioccd.ure  and  t lie  "uniform  con¬ 
vergence"  Theorem  1  allow  the  reduction  of  both  (1.3)  and 
(1.3)  to  two  dimen:;ionai  problems 

(3.21)  f(f.,a)  =  0;  f^(^;,a)  =  0 

•p 

with  f,  ->  f  in  C  and  vn  th  estimates  of  f,  -  f  of  op- 
timal  type  in  terms  of  -  F.  From  now  on  we  shall  essen¬ 

tially  concentrate  on  the  two-dimensional  problems  (3.21)  as 
if  they  were  our  original  problems.  Obviously  the  various 
hypotheses  that  we  shall  make  on  f(C,a)  can  be  "translated" 
into  corrospondin g  fiypotiieses  on  F(u,X),  as  has  been  done 
in  [6],  [71;  similarly  the  error  bounds  obtained  in  terms  of 
f  and  f^  should  be  expressed  in  terms  of  F  and  F^^  by 
means  of  (3.9),  (3.10)  and  Theorem  3  (see  again  [6],  [7]  for 

all  the  details).  We  finally  remark  that  if  (Uq,Xq)  is  a 

d  f 

simple  singular  point  we  have  f(0,0)  =  —  (0,0)  =  0. 


CHAPTER  4 


4.1.  We  assume  in  this  section  that  we  are  given  a  map¬ 
ping  f(5,a)  IR^  -+  ]R  with  f(0,0)  =  (0,0)  =  0  and  a 

o  cc 

family  of  mappings  which  converges  uniformly  in 

to  f(g,a),  as  h  tends  to  zero,  in  a  neighbourhood  of  the 
origin.  We  shall  assume,  first,  that 

flhe  origin  is  a  normal  limit  point  for  f(5,a), 

{  af 

l^that  is  ^  (0,0)  ^  0. 

Hence,  the  implicit  function  theorem  will  ensure  the  exis- 
tence  of  a  unique  C  function  ^  =  ^(a)  from  ]R  to  ]R 

such  that  ^(0)  =  0  and  f(C(a),a)  =  0  near  a  =  0.  Theorem 

,  .  .  .  r* 

1,  in  turn,  will  ensure  the  existence  of  a  unique  C  map¬ 
ping  neighbourhood  of  the  origin  such  that 

5  0;  moreover,  for  0  s  m  s  r  -  1 


(4.2) 


,m 


da 


m 

c  I 
1  =  0 


da 


j  f^(5(a),a) 


Since  (0,0)  =  0  it  turns  out  that  necessarily  ^  (0)  =  0. 

O  CL  Q  OC 

We  assume  now  that  the  origin  is  a  "nondegenerated  turning 
point,"  that  is 

.2 

(4.3)  ^  (0)  t  0. 

da 


65 


66 


In  that  case,  for  r  >  '2,  we  have  from  Lemma  1  that  there 
exists  a  unique  near  0  such  that 


(4.4) 


"^h 

da 


C; 


moreover 


«°-ol 


i  C 


(4.5) 


<  c(|f^(0,0)|  + 


^^h 

3a 


(0) 


(0,0) 


D^(h) 


Hence  setting  =  ^j^(a^)  we  have 


4^(0)|  . 


da 


(0) 


“S'  ' 


(4.6) 


5  |f  (0,0)!  +  0((D  (h))  . 
h  i 


We  have  proven  the  following  theorem. 


then  there 

exist  a  neighbourhood 

U 

such  that 

for 

any  h  £  h^,  f^(^ 

,a'> 

solutions 

in 

U;  the  branch  has 

the 

have  for 

V! 

O 

m  £  r  -  1 

(4.7) 


,m 


^  (5,  (a)-^(a)) 
da  h 


m 

=  c  I 
1  =  0 


da 


f^(^(a) ,a) 


J 
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whei^e  ^  =  ^(a)  i_s  the  ( unique )  branch  of  solutions  of 
f  ( ^  , a )  =  0 .  Moreover  if  r  >  2  and  (0,0)  a  nondegen- 

arated  turning  point  for  f  then  f^^  has  a  unique  nondegen- 
e rated  turning  point  (^||,aj^)  ^  U  and  we  have : 


(-8)  |a°|  S  c||f^(0,0)|  +  (0,0) 


(4.9) 


d  f 

u°|  <  o(|f^(0,0)|  t  (0,0) 


Kenar!-  .  In  manv  applications,  as  we  shall  see  later  on. 


■’  (11,0)1  i('  Itself  of  the  order  of  — 

I  1  '  c 

a  i.'io.:  the  .aotations  in  (4.S),  (4.9). 


(0,0)  ,  which 


4.2.  We  sliUll  now  assume  that  (0.0)  is  a  s imple  critical 
sail;  :'or  f(r,a),  that  Ls  :  (0,0)  =  0  and  the 


I  I  1  -5  r*>  -J  4 


the  rrir’'n  is  nons  j  npular .  It  is 


9  0 

•  t'.c  s>.’e  friat  if  det(!)"f  )  >  -  tlion  tlu:  set  of  solutions 
•  (j;,a)  =  '  Tr-ar  t':;-..-  origin  con.:ir;tr;  in  th.o  isolated 

('",0).  tlic  o'lher  hanOi,  issume  that  dct(D^f^)  <  0 

aai,:dor'  t  la-'  auwiliarv  .'0. action 


(■•■:  ) 


F  (  *  ,  (T ,  .a  ) 


(  t  "  f  ( t  a  .  ta  )  ,  a "  +  a  '  - 1  )  ; 


■'  i •I'-ar-  that  if  wo  find  sr'lutions  of  F  -  C  of  the  form 


,  ((‘),o(-)  -d.-n 


« 
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fi\jni  Morse  lemma  (cfr.  e.g.  [1]).  However,  an  explicit  cons¬ 
truction  of  the  two  branches  (4.13)  by  means  of  the  implicit 
function  theorem  will  allow  the  use  of  Theorem  1  and  make  the 
error  estimates  much  easier. 

The  following  lemma  will  be  crucial  in  the  study  of  the 
behaviour  of  the  set  of  solutions  of  f^(5,a)  =  0. 

d  f  d  f 

Lemma  2.  Assume  that  ^  =  0  at  the  origin  and  that 

=aaas==a*=  —  -  OX  Oy  ““  ^  '  ' 

2 

D  f  nonsingular  at  the  origin.  Assume  that  fj^(5,a) 

converges  uniformly  to  f(^,a)  in  C  ,  r  >  2.  Then  there 
exist  a  neighbourhood  of  the  origin ,  W,  and  ^  h^  >  0  such 
tiiat  for  each  h  <  h^  there  exists  a  unique  point 
in  W  such  that : 

(4.14) 

moreover  we  have : 

(4.15)  U°|  +  |a°|  5  c|Df^(0,0)|  ^  • 

IR 

The  proof  is  an  immediate  consequence  of  Lemma  1. 

We  consider  now  the  quantity 

(4.16)  K(h)  =  f^(5°,aj); 

we  remark  that  fj^(5,a)  has  a  simple  critical  point  (neces¬ 
sarily  at  K(h)  = 


0; 


in  such  a  case,  if 
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det(D^f^)  >  0  the  set  of  zeroes  of  f,  consists  of  the 
isolated  point  and  if,  on  the  contrary,  detCD^f'^) 

<  0,  then  f^  has  a  simple  bifurcation  point  at 
Roughly  speaking,  then,  fj^  reproduces  the  behaviour  of  f 
iff  K(h)  =  0,  which  should  be  regarded  as  some  kind  of 
"miracle";  however,  some  sufficient  conditions  to  ensure 
K(h)  =0  in  some  particular  cases  (bifurcations  from  the 
trivial  branch,  symmetry  breaking  bifurcations)  can  be  found 
in  [9],  [71. 

We  set  now 

(4.17)  f^(C,a)  =  fj^(C.a)  -  K(h) 

and  we  remark  that  from  (4.15),  (4.16)  one  has 

(4.18)  |K(h)|  S  c(lfj^(0,0)l  +  |Df^(0,0)  1^)  . 

Introducing  the  auxiliary  function 

(4.19)  F^(t,a,a)  =  (t"^fj^(  ^”  +  ta,  a°  +  ta)  ,  o"+a^-l ) 

comparing  with  (4,10)  and  using  The  ...  ',e  easily  get  (for 

det(D^f*^)  <  0)  the  following  result:  the  set  of  zeroes  of 
f^  is  composed  of  two  smooth  branches  ( ^^ ( t ) , 5^ ( t ) ) ,  jtl^t^, 
(i=l,2)  crossing  at  (?°,a°);  moreover 


71 


(t)) 

dt 


,m 

dt 


1 

(m+1  1 

e 

(4.20) 

.  cj 

O 

II 

f.  (^^t),a^(t)) 

dt^ 

+ 


Df,  (0,0)| 


(Osmsr-3,  Itlstp) 


(see  [7]  for  a  detailed  proof).  Clearly  we  need,  in  this 
case,  r  >  3;  the  interest  of  (4.20)  is  mainly  in  the  case 
K(h)  =  0;  otherwise  it  will  be  enough  to  remark  that,  from 

(4.20)  (for  m=0)  one  has: 


/  2  ^ 

(4.21)  P(S,S,  )  S  c  sup  [  I 

^  Itl^tp  \i=i  e  =  o 


where  S  and  S,  are  the  sets  of  zeroes  of  f  and  f. 


(respectively)  in  a  fixed  ball  centered  at  the  origin  and  the 
distance  p(A,B)  between  two  closed  sets  A  and  B  is 


intended  as 


(4.22)  P(A,B)  =  max(sup  inf||x-y||  ,  sup  inf||x-y||). 

x€A  y€B  y€B  x?A 


We  have  nov;  to  evaluate  the  distance  between  S  and 


5^  =  et  of  zeroes  of  1  in  the  given  ball.  For  this  we 
h  a 

remark  that  since  has  a  simple  critical  point  we  may 

ipply,  for  any  given  h  ^  h^ ,  the  Morse  lemma  to  f^  getting 


new  variables 


(4.23) 


(C  ’Ct  ) 
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in  whicli 


(that  is, 
the  variables 


is  a  hom.ogeneoas  polynomial  of  degree  2  in 
i,  a).  Hence  v,;e  also  have 


(^•25)  f^(£;,a)  -  D‘ fj^(  ,  ai^)  ( (^  ,  a)  ,  (^  ,  a) )  +  K(h) 

and  the  set  of  zeroes  of  f,^  in  the  (C,a)-plane  is  as 

follows: 

on 

a )  if  de t  ( D"  f ,  (  ,  a/ ) ) 

h  h  h 

empty  set  following  the  sign 

b )  if  d e t  (  D '  f  ,^ (  ^,^  ,  ) ) 
hyperbola . 

In  both  cases  one  can  check  that 

(4.26)  c 

provided  that  is  nonempty.  Since  in  (4.23)  is 

uniformly  invertible  one  has  from  (4.26) 

(4.27)  P(S^,5,^)  s  clK(h)l^^" 


>  0  is  an  ellipse  or  the 

of  K(h) 

<  0.  is  a  nondegenerated 


provided  that  Sj,^  is  nonempty. 

We  summarize  the  previous  results  in  the  following  theorem. 


A 


aiivl 


(respectively)  in  W  anJ  that  K(h) 


J.e fined  by 


"h 

(i.l4)  (4.16)  and  bounded  by 

(4.30)  |K(h)|  s  c()f,^(o,:;)|  +  ii^f,^(o,o)|"). 

Remark .  One  can  show  (cfr  [  •- ] )  that  in  the  "pure  Galerkin 
case"  described  in  Section  1.2  one  has,  with  the  notations  of 
d t ion  o.o, 

(•••■i)  '■;(  ,')!  *=  (in’  ji,,+  inf  0  T"<j) "  -  v  || ,, )  " 

v€V,  '  '■  vfV, 

ii  n 

Vv’.ner’  i"  '•  LC,'"','.')  is  trie  dual  operator  of  T.  Hence  under 
rcascoia:  !•  era- r;.:a'  a:;sumi;>t  ionr  (0,0)  goes  to  zero  twice 

I'l 

as  fast  a.:  i:;'.'  ::.-m  toj'm  in  ti:e  previous  abstract  estimates. 

In  ot’ier  appl  i  ca  ’  iceir,  to  mixed  a:.;  hybrid,  elements  a  relation- 
■sh.ip  a,-  s  i  •  is  (4.-.1)  does  net  hold,  but  still  one  can 
pi'ovo  th.it  (,’,4)  goes  to  zero  with  a  higher  orcier  (usually, 
a  d.oublo  crlsT’);  see  for  instance  [6],  TV],  ft]. 


L 


CHAPTER  5 


5.1.  We  assumed,  until  now,  that  our  problem  was  governed 
just  by  a  real  parameter  X  €  ]R .  In  fact,  on  one  hand,  many 
physical  problems  are  actually  governed  by  more  than  one 
parameter;  on  the  other  hand,  other  parameters  could  be  con¬ 
sidered,  from  the  theoretical  point  of  view,  as  "imperfection 
parameters"  in  order  to  see  if,  in  some  "expanded  space"  the 
numerical  discretisation  reproduces  the  whole  bifurcation 
diagram.  We  shall  give  a  simple  example  in  order  to  make  our 
statements  more  clear.  Assume  that 

(5.1)  f(5,a)  = 

and  that  ,a)  is  a  C°°  function  which  converges  uni¬ 

formly  to  f(5,a)  with  all  the  derivatives.  As  we  have  seen, 

the  set  of  solutions  of  f,  (j;,a)  =  -  can  be:  1)  an  isolated 

ri 

point;  2)  an  isola;  3)  the  empty  set.  There  is  little 
doubt  that,  from  the  qualitative  point  of  view,  the  way  in 
which  the  solution  set  Sj^  of  fj^(^,a)  =  0  reproduces  the 
solution  set  S  of  f(c,a)  -  0  is  quite  unsatisfactory. 
Assume  now  that,  instead,  we  have  a  two  parameter  problem 

(5.2)  f ( t , a , u )  =  0 

2  2 

with  ‘^(f.,a,ij,)  =  ^  +  a  u-  the  moment  we  may  assume 

tdi  it  jL  is  another  parameter  "contrc  lied  from  the  exterior" 
u.  that  is  an  "imperfection  parameter. 

7  5 


Suppose  now 


that  wo  .ire  given  a 

t  .im  i  Iv 

(. 

n  ,  -1  ,  u  )  0  ' 

wliioh  converp/’s  to 

f  (  e  ,  1  ,  u 

) 

i ' 

i  Ih’rml  V  w  i  tdi 

th.'  de-iv 

tives-.  '"hen  since 

^  (0,0 
On 

,o> 

0  the  ! mp  1 

i  0 i  e  fane t  i C'li 

t'nocji’om  am;  riieorem 

1  give 

t'  X  i 

r.  t 

once  .ind  an  e 

.pjemss;:;  ot^  tiie 

fun ctions 

(’y.3)  i.1  n(.'-a)  (.ic't'ual  iv  =  -i’  -  f . '  ) 


;^uch  that  r  ( , a  >  u ( t  •, a  ) )  and  ,a  t  )  )  vanish  idcii- 

ticallv  in  a  ne  i  s,;i!>ourhood  ol  (0,0).  Morc^ovt.'i', 


(:^.S)  ,a))i  •  5;^  l:^  r,^(t  .a,,i(?;,a))  I  . 

.ince  Du(n,0)  =  (0,0),  (0,0))  =  0  and  IHPm)  =  D^x 


i  s  noiis  i  ngiil  ar ,  Lenin’.a  1  t'nsure?.  the  existence  of  a  uni<iue 


point 

<< 

,  a[^)  where 
h 

[)u,  vmnishe 
■  h 

s.  oett.Tng 

it  is; 

easy 

0 

to  olieck  that  is-  an 

absolute 

maximum  for 

in  a  n 

•:>  i  gh' 

L'ourhood  of 

the  origin  so 

tliat  th.’ 

solution  set 

S,  (u) 
h 

r^(  ,  i-'J ,  M  ) 

in  the  ( f  ,  a  ) 

-plane  is 

empty  for 

M  ,  L  ■;  rediuaal  to  the  isolatei.i  point 

fi  :  uni  L:.  ail  isola  for  p.  <  .  Hence,  if  we  c'onsider 

[x  as  an  "  i  iiiii* ■  r f  ec  t ion  parameter"  we  may  dr,n>/  tlu'  following 
picture::,  ter'  the  continuous  an<.i  for’  the  d  i  .scroti  7.ed  problem 


in  the’ 


iipaoe  of  pert  urbat  ions 


n  f  IR 


isola 


empty 


f 


0 


-t- 

0 


[i- 


Fig.  5.1 


isola 


r 


empty 


♦ 


Fig.  5.2 


and  the  qualitative  reproduction  o*^  the  bifurcation  diagram 
is  by  far  more  satisfactory.  We  may  also  prove,  with  little 
effort,  that 


(5.6) 


hi;  I  =  c(i 


f  j^(ll,G,0)  I  + 


3f, 


da 


(0,0,0) 


Sf, 


(0,0,0) 


which,  in  the  hipplications ,  mav  provide,  as  we  have  seen,  a 
l.'c'^cr  or'der  of  convergence'.  Suppose  now  that  we  consider 
H  ar,  1  parameter  controlied  bv  the  exterior.  An  elementarv 
computation  s’n.'.v;s  that  in  the  "space  of  pai^ameters"  (C,u.)  f 
i'A  have  f’-r  f(F,a,M-)  =  h  the  following  situation 


i 


where  the  pai'ahola  p. 


tep.ir'atcG  the  two  regions 
Rq  =  {(|i,0  i  =  'J  hat  no  solution--.}  an.l 

=  {(p,£)  1  =  0  has  two  solutions  t  a^}.  Ob- 

viouslv  a  "  iouble"  solution  is  present  on  \i  -  -t‘.  Let  us 
consider  now  the  mapping 

(5.7)  G(^,a,n)  =  (  (  ( L  ■>  a  » p)  (L,a,|j.)) 


and  its  approximation 

af. 

(5.8)  G(f_,a,p)  =  (^.(r,  ,a,u),  — —  ( L  ,  a  ,  p ) ) 

ri  n  o  ci 


Clearly 
s ingular . 


^l(n,i-.  ,0)  =  0  and  D.  .(',( 0,0,0) 

t  a ,  p.) 

Hence  we  mav  have  a  =  a(f;),  p. 


/O  U 

I  1  =  non- 

\  2  0/ 

p(£;)  as  implicit 


functions  satisfying 

(5.9)  G(C,a(^ )  ,ri(^) )  =  0. 

Theorem  1  yields  now  a^(^),  such  that 

(5.10)  Gj^(C,a^(5),ilj^(?))  s  0 

with  an  estimate  on  aj^(5)-a(5)  and  iij^(^  )-[i(C )  .  Clearly 

(5.11)  fi^^(^)  =  ^^(C,aj^(^)) 

from  the  uniqueness  of  the  implicit  function;  it  is  also 

2 

obvious  that  jK^)  =  -r,  .  Therefore  we  have,  in  the  space  of 
parameters  (£;,n)  the  following  picture  for  the  approximate 
problem 


d 

It  13  also  easv  to  ';nc'W  triat  - ^  <  0  near'  /.•n’o  (it  con- 

r>  t, 

vei'ges  uniformly  to  -?  e  ino:  tiiat  thi  r’e  are  no  regions 

d  r 

in  some  fixed  neiriif  ouri.ood  ct'  t  m.*  ir'i  g  in,  vfnere  f^(i,a,jl)  = 

0  has  more  than  two  3o(  uti^'-'iic  ; a.  Again  a  comparison 
between  figux'es  5.3  and  5.^  'hovo'  now  a  qualitative  agreement 
which  is  muct'i  mere  ;.a  i is  :'ao  tcr\' .  '.ve  can  summarize  the  result 
obtained  on  tliat  simple  exampji'  '  fcl  lowir.g  theorem. 

^hec_rerr^6.  Assume  L  ha  t 

(5.1^-)  r  ( £, ,  j ,  p )  =  £  +  a "  +  p 


and 

assume  rnat 

W.';  .no 

i  e  1*1 

':!  tamiiy 

(  f  ,  a  ,  (i  ) 

o  f 

00 

f  unc 

tions  v.'iiicl! 

convet'r.t’ 

;j  t  o 

f  (  f  ,  a  ,  p  ) 

u 

niformly 

w  i  t  h 

all 

the 

d  0  r*  2  V  T  2  V  0  3 

in  a  n ■••i 

g'nboi 

irl!0<''C  of 

the 

origin . 

Then 

we 

have  t  in,'  ioA  1  ^  v;  Lni  r’osu  i  't.  : 

u)  In  th.e  whole  -j  ,:-c  (£,a,;i):  there  exists ,  for 

h  <  h^,  a  uni  .  ;c  ''  manpi’ig 

(5.1,’!)  n  =  ( f ,  a ) 

in  a  no ighbour iiood  (0,0)  rucii  that 

(5.14)  fj^(£;,a,pj^(f,,a)  )  =  0 


and  we  have: 
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(5.15)  I  ,a)  )  I 


where  ii(C,ci)  =  -  a^. 

b)  ^  the  "space  of  perturbations"  p.  €  )R  :  there  exists 

a  unique  such  that  the  set  of  solution  of  f^(?,a,p)  =  0 

in  the  (^,ci)  plane  is:  i)  an  isola  for  p  <  p^;  ii)  an 

isolated  point  For  p  =  p^;  iii)  empty  for  p  >  p^.  More¬ 
over 

(5.16)  IpJJI  c(|fj^(0,0,0)|  +  0,0)1^). 

O 

c)  In  the  " space  o f  parameters "  (Si^)  i  IR"  ^  there 

exists  a  unique  mappine 


(5.17) 


u  =  ii,  (?,) 


w!-;iqh  l_ivi.;es  (f,,ii)  platio  in  two  regions  R'J  and  r!J, 

q_uch  th  i  *  r.u_  (^,p)  5  fp  tiu:  equatio:!  ( in  a)  f^(C,a,p)  = 
*',.1,  r,'. '  ■  o : ‘  •  onn  p.’ri  Sqr  (5,p)  f  Rp  the  equation  ( in  a) 
*■  (  ■  ,  I  , ;; )  =  rw  I  d.  is  t  Lnct  solutions  .  Moreover  we  have  : 


(il,^('-  )-p(5  ))  I 


e 

-  r,  ■  (h,0,u(h)  )  * 

'  h  1 

+ 

.t  8  { 

^  "  (t,o,p(j;)) 

} 

q;  ■*  1 

1 

df  ' 

8  2 

2 

where  realizes  the  analogous  partition  of 

into  and  for  the  continuous  problem  f(J;,ci,p,)  =  0. 

Remark .  Our  assumption  that  f(s;,a,ii)  has  exactly  the  form 
(5.1)  is  obviously  unnecessary;  as  a  matter  of  fact,  in  the 
proof  of  Theorem.  6  we  only  need  suitable  nondegener’acy  condi¬ 
tions  on  the  partial  aerivatives  of  f  at  the  origin. 

Remark.  An  exchange  in  roles  of  p  and  bv  considering 

p  as  a  parameter  and  C  as  a  perturbation  will  not  give 
interesting  results.  In  fact,  the  equation  a“  +  p  =  0  has 
a  nondegenerated  turning  point  with  respect  to  the  parameter 
p  and  sue!'!  a  diagram,  as  we  have  seen,  is  alreadv  stable 
under  small  perturbations  (see  Sect.  4.1). 

5.2.  Let  us  consider  now  a  different  example;  assume  that 
f(^,a,p)  has  the  form 

(5.19)  f(C,a,p)  =  -  pa  +  ^ 

(this  form  is  typical,  for  instance,  in  the  von  Karman  non¬ 
linear  plate  bending  equations).  The  form  (5.19)  can  be 
considered,  on  one  hand,  as  a  perturbation  of  the  "pitchfork" 
form 

(5.20)  f(?,a)  =  -  pa  =  0 

or,  on  the  other  hand,  as  a  perturbation  of  the  "nondegenerated 


hysteresis"  form 


8  3 

(5.21)  f(^,a)  -  a.^  -  K  =  0. 

Let  now  assume  that  we  are  giv'en  a  family  fj_^(^,a,g)  of  C 
functions  which  converges  to  f(^,a,g)  uniformly  with  all 
the  derivatives  in  a  neighbourhood  of  the  origin,  when  h 
tends  to  zero.  It  is  easv  to  check  that  for  h  5  h^  there 
exists  K  -  such  that 

(5.22)  f^(C^(a,g),a,g)  =  0 


..nd 

converges  to 

£,(a  ,ti) 

=  ga  -  a with  all  the 

derivatives . 

Til  is  solves 

somehow  t 

he  pT’oblem  "in  the  whole 

space."  Let  'j 

IS  now  liave  ..i 

look  to 

the  "space  of  parameters" 

.  It  is 

easy  to  see 

that,  tor 

the  continuous  problem 

f(£;,a,M.)  =  n 

the  c'ur’ve 

1 

,  =  -’f- 

(5.23) 

} 

\ 

1 

f  r  :>  t;  '  ’ 

.'eparatc;;  rlit.; 

tw'  I'egiom; 

K-  -ilivi 

i 

P ^  o'  "one  solution"  and 

"three  s.'luti- 

.  -  ”  /  >  -  I  -f 

-  ’  1  o  W  <  '  J '  C  L 

iv^  Iv)  J- 

in  rig  5.5. 

-  ^  f  i  r  1  \  l"'  \  ^  L'  J  -  V  ^  /  31'*..  -  /  V  \  '  ''  >  -  ^  /  1-  1  1  ^  j.  j  i  a.  vi  L 

C  •-.  ,  u  ; 

iier.ce,  from  Theorem  I,  t'r.ere  e-'xi''':,  toeeth.er  v.’ith  the  implici 
funotionr  p  =  fa',  (x  =  fa'  ■>  " .f i soret-.?  implicit  func- 


■i,  J  IS  ncnsinpuiar 


(  i  .  t  ) 


u,(a) 


;uch  'hat 


(^.17) 


f ,  (  (  a  )  ,  a  ,  n,  (  a  )  )  =  0  ; 


(5.28) 


Thf-  two  functions  (5.26)  define  parametrically  a  curve  which 
converge  to  p.  =  3  •  We  may  remark  that  (5.27)  implies 


(5.29) 


df,  af,  a?-  af,  ail, 

_ h  ^ _ h  _ h  ^  _ h  _ h 

a  Cl  a^  act  ap  an 


and  since  #  0  one  gets 


(5.30) 


so  that  the  curve  u  =  pj^(a),  £  =  does  actually  have 

a  cusp,  because  converges  uniformly  to  3ci"  with  all 

3Uh 

the  derivatives  and  hence  —  has  one  and  onlv  one  zero 

a  a 

(cfr.  Lemma  1).  Therefore,  in  tne  "space  of  parameters"  the 
behaviour  of  the  iiccrete  problem  is  of  the  type  of  figure 


'  i g .  5.6 


We  may  now  pass  to  the  "space  of  perturbations"  in  two 
different  ways:  by  considering  p  as  a  perturbation  or  by 
considering  K  as  a  perturbation;  the  situation  is  different 
in  the  two  cases:  if  p.  is  a  perturbation  we  have  diagrams 
of  the  following  type 


f  =  0 


Fir  .  5  . 


- »■  -  .  ■  ■ 

0 

>"h 

Fig.  5.8 


0 


Tf  being  the  abscissa  of  the  cusp  in  Fig.  5.6, 

K  is  considered  as  a  perturbation  prsrametcr  we  mav  have 


-» - ^ 

0 


f  r  0 


rig.  5.9 


Fig.  5.10 


where  ?  '  will  corr’espond  to  the  presence  of  a  hysteresis 

point  and:  to  t’ne  presence  of  a  bifvjrcation  point.  VJe  can 

say,  there  “'ore,  tha:;  the  intro'.lnction  of  the  perturbation 
paramot-'r  |i.  clax'ifieJ  t'no  nondegenerated  hysteresi  s  case 

(  i  .  1 )  while  the  introduction  of  the  perturbation  parameter 

has  not  i’eso]'/eJ  in  a  .it  ‘  s  r;icto;,'y  i/ac  the  pitchfork  case 
(5.20). 


Femark  .  The  o:  r  o-  esrim. 


t:ii;'  cu-iso,  similar  to  the 


ones  o:  Tiie..'!-  ■  .nu;  not:  /:  i  ;  :  ou  I  1  tf'  work  out;  we  leax'e  it 


as  an  cxei  c.:  ■ . 


5.3.  Tt  seems  not-,  ;.i‘  tr  i)  r-o  .-ist  th^'  fc':  Jo-win 


wi:  it  IS  t : 


,0  o  uo  t  ic.i  : 


t  01  btif  tot!  rai'' sms-ter s  , for 


i  'o  e  r  f-  p  r  o  b  1  e  m  , 


to  ‘ion  s.f  1  |-,o  i’  t  t'ui'c-st  i  on  ■tiaoi'-am  in 


’ 'n  f  or  t  tin  r‘e  i  \'  we  arc  not'  able 


:  1  :  ; ui.  -■  t  1 1'oi . 


th  it  t  ;i._- 


1  Ji"  ntimber  -W  narameters  of  the 


!  h-s  .0  tnoeii  orobi'-^m,  in  ^Ite 
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It  is  possible  to  show  (cfr.  [4])  that  two  similar  curves 
exist  for  the  discrete  problem,  that  they  cross  at  just  one 
point  (pitchfork  for  the  discrete  problem)  and  to  estimate 
their  speed  of  convergence.  For  other  examples  and  different 
applications,  see  [4]. 
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TWO-DIHENSIONAL  APPROXIMATIONS  OF  THREE-DIMENSIONAL  MODELS 
IN  NONLINEAR  PLATE  THEORY 

Philippe  G.  CIARLET* 


Abstract 

The  asymptotic  expansion  method,  with  the  thickness  as  the  parameter, 
is  applied  to  the  nonlinear,  three-dimensional,  equations  for  the  equilibrium 
of  elastic  plates  under  suitable  loads  and  appropriate  boundary  conditions. 

It  is  shown  that  the  leading  term  of  the  expansion  is  solution  of  a  system  of 
equations  equivalent  to  a  well-known  two-dimensional  nonlinear  plate  model, 
namely  the  von  Karman  equations. 

The  existence  of  solutions  of  the  two-dimensional  problem  is  established 
in  all  cases  (by  contrast  with  the  three-dimensional  model,  where  no  satis¬ 
factory  existence  theory  is  as  yet  available) .  It  is  also  shown  that  the  dis¬ 
placement  and  the  stress  corresponding  to  the  leading  term  of  the  expansion 
have  the  specific  form  generally  assumed  a  prior?  in  the  usual  derivations  of 
two-dimensional  plate  models.  In  particular,  the  displacement  field  is  of  Kir- 
-chhoff-Love  type. 

This  approach  clarifies  in  particular  tie  nature  of  the  admissible 
three-dimensional  boundary  conditions  for  a  given  two-dimensional  plate  model. 
A  discussion  is>  also  given  regarding  the  class  of  admissible  three-dimensional 
models . 


(*)  To  appear  in  the  Journal  of  Elasticity. 

Laboratoire  d'Analysc  Num^rique,  University  Pierre  et  Marie  Curie,  Paris. 
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It  Introduction.  This  paper  gives  a  brief  description  of  a  method 

for  deriving  known  nonlinear  tuo-dimensional  plate  modela  from  general 
nonlinear  three-dimensional  elasticity  models.  It  is  based  on,  and  extends 
as  regards  the  consideration  of  more  general  constitutive  equations,  Ciarlet 
[19801  ,  where  complete  proofs  can  be  found. 

Our  approach  is  based  on  the  asymptotic  expansion  method^  applied  to 
(nonlinear  in  the  present  ease)  problems  posed  in  variational  form.  Without 
any  a  priori  assumption^  either  geometrical  or  mechanical  in  nature,  it  is 
shown  that  the  first  term  in  the  expansion  is  solution  of  a  two-dimensional 
plate  model,  equivalent  to  the  VOn  K&rmdn  equations. 

A  feature  of  the  method  is  to  clearly  delineate  the  type  of  boundary 
conditions  for  the  three-dimensional  model  which  lead  to  a  specific  two-di¬ 
mensional  plate  model. 

Another  aspect  of  the  method  is  that  the  displacement  and  stress  compo¬ 
nents  corresponding  Co  the  first  term  in  the  asymptotic  expansion  arc  of  the 
specific  forms  generally  assumed  in  the  literature  as  a  result  of  appropriate 
a  priori  assumptions.  For  instance  we  shall  find  that  the  displacement  field 
is  necessarily  of  Kirchhoff-Love  type,  while  this  is  generally  an  a  priori 
assumption  of  a  geometrical  nature. 

In  other  works,  the  asymptotic  expansion  method  has  been  shown  to  apply 
equally  well  to  : 

(i)  linear  plate  models  (Ciarlet  and  Destuynder,  1979a] ,  for  which  it 
provides  in  addition  a  satisfactory  error  analysis  [Destuynder,  1979]  between 
the  three-dimensional  and  two-dimensional  solutions  (Che  error  analysis  rests 
upon  methods  developed  in  Lions  [1973])  ; 

(ii)  eigenvalue  problems  for  plates  [Ciarlet  and  Kesavan,  1980]  ; 

(iii)  lineal'  shell  models  (Destuynder,  1979]. 


-«1 
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It  Ik  kleo  wultli  •ml  i  iiiit  itml  wliclcok  itie  aByiii|>  t  i>l  1 1.  c  xpaiin  i  I'li  luclhuil 

Is  coiiimor.ly  used  for  linear  problems,  it  is  seldom  applied  to  nonlinear  pro¬ 
blems  ;  in  this  direction,  see  however  Lions  119731  ,  Rigolot  11977]  . 

Let  us  review  some  of  the  notation  used  in  this  paper.  The  usual  par¬ 
tial  derivatives  will  be  written  3.v  =  3v/3x.  ,  3.  .v  =  3^v/3x.3x.,  etc  ...  . 

If  is  an  open  subset  of  R^,  we  denote  by  l<p,  or  11™(6))  if 

p  “  2,  the  standard  Sobolev  spaces. 

We  shall  omit  the  symbol  dx  in  an  integral  of  the  form  f(x)dx,  except 

Jx 

in  those  integrals  where  the  variable  of  integration  is  X3 £  [-1,1] ,  in  which 
case  the  specific  symbol  dt  will  be  used. 

As  a  rule,  Greek  indices  ;  o,6,p,...  ,  take  their  values  in  the  set  {1,2}, 
while  Latin  indices  ;  i.j.P,-,  take  their  values  in  the  set  {1,2,3}.  The 
repeated  index  convention  for  summation  is  also  systematically  used,  in  con¬ 
junction  with  the  above  rule. 

W.ith  each  vector-valued  function  v=  (Vj^)  ^  thought  of  as 

being  a  displacement  field  in  ,  we  associate  the  symmetric  tensors 
y(v)  -  (Yjj(v))  and  y(v)  -  (Y.j(v))  :  R^  — >■  R^  respectively  defined  by 

■Yij<v)  -  Yij(.)  . 

which  are  the  linearized  strain  tensor,  and  the  strain  tensor,  respectively. 

Finally,  if  C  is  a  square  matrix,  we  denote  by  tr(C)  and  det(C)  its 
trace  and  its  determinant,  respectively. 


2.  Tut  THKLt-UlMtNSlONAL  MOUtL.  Let  (e^^)  »>e  mi  orilionoimal 

basis  in  ,  and  let  lo  be  a  bounded  open  subset  of  the  plane  spanned  by 

(e  ) ,  with  a  sufficiently  smooth  boundary  y*  Given  a  constant  e>0,  we  let 
a 

-  uxl-e,e[,  To  -  yx  l-e,el  , 

=  ux{c},  =  u)x{»-e}, 

so  that  the  boundary  of  the  open  subset  of  is  partitioned  into  the 

C  G  E 

lateral  surface  and  the  upper  and  loner  faces  and  r_. 

The  problem  consists  ip  finding  the  displacement  vector  field 
u  ■  (u^)  :  n— and  the  second  Piola-Kirchhof f  tensor  field  0  >•  (o^j)  • 
of  a  tliree-dimensional  body  which  occupies  the  set  G  in  the  absence  of  ap¬ 
plied  forces.  Because  the  thickness  2e  of  the  body  is  considered  to  be 
"small"  compared  to  the  dimensions  of  the,  set  w,  the  body  is  called  a  plate, 
with  middle  surface  w. 

The  plate  is  subjected  to  three  kinds  of  given  forces  : 

(i)  Body  forces  throughout  ft  ,  of  density 

(f.)  =  (0,0, fj)  ; 

(ii)  Superficial  forces  on  the  upper  and  lower  faces  and  r  ,  of  density 

(gj)  =  (0,0, f^)  ; 

(iii)  Superficial  forces  along  the  lateral  surface  Pq,  of  which  only  the 
resulting  density 

(hf)  -  (h^,hj,0), 

i.e., after  integration  across  the  thickness  of  the  plate  (cf.  (2.4)  below), 
is  known  along  the  boundary  y  of  the  middle  surface  u  (as  a  consequence, 
the  functions  h^  arc  given  only  on  y) . 

As  regards  the  boundainj  conditions  involving  the  displacement  field 
(u^) ,  we  assume  that  : 


Uj  and  are  independent  of  xj , 


1  "■ 

0,3  “ 


These  conditions  arc  i  rdily  verified  to  be  comp Icmeiitary  to  those  invol¬ 
ving  the  functions  in  the  variational  formulation  of  the  problem  (cf. 
(2.20)  below). 

Following  Truesdcll  nnd  Noll  [196^1  ,  or  Vang  and  Trnesdcll  [  1  97  3]  , 
the  associated  cquaLionr,  of  finite  which  express  the  elastic 

equilibrium  of  the  plate,  take  the  following  form  : 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


-  a.(o..+0,  .9,u.)  =  ff  in  Sl^ , 

j  ij  kj  k  i'  I 

• 

o .  .  =  0 . .  in  V  , 

Ji 

f  r 

f  ■  +  0,  ,9.  »•  ■=  '  g-  od  f .  » 

1  k  3  k  1  1 


(c  10,  ,3  u  )  V .  =  h  on  Y . 
al-  k.  k  CV  ('.  n  ’’ 


(2.5) 


ui  ,  u;^  are  independent  of  Xj  on 


(2.6) 


Uj  =  0  on  r^. 


where  v  -  ('*5,^  denotes  the  unit  outer  normal  vector  along  y  (and  consequen- 

r 

tly,  also  along  the  lateral  surface  1'q)  • 

Remark  2,1,  The  reason  why  we  set  “  ^2  ~  *’3  ~ 

is  simply  that  the  consideration  o[  such  more  general  applied  forces  leads 
to  plate  models  different  from  (and  more  complicated  tlian)  the  von  Karman 
equations.  ■ 


Remark  2.2.  If  instead  of  the  boundary  conditions  (2 . 4) t-(2 , 6) ,  we  had 
chosen  the  (perhaiu;  more  familiar)  boundary  conditions  : 

^0* 


U3  -  0  on  Fq  , 
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serious  difficulties  would  arise  in  the  subsequent  analysis.  In  particular, 

It  seems  that  this  type  of  boundary  conditions  along  tlic  lateral  surface 
does  not  naturally  give  rise  to  a  two-dimensional  plate  model-.  ^ 

According  to  the  Rivlin'-Erteksen  theorem  (cf.  Wang  &  Truesdell  [1973]), 
the  most  general  constitutive  equation  for  an  elastic,  isotropic,  material 
which  satisfies  the  principle  of  frame  indifference  is  of  the  form  : 

(2.7)  o  =  ( 1^,11^,111^) I 

where  I  denotes  the  unit  matrix, 

C  =  I  2’) ,  with  Y  =  Y(u), 

denotes  .he  (right)  Cauchi-'lreen  tensor,  I  ,  II  ,  III  denote  the  three 
principal  invariants  of  the  tensor  C  (whose  eigenvalues  are  denoted  Xi,X2,X3) 

11^  ”  -^1^2  ^2^3  -  tr(C^)}, 

III  -  X,X  X,  =  dct(C)  =  {-{(trC)^  -  3trC  tr(c2)  +  2tr(c3)}, 

and  finally,  v’  j'fi  and  are  arbitrary  functions. 

Assuming  the  functions  ,  'P^  to  bo  smooth  enough,  one  can  v/rito 

a  Taylor  expansion  of  (2.7)  around  a  natural  state  (a  =  0  for  0=1)  in 
t '‘m,s  of  t'r..'  strain  it  r,:::n''  y.  Thus  for  instance,  if  we  limit  ourselves  to 
.secciad  order  terms,  we  find  a  constitutive  equation  of  the  form 

(2.8)  o  •=  X(tr7)I  +  2hy  +  +  b(trY)Y  +  c(trY)^I  +  d(trY^)I  +  ...  , 

where  X,  p ,  a,  b,  c,  d  arc  constants.  The  two  constants  X,  p  arc  the  Lamd 
coefficients  of  elasticity  ;  they  satisfy  the  i\icquali ties  (cf.  Wang  &  Trues- 
dcll  [1973]) 


(2.9) 


X>0,  p>0. 


M 


The  same  type  of  constitutive  equation  can  also  be  dravm  from  the 
assumption  that  the  material  is  hyperclastia,  i.e.,  that  there  exists  a 
Btrain  energy  function 


(2.10) 


-VlT (F)  =  W(oi,02,03)  , 


where 


r  .  (T..)  .  O3U.) 

denotes  the  deformation  gradient  matrix^  and 


o,  =  try  =  y... 
"  tr(?)  ^ 


03  =  tr(P)  = 


in  such  a  way  that  the  J irst  Fiola-Kirchhoff  stress  tensor 


(2.11) 


satisf ics 


►  a.  ^ 

t .  .  “  o.  .  +  0,  .  3,  u  . 

ij  ij  kj  k  1 


(2.12) 


t  -5^ 

ij  3F..  • 


Then  if  we  express  that  the  energy 

(2.13)  J(v)  •=  I  'W'(F)  -  ff  fS  +  f  g^v 
if  U  ^  3  3  J  ^  ^ 


V  dx,}h^ 

a  3 '  a 


Y  “E 


is  etationary  (i.e.,  its  derivative  vanishes)  when  the  functions  v  span  a 
space  of  smooth  enough  functions  which  satisfy  the  boundary  conditions  (2.5)- 
(2.6),  we  are  naturally  led  to  a  constitutive  equation.  To  be  more  specific, 
assume  that  we  can  expand  the  strain  energy  function  (2.10)  in  terms  of 
powers  of  oj,  02,  03.  Then  if  we  limit  ourselves  to  the  quadratic  and  cubic 
terms  in  this  expansion,  i.e.,  if  we  write 


(2.14)  W(oi, 02,03)  -  ~a^  +  po^  +  yOj^  +  BOjO 


2  +  3  O3  +  •■•  , 
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we  find  that  (cf.  John  [19711,  Novozhilov  [1953]) 

(2.15)  a  -  XOjl  +  2y7  +  (C+4p)7^  +  (2B+2X)oiY  +  (A --1)021  (B-p)o2l  +  ...  . 

In  other  words,  we  find  a  constitutive  equation  of  the  same  form  as 
in  (2.8),  but  with  only  5  arbitrary  constants  (instead  of  6  in  (2.8)),  be¬ 
cause  of  the  assumption  of  hyperclasticity . 

Remark  2.3.  When  the  higher  order  terms  (represented  by  three  dots) 
are  omitted  in  (2.18),  the  resulting  constitutive  equation  is  sometimes 
know  as  Murnaghan '  6  law,  after  Murnaghan  [1937]  ,  although  it  seems  to  have 
been  first  considered  by  Voigt  [1893-1894] .  For  the  actuel  computations  of 
the  third  order  terms  in  (2.8),  see  Novozhilov  [1953]  .  ■ 


We  shall  henceforth  assume  that  the  constitutive  equation  is  a  poly¬ 
nomial  in  terms  of  the  canponents  of  the  strain  tensor  y,  i.e.,  we  assume 
that  the  expansion  (2.8)  is  finite  ;  hence  we  do  not  have  to  examine  ques¬ 
tions  of  convergence  in  otherwise  infinite  expansions. 

We  also  make  the  following  assumption,  which  is  crucial  for  our  sub¬ 
sequent  purposes,  and  which  shall  be  commented  upon  later  on  (in  Section  5)  : 
The  Lamd  coefficients  appearing  in  (2.8)  arc  of  the  form 


(2.16) 


W^icrc  x'  and  ii^  arc  constayus  indcpciuinnis  of  c,  wliile  the  other  constants 
which  appear  in  the  constitutive  equations  (2.8)  arc  iridependent  of  c. 


V;ith  each  tensor  X  =  wo  associate  the  tensor  Y 

defined  by  is  the  Kronecker  symbol) 


(Y.j)  -  AX 


Y.  .  -  (AX)  .  .  =  (^)X.  .  -  6.  ., 

ij  ij  ^  h  '  ij  L  pp  ij’ 


where  the  constants  K  and  v  are  related  to  the  constants  X',  p'  appearing 
in  (2.16)  by  the  relations 


(l+v)(l-2v)* 


M 


2(l+v)' 


Since 


(A-ly)  .  .  =  6.  ,  +  2vi’Y.  .  , 

ij  pp  ij  ij’ 


we  can  also  write  the  constitutive  cquntitni  (2.S)  as 


(2.17)  (H 


Ao)  .  .  =  >  .  .  (u)  +  r.  ^  _ ,  a  .  , 


2<q-iQ 


k  \  K 

'q-l  :'q  1  2 


(u)  , 


?(]-:  ?q 


1 


for  appropriate  constants  a. ,,  .  ,  ■  . 

1  •  *-  q  -  (  q 

The  t}a'CC-dl'j'n'noi 0)1(1  L  f'fci'ir’.T  is  tiow  completely  ilcfined,  by  the 
data  of  the  equcticns  of  claroio  i'lpiH  :b)'Uiri  (2.l)-(2.h)  and  of  the  cons- 
iitutivc  ('({'oii-ivti  (2.17). 

As  regards  existence  theory  for  '■uch.  ronlinear  elasticity  models. 

One  can  extend  the  analysis  given  in  Ci.irlet  &  Destuynder  [1979bl  (which 
relied  ossc.ntia  1  ly  tii  the  implicit  Luncticni  thecu'em,  I.^-regnl  nr  i  ty  results 
for  linear  elliptic  systems,  and  the  fact  that  the  Sobolev  spaces  W*’^(Q), 
are  Banach  algebras  for  p>3),  and  show  in  this  fashion  that  for 
matt  ericugh  applied  forces  (f^)^  (h^ffl))^,  the  piu'e  Dirichlct  problem  : 

-  9  .  (o  .  .+0,  .  3  u . )  =  f  .  in  n  C  r7 
j  ij  kj  k  1  1 


(Ao)^j  °  ^  C  » 


Uhh  ■  hq-.h,  h'': 

u  ■=  0  on  the  boundary  of  n 


(n)  .  Y.  .  (u), 

^q-l‘^2q 


(assuming  the  boundary  of  is  smooth  enough),  has  a  solution  in  the  space 


0 

[Wq  ’  ^  (fl)  n  W'^  ’  (U))  ^  .  tor  p .  This7also  the  ,i['pti';u'h  I'f  Macs.lcn  S  hughes 


J’^(li)  nw^’P 

(1978,  p.  2081,  Valent  [1978) 


Remark  2.4.  It  is  precisely  the  lack  of  available  regularity  result 
(for  the  linear  elasticity  system)  in  the  case  of  a  cylindrical  domain  such 
as  and  of  mixed  boundary  conditions  of  the  form  (2.3)-(2.6)  which  limits 
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the  applicability  of  the  method  to  pure  Dirichlet  problemc  and  domains  with 
smooth  boundaries.  H 

R&nco'k  2,5.  Under  the  same  assumptions,  one  can  also  prove  the  1-1 
character  of  the  mapping 

V>  :  xG  fi  — ►  (x)  “  X  +  u(x)  , 

a  highly  desirable  property  of  the  solution.  11 


Regarding  existence  theory  for  nonlinear  elasticity  models,  we  mention 
the  fundamental  results  of  Ball  II977).  For  yet  another  interesting  approach, 
see  Oden  [1979]  . 

We  notice  at  this  point  that  a  variational  formulation  of  equations 

(2,l)-(2.6),  (2.17)  consists  in  expressing  that  the  pair  (u,o),  with  u  ■  (u^^) 

and  o  ••  (o..),  satisfies  : 
ly’ 

(2.18)  uGV*"  {v  =  (Vj, )  G  (w*  ’  ^(fi^))  ^  ;  vj ,  V2  are  independent  of  xj 

on  Fq,  V3  »  0  on  Fq} , 


(2.19) 

(2.20) 


-  {x  »  (L2(fJ))9  ;  -  X^^}, 

VvG  v^ 


0.  .y.  . (v)  + 
j-iJ  iJ 


o. .3.U  3 .V, 
.  ij  t  «  J  f 


m 

’  { 

pfu  F*^ 

Y 

V  dx.lh*", 

a  -J '  a 


(2.21)V-t  G  l^,  e3 


(Ao) . . X . ,  - 
ij  iJ 


X .  .  3 .  u,  3  .u, 
ij  1  t  j  t 


'Z:  a.. 

2<q<q  ■■■*^2qrl’^2qJ 


Yk  ^  (u)  -Y,-,,  ,a(n)x.  .  -  0, 
k.]X2  29  l»2q  ij 


provided  the  number  p  is  chosen  to  be  large  enough,  so  that  all  the  inte¬ 
grals  make  sense.  a 


Remark  2.6.  Specific  regularity  assumptions  on  the  data  g^, 
will  be  made  later  on.  For  the  time  being,  it  suffices  to  assume  that  they 
are  smooth  enough  so  that  all  integrals  appearing  in  (2.20)-(2.2l)  make 
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3.  Definition  of  a  "limit"  problem  for  £=  o-  our  first 

task  is  to  define  a  problem  equivalent  to  the  variational  problem  (2.20)- 
(2.21),  but  now  posed  over  a  domain  which  does  not  depend  on  e.  Accordingly 

we  shall  successively  define  appropriate  changes  of  variables  and  changes 

\ 

of  functions.  We  let 

fi  »  (d  X  1-1 ,1  [  ,  To  -  Y  ’‘I  -1 ,1 1  , 

-  u»  X  {1 },  r_  -  u  X  {-!), 

~  .  C 

and  with  each  point  XGfl,  we  associate  the  po).nt  X  GO  through  the  corres¬ 
pondence 

X  ■  (xj  ,X2,X3)  €  n  — »■  X  ■  (xi  jxa.Ex^)  e  n  . 
with  the  space  V^,  of  (2. 18)-(2. 19) ,  we  associate  the  spaces 
(3.1)  V  -  {v  -  (v,)6  (w'’P(n)}3  ;  VI ,  V2  are  independent  of  X3 


on 


Fq,  V3  -  0  on  Fnl 


(3.2) 


^  =  {t  =  (T_)G  (L2(n))9  ;  T.  .  -  T..}. 


G  r  G  .  • 

with  the  functions  (vj^)GV  ,  associate  the  functions 

(vf)GV,  defined  by 


(3.3) 


Vj,(x')  -  v'(X).  V3<x')  -  cv5(X), 


(3.4)  t^j(x')  .  c->,;j<X),  ,„(X')  -  t‘j(X),  -  x‘,(X). 

for  all  corresponding  points  X  C  n  ond  XGn. 

As  regards  the  data,  we  shall  assume  that  there  exist  functions 
^3’  ^3’  independent  of  e  such  that 


(3.5) 


f3(x‘')  »  f3(X). 


gjtx'^)  ■=  Eg3(X), 


(3.6) 


f 


(3.7)  pointr.  y*^Y» 

The  above  relations  have  the  basic  effects  that  some  integrals  appea¬ 
ring  in  the  variational  formulation  (2.20)*-(2.21)  of  the  three-dimensional 
problem  are  left  unaltered,  up  to  an  appropriate  multiplicative  power  of  e. 
More  specifically,  one  has 


a..Y..(v)  =  of.Y..(v^), 

ij  ij  ij  ij 


for  all  corresponding  pairs  (v,o)Gv^xy^  and  (v^  ,0*')  £  V  x  ^ ,  and 


+  T'  > 

"  eM  f3V3.+  gjVj  +  { 


^  1 


for  all  corresponding  functions  v6v  and  v  6V.  Notice  tliat  the  integrals 
appearing  in  the  above  equations  precisely  represent  the  classicial  duality 
(in  elasticity  theory)  between  the  stresses  and  strains  on  the  one  hand, 
and  between  the  forces  and  displacements  on  the  other. 

,  The  justification  of  the  scaling  factor  is  twofold  :  first,  we  want 
the  asymptotic  expansion  (3.17)  below  to  start  with  a  factor  of  e°  and  secon¬ 
dly  we  want  equations  (3. 18)-(3. 19)  belov  to  contain  all  the  terms  appearing 
in  the  equations  found  by  the  same  process  in  the  linear  case  (cf.  Ciarlet  & 


Destuynder  0979a3)' 


I  matter 


It  is  then  a  purely  computat i ona 1 /to  establish  the  following  result, 
whose  interest  is  to  formulate  the  three-dimensional  plate  problem  in  a  form 
where  the  dependence  on  the  parameter  c  is  very  simple  : 

THEOREM  3.1.  Let  (u^ ,o^)  6  V  x  J]  be  constructed  from  a  solution 
(u,o)€V^xJ]^  of  (2 .20)-(2 . 21 )  through  formulas  (3.3)-(3.4).  Then  (u'^.o^) 
is  solution  of 
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(3.8)  V,  (^(o^.v)  ♦  2  ♦  2e^  ^2  tV)  “^v), 

(3.9)  VT^I,  (5fo(o'^.T)  +  e2(3'2(o'^.t)  +  e'*(3f4(o^,T)  + 

+  <^(t,u*^)  +  ,\i^)  +  * 

+£(??(e;T,u  )  “  0, 

where,  for  arbitrary  elements  u.vGV  and  o.tG^, 

(3.10)  (^^(t.v)  =  -  [  T..Y.,(v), 

Jq  iJ 

(3.11)  ^oC^.u.v)  “  “  y| 

(3.12)  ^^2(t,u,v)  “  -  if  T..3.U  3.V  , 

2jjj  ij  1  a  j  a* 


(3.13) 


^(v) 


^"3  " 

0 


S3^3  +  i 

r^ur_  •’y  ■’-1 


where  tJie  functions  f^,  g^,  are  those  appearing  in  formulas  (3.5)-(3.7), 


(3.14) 
C  .15) 
(3.16) 


E  ^vip^aB 


^0(o,t)  -  |^[(■4^}< 

®?(o,t)  =  [  {2(-~^)o  T  -  ^(a  T  +  0  ‘r,,))» 

^  ’  Jjj'  '■  E  ■'  03  a3  E  33  pp  pp  33"’ 

<3o(o.t)  «  if 


.'^33''33* 


anJ^(r,T,u"  ■)  ic  (i  polynomial  with  respect  to  t,  whose  coefficients,  which 
are  integrals  over  il,  are  independent  of  z,  11 


Since  the  forms  Cl  ,  CL  ,  Cl  ,  are  all  independent 

0  2  0  2  4 

of  c,  ds  well  as  the  coefficients  of  the  nonnegative  powers  of  e  in  the 
polynomial  (^fciTjU*") ,  and  since  e  is  thought  of  as  being  a  "small"  parameter 
wc  arc  naturally  led  to  define  a  formal  series  of  "approximations"  of  a 
solution  (u*',o*')  of  (3.8)-(3.9)  by  letting  a  priori  (the  leading  term  (u,a) 
in  the  following  expansion  should  not  be  confused  with  a  solution  of  the  ori 
ginnl  three-dimensional  problem)  ; 

(u  ,0  )  “  (u,o)  +  e(u  ,0  )  +  e  (u  ,0  )  +  - 


(3.17) 


10b 


Ititrll,  t‘**'*'  il'l*'  t  i  •  L-j'i  inrifn  fr>lh-l,  w«-  r>|iial  t- 

to  rero  the  factors  of  the  successive  powers  t*’,  p>0,  in  the  expressions 
obtained  when  the  ejqiansion  (3.17)  is  used  in  (3.8)-(3.9). 

In  this  fashion,  we  find  : 

(i)  equations  to  he  ratiefied  by  the  first  term  ; 

(ii)  recurrence  rclctions  for  the  following  terms  (of  course,  nothing 
guarantees  at  this  stage  the  existence  of  the  terms  (u,o),  (u',o'),  etc., 
let  alone  the  possible  convergence  of  the  scries  (3.17). 

In  the  sequel,  wo  r.hnll  be  concerned  with  the  computation  of  the 
first  term  (u,o)  which,  according  to  tlie  above  considerations,  should  satisfy 

(3.18)  Vv^V,  ^S(o,v)  +  2^o(o,u,v)  =  J^(v)  , 

(3.19)  <^(i,u)  “  0. 

In  this  respect,  our  main  results  consist  in  : 

(i)  establishing  the  existence  of  (at  least)  one  solution  to  the 
"limit"  problem  (3. 18)-(3. 19)  ; 

(ii)  recognizing  a  known  tix>-dimensional  plate  model  in  this  same  limit 

problem. 
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Equivalence  of  the  "limit"  problem  with  the  von  karman 


EQUATIONS.  W-  lei 


on  r^. 


and  we  denote  by  3^  the  exterior  normal  derivative  operator  along  the  boun¬ 
dary  Y  of  the  middle  surface  ui.  We  first  establish  the  equivalence  of  the 
"limit"  problem  (3. 18)-(3.l 9)  with  a  two-dimensional ,  displacement ^  model  : 


THEOREM  4.1.  Assime  that  the  data  have  the  following  regularity  : 


(4.1) 


f3«^L2(n),  g3ei.2(r^ur_),  h^en^Cy), 


and  that  the  functions  h^  verify  the  following  compatibility  conditions  : 


(4.2) 


I  h,  -  I  hj  »  I  (Xjh^-x^hj)  -  0. 

*  V  ^  V  J 


Y  'Y  'Y 


Eqs.  (3,  l8)-(3. 1  9)  have  at  least  one  solution  (u,o)  =  ((u.) ,  (oj^j)) 
in  the  space  V  *  which  is  obtidned  as  follows  : 

First,  one  solves  the  two-dimensional  problem  :  Find  u°  •  (u?)  :  u  ■ 


such  that 


(4.4) 


(4.5) 


3  o°-(u®)  =  0  u), 

a  a0 


u°  «=  3  u°  =  0  on  Y. 

3  V  3 


where 


(4.7)  '‘s' 


This  problem  has  at  least  one  solution  u°  =  ((u°),u®)  tn  the  space 


(ll5(u)))2  K  (n?(u)  nH‘*(ui))  . 


108 


Secondly^  one  defines^  for  (xj.xj.xj) 6  n, 


(4.8) 

U3(xi,X2,X3)  «•  U3(xi,X2), 

(4.9) 

u  -  u®  -  x,3  u°, 
a  a  3,  a  3’ 

(4.10) 

(4.11) 

°3e  °83  2(1-v^)^8^“3’ 

(4.12) 

»33  -  ^3.  *  ^3-  •  -  J 

1 

fjdt) 

-1 

(Au®)2} . 

Convcroelyj  any  sufficiently  regular  solution  of  (3.18),  (3.19)  is 
necessarily  of  the  form  (4.8)-(4.12)  with  u°  »  (u?)  solution  of  problem 
(4.3)-(4.6).  B 


Let  us  briefly  sketch  the  main  steps  in  the  proof  of  this  theorem. 
Step  1  :  In  (3.19),  we  successively  choose  "trial"  functions  tCJ]  of 
the  particular  forms 


(A. 13) 
(4.14) 


T  -  (T..),  with  -  T33  -  0, 

T  ”  (t. .),  with  T  .  “  0. 
xj  aj 


Then  if  we  restrict  to  solutions  Cor  which  U3  is  sufficiently  regular,  we 
find  that,  with  the  particular  choices  (4.13)  and  (4.14),  (3.19)  is  satis¬ 
fied  if  and  only  if  : 


(4.15) 


I  the  function  U3  is  independent  of  the  variable  X3  and  it 
[can  be  identified  with  a  function  u^€H^(u)), 


3u°Ch1(u),  u  -  u®  -  x,3  u®. 
Cl  o  o  3ci3 


L 

i 

P 

r 

I 

!' 

I 

I 

U 

i 

t 

r 


(4.16) 
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Step  2  :  Computation  of  the  funotiona  u°  art.i  u®  :  In  (3.  IB),  (3.19), 
we  successively  choose  "trial"  functions  of  the  particular  forms 


(4.17) 


PaB 

( V  ■ 


TO^eL^Cu,).  Ti3“0, 


(4.18) 


(  ^aB 

VV^  ' 


vOenUm),  V  «=  0, 

a  a  3 


Vin  ’is  ® 


''a  ■  “sV'  ’a  ■ 


After  some  computations  (and  elimination  of  the  other  unknowns)  we 

find  that  the  functions  uOgh^Co))  and  should  be  solution  of  (4,3)- 

a  3  0 

(4.6) . 

Step  3  :  Computation  of  the  stresees  :  Once  the  functions  o®g('J*^) 
and  u°  have  been  computed  by  solving  (4.3)-(4.6),  it  turns  out  that  (3.19) 
with  T  ■=  "  0,  and  (3.18)  are  satisfied  if  and  only  if  the  stresses 

Ojj  arc  given  by  (4 . IO)-(4 , 1 2) . 

Step  4  :  Existence  of  a  solution  to  the  two-dimensional  problem  (4.3)- 

(4.6) ,  for  data  possessing  the  regularity  (4.1)  :  One  can  proceed  in  two  ways 

(i)  The  variational  formulation  of  (4.3)-(4.6)  amounts  to  finding  the 
stationary  points  of  the  functional  (wc  Ici  v°  •  (v9)] 

1 

'u 


(4.19) 


E 


(1-v'O 


{^(AvO)?  (l-v)Y„3(v0)3^v03gv03 


.  vv^^(v0)3^v03^v^3  . 

+  (I'v)y^p(v0)y^p(v0)  +  Vy^;^(vO)y^^(vO)} 


(83^-^  83.  I  h^vj. 

/  #,1  '  1  'V 


when  v®  varies  over  the  space  (n' (u)) ^xli^ (m) .  Because  of  the  compatibility 
conditions  (4.2),  this  functional  is  also  well-defined  over  the  space 

0^  i(n‘  (<o))2/vO}xH^(ui), 


(4.20) 
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where 


(A. 21)  V°  -  {v  =  (hUu))^  ;  =  o] 

•*  {v  =  (v^)  e  (io))2  ; 

a^a’  vi  “  ai  -  bx2,  V2  ■=  a2  +  bxi), 

and  besides,  it  is  now  aoercive  over  this  space  (it  is  not  coercive  over 
the  space  (h^ (w)] (u)) ,  i.e., 

lim  ^(v^)  =  +“, 

provided  the  norms  II  h  11  are  small  enough. 

Ofy  . 

In  addition,  it  can  be  shown  that  the  functional  ^  is  weakly  lower 
aemi-continuous  over  the  space  r.  and  the  conclusion  follows  by  standard 
arguments. 

(ii)  In  order  to  have  an  existence  theory  devoid  of  any  restriction 

on  the  magnitude  of  the  functions  h  ,  one  first  introduces  the  so-called 

a 

Airy  stress  function,  as  shown  in  Theorem  4.2  below  (a  process  which  again 
shows  the  necessity  of  imposing  compatibility  conditions  on  the  functions 
hj,  hj).  Next,  one  may  use  the  existence  theorem  of  John  and  Nccas  [1975] . 

One  can  also  eliminate  the  Airy  stress  function,  following  the  method  of 
Berger  [1977] ,  and  show  that  the  resulting  problem  in  the  single  unknown  u® 
amounts  to  finding  the  stationary  point  of  a  specific  functional,  which  has 
at  least  one  minimum  over  the  space  H^Cu),  as  in  Rabier  [1980]  . 

Finally,  using  standard  regularity  results  for  the  system  of  equations 
of  linear,  two-dimensional,  elasticity,  in  conjunction  with  the  method  descri 
bed  in  Lions  [1969,  p.  56]  ,  one  can  show  that  the  solutions  (u,o)  of  problem 
(3.18),  (3.19)  found  in  the  above  process  possess  the  following  regularity  : 

u°gh2(u))  nH^fw),  iiOenko))  nil 3 (a,), 

3  0  O  0 

0.-g€H2(n),  03g€H>(n),  0336L2(fl). 


Ill 


Remark  4.1.  Of  course,  it  now  remains  to  go  back  to  the  set  0  ,  i.e., 

One  must  define  functions  on  the  set  fi*",  which  correspond  to  the  functions  u^ 
and  o^j  just  constructed.  For  the  sake  of  brevity,  we  shall  skip  the  corres¬ 
ponding  straightforward  computations,  simply  based  on  formulas  (3.3)~(3.7). 

It  suffices  to  mention  that  their  effect  amounts  to  introducing  appropriate 
powers  of  c  at  some  places  in  the  above  equations.  Thus  for  instance,  equation 
(4.3),  expressed  with  the  "new"  functions,  now  reads  : 

=  2coJg(uO)a^guO  +  +  |_  f3dx3}.  ^ 


An  important  conclusion  to  be  drawn  from  the  above  theorem  is  that  the 

expressions  found  for  the  functions  u.  and  o..  are  identical  to,  or  similar  to, 

t  t  J 

the  assumed  expressions  found  in  the  literature  concerning  nonlinear  plate  theory. 
In  particular,  we  have  obtained  Kirohhoff-Lovc  displacement  fileds,  i.e.,  of 
the  form  (4.8),  (4.9),  whereas  they  are  usually  derived  from  an  a  priori  as¬ 
sumption  of  a  geometrical  nature  (cf.  e.g.  Washizu  11975,  Eq.  (8.60)]). 

In  the  same  f.ishion,  the  expressions  found  in  (4.7)  for  the  stresses 

oB 

(i.e.,  tor  X3  ■  0)  arc  standard  in  nonlinear  plate  theory,  where  they  are 
usually  derived  after  a  priori  assumptions  have  been  made  regarding  which  terms 
should  be  neglected  in  the  strain  tensor  corresponding  to  the  two-dimensional 
problem  (cf.  e.g.  Stoker  (1968,  pp.  42-47]).  likewise,  the  expressions  found 
in  (4,11)  for  the  stresses  o  .  arc  similar  to  those  found  in  Green  and  Zerna 

3p 

(1968,  Eq.  (7.7.3)],  where  they  arc  assumed  to  be  quadratic  in  x^,  etc. 

In  the  second,  and  final,  stage  of  our  analysis,  we  establish  the  equi¬ 
valence  of  problem  (4.3)-(4.6)  with  the  von  Kewman  aquations  (4 .23)-(4 .27) . 

This  equivalence  essentially  relies  upon  the  introduction  of  the  so-called 
Airy  stress  function  ^  ,  which  satisfies  (4.22).  We  recall  that  the  space 
has  been  defined  in  (4.21). 
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In  tht^  next  theorem,  we  assume  (list  the  set  u  is  simply  cniinectcd, 
nnd  is  of  Nikodym  type,  in  the  sense  of  Deny  and  Lions  1I9!j3-I954]  ;  for 
instance,  this  is  the  case  if  the  set  m  is  star-shaped. 

Without  loss  of  generality,  we  also  assume  that  the  origin  0  belongs 
to  the  boundary  y  of  the  set  m.  Given  a  point  y  along  the  boundary  y,  we 
denote  by  y(y)  the  arc  joining  the  point  0  to  the  point  y  along  y. 


THEOREM  4.2.  Assume  the  data  satisfy  the  regularity  assumptions  (4.1) 
and  the  compatibility  conditions  (4.2)  and  let  there,  he  given  any  solution 

uO  =  ((uO),uO)  e  (h3(u))2x(h2(w)  nH‘*(a))} 

of  problem  (4.3)-(4.6).  Then  there  exists  a  function  ip£l!''(u)),  uniquely 
determined  if  we  impose  (0)  =  3j<^(0)  =  d^<piO),  such  that 

... 

3jlV)  “  022(u  )»  oiaV*  ~  Ol2(“  )*  ^22'^  “  Oiitu  )- 

Besides,  the  pair  (v’,u°)  is  solution  of  the  von  Kdrman  equations  : 

2E 

=  2['^.u0l  +  (gj^  +  gj,  +  ]_^f3dt)  in  m, 

■  “f 

'*3  "  '  0  Y. 

v>(y)  “  -  Xi  h2  +  y2  ^1 

^y(y)  Jyfy) 

+  (xih2-x2h]),  yey  , 

\(y) 

3  ^(y)  --vj(y)  h2  +  V2(y)  hj,  yGy, 

•’Y(y)  ^Y(y) 

where,  for  any  smooth  enough  functions  v  and  w, 

Iv,wl  “  3jiv322'*  322'^3]1'^  ~  23j2v3]2W. 


Conversely,  let  there  be  given  any  solution 
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of  problem  (4 . 23)-(4 . 27) .  Then,  if  ue  define  functions  by  letting 

0  0  0  0 
Oil  “  °12  ”  021  “  "  022  “ 


there  exists  a  unique  element  (u®)  in  the  space  (»^(u))^/V®  such  that 

and  besides,  the  element  u°  is  solution  of  problem  (4.3)-(4.6). 


Remark  4.2.  A  fairly  complete  mathematical  analysis  of  the  von  Karman 
equations,  regarding  notably  existence  theory,  multiplicity  of  solutions, 
bifurcation  theory,  etc  ...  ,  is  found  in  Ciarlet  i  Rabier  11980)  .  ■ 


5.  Conclusions 

(i)  The  main  conclusion  is  of  course  that  we  have  been  alile  to 
mathematically  justify  the  derivation  of  a  nonlinear  phit-e  model  from  a 
well-accepted  thrco.-dimcnsictial  nonlinear  elasticity  model,  associated 
with  specific  boun^lavy  conditions  along  the  lateral  surface  of  the  plate. 

(ii)  Which  ‘crdlticy:-'  along  the  lattia.l  surface  are  appropiiate 

for  the  three-dimensional  problem  is  a  (]uestion  of  imix'rtniicc  since  different 
boundary  conditions  yields  fundamentally  different  two-dimensional  problems 
(as  expected,  of  ccurso,  but  this  does  not  seem  to  be  always  clear  in  the 
literature).  In  this  respect,  sec  notably  t'.i.’.iltt  &  Destuyndcr  (1979b],  where 
the  case  of  a  "clamped"  plate  is  considered. 

(iii)  In  order  that  a  "limit"  i-roblem  exist,  it  has  been  found  that  the 
various  data  should  simultaneously  vmy/  in  an  appr,  j  riate  manner  as  r  approaches 
zero,  as  expressed  by  relations  (.'.lb)  and  (3  .  b )  -  ( 1 .  7  }  .  These  are  not  the 
only  possible  ones,  however.  For  example,  the  I.amf  coefficients  ,  p  appearinr' 
in  (2.8)  can  stay  constant  provided  relations  (3.'>)-(7.7)  arc  replaced  by 
the  following  : 

f3(x")  -  r3f^(X),  p^(x")  -  f3g^(X), 

(/(y)  =  c^h^(y)  for  all  y'  y, 

(1  a 

and  the  "higher  order  constants"  appearing  in  the  constitutive  equation 
decay  sufficiently  rapidly  with  e.  Then  it  i  .s  readily  verified  that  the  seme 
"limit  problem"  ( 3  .  1 8) - ( 3  .  1  9)  is  retained  by  an  njtpl i cat  ion  of  the  asymptotic 
expansion  method.  Tlie  above  relations  are  much  less  reali.stic  however  if  body 
forces,  such  as  the  weight,  are  to  be  taken  into  account.  But  they  cannot 
be  disposed  of  :  One  cannot  expect  a  plate  of  r.ero  thickness  to  carry  any 
load  ! 

The  interpretation  of  relations  (2.18)  is  simple  :  They  express  that 
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the  rigidity  of  the  constitutive  material  of  the  plate  should  increase  as 
the  thickness  of  the  plate  approaches  zero,  if  we  are  to  find  a  "limit" 
model  compatible  with  relations  (3.5)-(3.7).  Incidentally,  similar  conclusions 
have  been  reached  in  a  related  linear  problem  by  Caillerie  (19801 . 

The  assumption  that  the  coefficients  corresponding  to  the  higher-order 
terms  in  the  constitutive  equation  (2.17)  arc  constant  is  in  turn  made  neces¬ 


sary  by  the  requirement  that  these  terms  do  not  appear  in,  and  thus  do  not 
affect,  the  "limit"  problem.  A  different  limit  problem  would  otherwise  result 
which  could  be  studied  for  its  own  sake.  Our  aim  was  however  to  clearly  deli¬ 
neate  three-dimensional  constitutive  equations  correspond  to  precisely  the 
von  Karman  equations.  Notice  also  that  the  above  assumption  regarding  the 
"higher  order  constants"  is  evidently  satisfied  if  the  constitutive  equation 
is  linear  (as  a  relation  between  the  tensors  o  and  y(*^))>  ^s  was  the  case 
in  Ciarlet  (1980) , 

(iv)  The  present  analysis  suggests  that  we  consider  the  von  Karmen 
equations,  together  with  the  expressions  simultaneously  found  for  the  unknowns 


u.,  o.-j  as  forming  a  conr.ictcni  oet  of  approximationo  to  the  original  three- 
dimensional  problem,  in  tlic  sense  that  tliese  equations  and  expressions  are 


all  obtained  as  the  solution  of  a  single,  three-dimensional  problem,  namely 
problem  (3. 18),  (3.19) . 


Equivalently,  if  we  start  out  with  a  solution  of  either  two-dimensional 
problem,  we  may  think  of  the  expressions  giving  the  unknowns  u^,  as  being 

the  natural  extension  of  this  solution  into  the  space  V x  .  Such  an  extension 
may  prove  useful  for  obtaining  existence  results  for  the  original  three-dimen¬ 
sional  problem. 
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CHANGING  MESHES  IN  TIME-UEPEt®ENr  PRCBLEMS 


1 


Tbdd  Dupont,  University  of  Chicago 


ihis  note  gives  a  brief  summary  of  some  results  on  finite  element  methods 
for  evolution  equations  that  use  functions  spaces  that  change  with  time.  Most 
of  these  results  are  given  in  detail  in  [1] . 

In  several  areas  of  science  and  engineering,  time-dependent  problems 
arise  which  have  solutions  that  are  near-shocks  in  the  sense  tiiat  the  solu¬ 
tions  are  smooth  over  most  of  the  region  but  almost  discontinuous  in  a  small 
part  of  the  region.  If,  as  is  frequently  the  case,  the  small  area  of  rough¬ 
ness  sweeps  out  a  significant  portion  of  the  region  during  the  life  of  the 
problem,  then  an  approximate  solution  can  be  quite  expensive  to  corpute. 

The  expense  comes  from  the  fact  that  a  fine  grid  is  needed  in  the  region  of 
roughness,  and  with  a  fixed  grid  that  inplies  a  fine  grid  over  a  large  part 
of  the  region. 

An  exanple  of  such  a  problem  is 

u^  +  v*Vu  -  V* LX7u  =  0  on  nx(0,T]  , 

(1)  u(x,0)  =  Ug (X)  on  n, 

DS7u*v  =  g  on  3nx(0,T], 

where  is  a  bounded  daaain  in  with  a  smooth  boundary  and  v  is  tiie  outward 
non.ial.  Ihe  function  D  is  assumed  to  be  positive  throughout  U. 
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A  Gherkin  Method 


Suppose  tliat  ^(t)  is  a  f inite-dimensional  subspace  of  for  eaai  t 

in  (0,T]  and  that  T’(t)  varies  smoothly  except  at  a  finite  number  of  points 
Tj.  Che  can  define  a  C^lerkin  approxunacion  to  u  to  be  a  function 
U  :  [0,T]  +  [J  T'(t),  where  U{t)  e  ^(t)  anti  where  U  satisfies  the  usual 
Galerkin  orthogonalities  of  each  time: 

(2)  /  ((U  +  v7U)ii/  +  Di?U*7!i(]dx  =  /  g4)do  ,  v  e  rxt). 

At  those  points  Tj  at  which  77!  changes  discontinuously,  use  the  L  (fi)- 
projection  into  of  tlie  limit  fran  below  to  get  U(Tj)  to  re-start  this 

process . 

Quasi-Cpt  iaal  i  ty 

Using  tJ>e  above-defined  process,  started  fron  tlie  L‘^{n )-pro3ection  of  Uq, 
one  gets  a  quasi -optimality  result 

(3)  111  U  -  u  III  i  C  inf  HU  -  u  HI  , 

where  the  inf  is  taken  over  all  fuctions  ij;(t)  e  77l(t)  that  vary  smoothly 
except  at  the  points  and  are  such  that  i|((T^)  is  the  L^(n ) -project ion 
into  ^i(Tj)  of  the  iinat  from  below.  The  norm  |||  |||  in  (3)  is  one  that  is 
naturally  associated  with  energy  estimates  for  problems  of  the  form  of  (1);  it 
involves  tne  maximum  in  tune  of  the  L^(n)-norm,  the  (0,T)  )-norm  of  the 

spatial  grctdient,  and  a  semi -norm  induced  by  the  spaces 

Estimates  of  the  form  of  (3)  are  done  in  (1)  for  discrete-time  processes, 
with  the  addition  of  a  time  discretization  term  to  the  right-hand  side. 
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llanconvergenoe 

if  the  mesh  changes  in  a  corrpletely  uncontrolled  way  the  solution  of  (2) 
can  converge  to  the  wrong  function  as  the  meshes  are  made  finer  and  finer. 

Each  mesh  change  corresponds  to  adding  a  very  small  amount  of  dissipation,  cind 
thus  if  the  mesh  changes  extremely  often  the  solution  will  be  smeared  out. 

Moving  Finite  Elenents 

Take  n  =  (0,1)  and  su^jpose  that  %(t)  consists  of  ttie  space  of  all 
continuous  piecewise  polynanials  of  degree  ^  r  over  a  mesh 

0=Sg  <Sj^(t)  <•••  <  <  Sjg  =  1. 

The  MFE  metlKxi  of  K.  Miller  and  R.  Miller  then  uses  the  ortlx>gonalities 
in  (2)  plus  a  rule  that  is  formally  derived  by  saying  that  the  time- 
derivatives  of  the  points  s^(t)  are  taken  so  as  to  minimize  the  L'‘(n)-nonn  of 
the  residual  plus  a  penalty  tenn.  (Such  a  calculation  is  purely  notivational 
since  the  residual  is  in  general  not  in  L‘^(n).)  The  penalty  term  is  used  to 
get  nonsingular  evolution  equations  and  to  control  the  spacing  of  the  points 

^j' 

In  the  MFE  process  tiic  grid  points  move  with  the  solution  and  cluster 
aiound  areas  of  roughness,  thereby  significantly  decreasing  the  work  to 
approximate  near-sho'-k  solutions  when  oonpared  to  a  fixed  mesh  method.  In  [2] 
there  is  a  collection  oi  interesting  examples  of  the  af^lication  of  this 
method. 

In  HI  It  IS  shown  tliat,  under  appropriate  hypotheses,  the  MFE  behaves  at 
least  as  well  as  a  fixed  grid  process.  This  is  clearly  just  a  first  step  and 
does  not  explain  tne  experimental  success  of  the  procedure.  More  recently  the 
results  of  [1]  have  been  extended  to  sore  multi-dimensional  problems. 
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A  s^r.ev  pf  sore  -ecen.t  resjits  in  ■'•he  use  of  alternating-direction  finite 
element  re'hhods  for  linear  and  nonlinear  partial  differential  eauations  of 
paraoolic,  hyperbolic,  and  Sobolev  type  is  presented.  These  equations  have 
applications  to  fluid  ^lov*  -n  porous  media,  thermodynamics,  wave  propagation, 
nonlinear  viscoelasticity,  and  hydrodynamics.  The  use  of  alternating-direc¬ 
tion  or  operator-splitting  methods  will  reduce  multidimensional  problems  to 
repeated  solution  of  one-dimensional  problems.  Thus  optimal  order  work  esti¬ 
mates  can  be  obtained  in  all  cases.  Other  new  high-order  and  computationally 
efficient  time-stepping  procedures  are  also  discussed  and  used  as  base 
schemes  fcr  -"he  a  i  •‘emat  i  ng-d  irect  ion  variants. 


ALTERNATING-DIRECTION  GALERKIN  METHODS  FOR  PARABOLIC. 
HYPERBOLIC.  AND  SOBOLEV  PARTIAL  DIFFERENTIAL  EQUATIONS 


I .  I NTRODUCT I  ON 


In  this  paper,  we  shall  present  a  survey  of  some  recent  results  in  the 
use  of  alternating-direction  Galerkin  methods  for  a  variety  of  partial  dif¬ 
ferential  equations.  We  shall  discuss  methods  for  time-stepping  partial 
differential  equations  of  parabolic,  hyperbolic,  and  Sobolev  types  in  two  and 
three  spatial  dimensions.  The  use  of  alternating-direction  or  operator¬ 
splitting  methods  will  reduce  multidimensional  problems  to  repeated  solution 
of  one-dimensional  problems.  Thus  optimal  order  work  estimates  can  be 
obtained  in  all  alternating-direction  methods. 

We  shall  basically  consider  only  Galerkin  or  finite  element  alternat¬ 
ing-direction  (henceforth  called  AD)  methods  in  this  paper.  Similar  results 
can  also  be  obtained  for  finite  difference  versions  of  our  methods.  Since 
the  analysis  of  our  methods  will  appear  elsewhere,  we  shall  only  describe  the 
methods  in  this  manuscript  and  reference  the  analysis. 

Alternating-direction  methods  were  first  used  for  tine-dependent  prob¬ 
lems  in  the  context  of  reservoir  engineering  models  for  fluid  flow  in  porous 
media.  The  methods  were  developed  in  order  to  treat  large  scale  multidimen¬ 
sional  problems  in  a  one-dimensional  fashion  on  the  small  ear  I y-generation 
computers.  Finite  difference  methods  were  developed  for  linear  parabolic 
problems  and  analyzed  thoroughly  by  Douglas,  Peaceman,  Rachford  and  others 
(see  (10,  17,  18,  321).  Later  Douglas  and  Dupont  developed  and  analyzed  a 
Laplace-modified  Galerkin  AD  method  for  parabolic  and  hyperbolic  equations 
with  certain  non  I i near i t i es  in  (121.  These  ideas  were  extended  to  stronger 
non  I i near i ti es  by  Dendy  in  (81  and  to  unions  of  rectangular  regions  by  Dendy 
and  Fairweather  in  (9).  Then  in  (26,  27]  Hayes  extended  these  results  to 
non-rectangu I ar  regions  via  patch  approximations.  In  (281  Hayes  and  Perce  I  I 
extended  these  results  to  nonlinear  capacity  terms.  Finally,  in  (111, 

Douglas  discussed  the  combination  of  the  results  of  (12,  281  with  some  of  the 
iterative  stabilization  techniques  presented  in  (Ml  to  obtain  other  effec¬ 
tive  AD  time-stepping  procedures. 


In  this  paper  we  shall  discuss  some  recent  advances  in  several  differ¬ 
ent  directions.  First  we  discuss  a  tensor  product  projection  of  the  solution 
into  our  computational  subspaces  and  approximation  theory  results  which 
greatly  relax  the  smoothness  assumptions  required  for  all  the  earlier  analy¬ 
sis  of  AD  methods.  Then  we  discuss  some  higher -order  multi  step  time-stepping 
procedures  which  yield  second,  third,  and  in  special  cases  fourth  order  time- 
truncation  errors  for  parabolic  problems.  Previously,  only  second  order 
methods  with  fairly  strenuous  coefficient  constraints  were  known.  We  then 
extend  the  AD  ideas  to  various  partial  differential  equations  of  Sobolev  type 
which  are  used  in  fluid  flow  in  fractured  media,  thermodynamics,  vibrational 
problems,  nonlinear  v i soce I ast i c i ty ,  and  hydrodynamics  (see  16,  7,  25,  29, 

30,  31,  33,  341).  Finally  we  present  some  direct  methods  and  iterative 
stabilization  techniques  which  yield  new,  high-order  and  computationally 
efficient  methods. 

Let  he  a  hounded  dcmain  in  r'^,  2  ^  J  ^  3,  with  boundary  Si"),  and  let 
J  =  0,T1.  We  shall  consider  partial  differential  equations  for  u  =  u(x,t) 


of  the  form 
a) 

(1.1) 


e( x,u) 


o(x,u) 


3u 

at 


a  (  X ,  u )  V  u  b  (  X ,  u ) 


V 


du 

at 


+ 


J  (  X  ,  u  ) 


3"  j 
3r“ 


f  (  X  ,  t ,  u ) 


XEil,  t£j. 


b)  u(x,t)  =  0 


,  XESii,  tEj, 


c)  u(x,0)  =  u  (x) 

'  o 


X  C  f 


for  various  choices  of  a,  b,  c,  e,  and  g.  I‘  e  >  0  and  g  >  0,  we  must  also 
specif/  an  additional  initial  condition  of  the  form 


(i.^)  *^l/,'.)".(x)  ,XE... 

I*  e  .  :  :  :  '  "  in  (l.M  above,  equation  is  of  parabolic.  t,pe.  This 

iur,.-,  includes  recent  ^oin-*-  moc  <  by  Jim  Bramble  and  the  author  13,  4]  on 
oroclern  *  t'-is  t/pe.  If  e  >  and  c  s  b  i  j  s  D,  the  problems  are  of 
ic  ■'■.cir.  (f  e  >  2  and  ei*^er  t  >  C  or  j 


/  per  r,c  I 


>  0,  the  problems  are  of 
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Sobolev  type.  Joint  work  with  Linda  Hayes  (22,  231  on  problems  of  this  type 
will  be  discussed. 

In  Section  2  we  shall  present  some  preliminaries  and  notation.  We  then 
illustrate  the  basic  ideas  of  AD  methods  for  various  cases  with  constant 
coefficients  in  Section  3.  In  Section  4  we  shall  discuss  higher-order  direct 
methods  which  use  the  ideas  of  [8,  12,  26,  27,  281.  In  Section  5  we  discuss 
iterative  stabilization  ideas  which  use  the  ideas  of  113,  14,  19,  20,  241. 

We  also  discuss  certain  computational  aspects  of  these  methods. 


)).  PRELIMINARIES  AND  NOTATION 


Let  (u,v) 


^  / 
J  uvdx  and  Hull 

^2 


I 

space  W 


(S2)  be  denoted  by  Hull, 


=  (u,u).  Let  the  norn  on  the  Sobolev 
with  the  second  index  being  suppressed  if 


p  =  2.  Assume  that  SQ  is  Lipschitz  continuous.  Assume  that  the  coefficients 
and  solutions  are  smooth;  we  refer  to  the  various  papers  referenced  for  more 
precisely  defined  constraints. 


For 

f ami  I y  of 
and  X  =  1 
For 


o 

h  from  a  sequence  of  small  positive  numbers,  let  {M^(0,I1]  be  a 

«  .  .  1  ® 

finite-dimensional  subspaces  of  W  '  CIO, II)  which  vanish  at  x  =  0 

and  which  satisfy: 

some  integer  r  >  2  and  some  constant  and  any 


(  1  ',  I  ) )  n  w’ (  ic,n ), 


o'nf  [il$-x'l^  +  -  x» 


:  iii>  "  x'l  + 

0,“ 


-  X",  „]] 


(2.1) 


<•  K  II  'fi  II  h 

o  q 


for  1  ^  q  <  r  -I-  1 . 

An  example  of  a  farilv  of  subspaces  satisfying  (2.1)  is  the  continuous 
subspace  of  piecewise  polynomials  of  degree  at  most  r  on  each  sub  interval  of 
length  h  of  a  uniform  partition  of  10,11. 

We  next  define  one-d  i  mens  i  Ona  I  projection  operators  P^,  P  ,  and  P_^: 


W  ’■  ^  [0,1!  oy 


J  ^"x^  -  X  dx  =  0 

O 


(2.2)  b)  l.PyU  -  u]  1^  X  dy  =  0 


/  -fr  -  u)  X  dz  =  0 

d  i.  L.  oZ 

O 


O 

,  [0,11, 


O 

,  xeM^  [0,11, 


o 

,  x^M^  [o,ri. 


d 

Next,  let  1^  denote  the  unit  cube  in  R  and  define  a  sequence  of  suc- 


spaces  on  I ^  by 


(2.3)  s  [l^^]  E  [0,11  X  [0,1]  x  10,11. 

9 

We  henceforth  assume  that  P.  =  1^  (or  in  R").  See  19,  27]  for  techniques 

to  extend  these  results  to  more  general  regions.  We  then  define  the  "I'hree- 

dimensional  tensor  product  pro.ection  Z  =  PPPu  inM  .  rjote  that  the  one- 

X  y  z  h 

dimensional  operators  commute  and  thus  can  be  taken  in  any  order.  Usinc 
(l.l.b),  we  can  then  obtain  a  very  important  orthogonality  result. 

Lemma  2.1:  I f  d  =  2  or  d  =  3,  respectively. 


a)  P  '-J  -  uj,  -r^  X’  =  0 

^  3  X  3  V  ■  X  y  '  3  X  3  y  ' 


'  L  I  J  » 


^3x3y3z  ^^x^y'  z  ^  '  3x3v37  '  X^^h  i.  '  x  j  * 


3x3v3z 


We  next  define  some  other  projections  into  If  a(x,u),  b(x,j),  ar 

g(x,u)  are  bounded  oelow  by  positive  constants,  let  w^,  w^,  and  w_  se  “he 
weighted  elliptic  projections  satisfying: 


a)  (a(x,u)  V  (w  -  u] ,  Vx)  =  0 


(2.5)  b)  (b(x,u)  V  (w  -  u],  Vx]  =  0 


c)  (g(x,u)  V  (Wg  -  u],  Vxl  =  0 


Then,  using  the  super-close  approximation  properties  of  the  Galerkin  solution 
1  2 

in  W  '*■  and  Lemma  3.1  of  [161,  we  obtain  the  following  important  result: 

Lemma  2.2:  For  Z  =  P  P  P  u  and  W  .  W.  .  and  W  defined  in  (?.■:).  we 
-  X  y  z  a  b'  g  ’ 

have  for  some  K  >0. 

o  ' 
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(2.6)  IIW  -  Zll,  +  UW.  -  Zll,  +  IIW  -  Zll,  <  K  Hull  h'"*’'  . 
a  1  b  1  g  1  o  r+1 

Proof;  (see  (31). 

For  k  >  0,  let  N  =  T/k  e  Z  and  =  ok,  oe  (R.  Also  let  =  4'^(x)  i 

♦(x,t^).  Define  the  following  backward  difference  operators: 


(2.7) 


a) 

6<t" 

C 

M 

- 

b) 

62*" 

= 

-  2*"-’ 

+ 

.n-2 

$ 

c) 

.3  n 

n 

-  3$"-’ 

n-2 

= 

+ 

3$ 

d) 

.4  n 

n 

-  4$"-’ 

n— 2 

S  « 

= 

+ 

6$ 

13U 


III.  DESCRIPTION  OF  THE  METHODS  -  CONSTANT  COEFFICIENTS 


In  this  section  we  shall  describe  various  methods  for  efficiently  time¬ 
stepping  the  Gaierkin  spatial  procedures  for  various  forms  of  (1.1)  with 
constant  coefficients.  We  first  consider  the  parabolic  case  of  (1.1)  where 
e  i  b  3  g  =  0  and  c  and  a  are  positive  constants: 

c  ^  -  a  A  u  =  f  (x,t,u). 


For  this  case,  we  first  present  several  multistep  methods  which  will  form  our 
base  schemes.  Next,  we  shall  introduce  terms  which  allow  us  to  use  AD  ideas 
in  space. 

For  various  special  choices  of  parameters,  we  define  the  following 
class  of  backward  differentiation,  multistep,  discrete  time  methods.  Let 

U:{t^,  t^}  ->  be  an  approximate  solution  of  (1.1).  Assume  that  U  are 

known  for  k  ^  n.  Given  a  desired  global  time-truncation  error  of  order  k^, 
p  =  1,  2,  5,  4,  we  choose  parameters  a.(ij),  i  =  1,  2,  5,  and  6(p)  and  an 

extrapolation  operator  E(p)  for  f(x,t,u)  to  define  a  method  for  determining 

,  ,n+ 1  ...  ^  • 

U  which  satisfies 


k''  (c6U^^^  .  x)  -  3  Vx) 


[a, 

+ 

6u"  ’  +  6u'^  ^],  xl 

n+1  ^ 

n+ 1  ^  1 

'  xeM.  . 

,  E 

c: 

Choices  of  fne  parameters  and  extrapolation  operator  for  p  =  1,  •••,4  are 

given  in  Table  1.  By  extrapolating  the  values  of  U  in  the  nonlinear  term  f, 

we  have  produced  a  linear  operator  equation  for  u'^^'in  terms  of  previous 

known  values  of  U  ,  k  <  n.  See  [5,  211  for  a  detailed  analysis  of  the  sta¬ 
bility  and  accuracy  of  these  methods.  We  note  that  the  case  for  p  =  2  is  not 
the  second-order  Crank-Nicolson  method  which  has  a  characteristic  bounce. 
Instead,  all  the  methods  presented  here  are  dissipative  and  strongly  stable. 


131 


We  next  consider  AD  variants  of  (3.1).  Let  satisfy 


k-’  (C6U"^\  x)  ^  6  [avu"^’.  Vx)  .  [[^  D  (w)  u"^’,  x) 


.  ..n*l  ,  a 


n+1 


'  3y3z 


x)] 


(3.2) 


1.2  o3  3 


D  ((i)  U 


n+1 


x) 


3xay32  -  *  3x3y3z 

=  k  '  [c  [a  6U^  +  a_  5U^  '  +  o,  6U^  ^],  x) 


c 

-1 


+  6  (f  (t"+’,  E  (la)  u"""'),  x) 


n+1 


'  X^^  * 


where  the  operator  D(p)U^''''  makes  the  additional  terms  "small"  enough  so  as 
not  to  increase  the  order  of  the  errors  already  present  in  the 

approximations.  For  example,  for  p  =  1  or  p  =  2,  the  choice  D(p)u'^'''^  =  61)^"''^ 

will  yield  convergent  schemes.  For  p  =  3,  we  shall  use  D(3)u'^''''  =  . 

For  the  case  p  =  4,  the  choice  D(4)U^'*''  =  6^1)'^''''  would  make  the  perturbation 
terms  small  enough  fcr  proper  truncation  error  analysis,  but  will  cause  the 
method  to  be  unstable.  Instead,  we  shall  choose 

(3.3)  0(4)  =  6^  -  cS~’  6^u" 

Y 


w  I  th 


(3.4) 


2  2  2  3 

X  u2  2  r  3  ^  3  ^  B  i  ,  ,  3  5  B_) 

^ 3x3y  3x3z  3y3z^  ^  3x3y32^ 


=  [I  +  kY  |^)[l  +  kY  |^](l  +  kY  . 


Since  is  comparable  to  the  identity  operator,  this  choice  of  D(4)  acts 

like  ',  and  y  is  chosen  sufficiently  large  to  make  the  method  stable. 


13. 


The  additional  terms  in  (3.2)  allow  the  operator  to  factor  in  a  manner 
exactly  as  in  (3.4)  into  a  sequence  of  one-dimensional  operators.  Since  the 
methods  presented  in  (3.2)  involve  up  to  five  time  levels,  special  start-up 
procedures  must  be  discussed.  Higher-order  start-up  procedures  for  the 
methods  described  in  (3.1)  have  been  presented  and  analyzed  in  [41;  however, 
the  procedures  have  not  been  shown  to  be  effective  for  AD  methods.  Start-up 
procedures  for  cases  u  =  1,  2,  3  will  appear  in  [31,  but  no  procedure  has 
been  analyzed  for  the  case  p  =  4  at  this  time.  The  AD  ne+hods  of  (3.2)  yield 
the  same  order  convergence  rates  as  the  multi  step  methods  of  (3.1)  but  yield 
optimal  order  work  estimates  as  well. 

Next,  we  consider  other  partial  differential  equations  by  making  dif¬ 
ferent  choices  of  coefficients  in  (1.1).  If  a  >  0,  e  >  0,  and  c  s  b  i  g  =  0, 
we  have  an  equation  of  hyperbolic  type; 

,2 

e  -  V  .  (a  (x,u)  Vu)  =  f  (x,t,u)  . 

3t^ 

AD  methods  of  the  form  with  d  =  2 


k‘“  (e6"  x)  +  (a  V  Vx)  +  X  (V  6^  ' ,  7  xj 


2  ,,n+l 


=  U^),X),  xeM,, 


have  been  presented  and  analyzed  in  [8,  12).  The  Laplace-modified  ideas  were 

presented  and  analyzed  for  both  parabolic  and  hyperbolic  equations  in  [121 

and  yield  second  order  time-tr uncat  ion  estimates.  Extensions  to  higher 

dimensions  are  straightforward  as  pointed  out  in  [81.  However,  since  only 

the  weighted  elliptic  projection  (2. 5. a)  was  used  in  the  analysis,  more 

smoothness  on  u  was  required  than  if  Z  =  P  P  P  u  and  Lemmas  2.1  and  2.2  had 

X  y  z 

been  used. 

Next  we  discuss  results  for  equations  of  Sobolev  type  which  will  appear 
in  [231.  We  first  consider  the  case  with  a  >  0,  b  >  0  and  c  >  0  with  e  H  g  = 
0  in  (1.1): 


c|^-7.(a7u  +  bv|^)  =  f  (x,t,u)  . 
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Equations  of  this  form  are  studied  in  119,  341.  Since  equations  of  Sobolev 
type  have  a  time  derivative  in  the  hi ghest-order  terms,  they  are  in  general 
inherently  more  stable  than  corresponding  parabolic  equations.  However,  the 
time  derivatives  in  the  highest-order  terms  also  make  the  perturbation  terms 
needed  for  AD  variants  much  larger.  Therefore  three  time  levels  will  be 

required  for  0(k)  accuracy  and  four  levels  for  0[k  )  accuracy  in  this  case. 
One  method  which  has  time- truncation  errors  of  order  k  is: 


k“^  (c  x)  +  (a  ^  U\  V  x) 


+  k~'  (b  7  -  u"  ' ] ,  V  x) 


(3.6) 


^  b^  rr  3^  3^  >  ,  r -iL  ^2  ,,n+1  3^ 


+  [ 


kc  '■^3x3y 
^2 


‘  3x3  2 


3x32 


r  ,2„n.1  ^  j2  „n.l  , 


5"-  U 


3y3z  ''  "  ’  3y3z 

=  (t\  u"),  x) 


2  k3 

X)]  - 


kc 


2  ^3x3y3z 


'  3x3y3z 
.  XEM^  . 


By  replacing  by  6^1)'^'*''  everywhere  in  the  above  equation,  we  obtain  a 

method  which  yields  error  estimates  of  the  form 

(3.7)  max  IIU^U  <  {k^  +  h^"^’} 

t^ 

for  some  positive  constant  K^,  using  spaces  with  approximation  properties 

given  by  (2.1).  See  (231  for  analysis  and  computational  discussion. 

Finally  we  consider  second-order  Sobolev  equations  obtained  by  choosing 
e  >  0,  c  E  0,  a  >  0,  b  >  0,  and  g  >  0  in  (1.1): 

2  2 
ei_^-7.  (a7u  +  b7|^+g7  =  f  (x,t,u)  . 

3r  3t^ 


Equations  of  this  type  arise  in  hydrodynamics  and  applications  of  viscoelas¬ 
ticity  [6,  7,  25,  29,  30,  31,  33,  34|  and  numerical  approximations  have  been 
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studied  analytically  in  (201.  If  g  >  0,  a  method  with  four  time  levels  is 
needed  to  obtain  time-tr uncat ion  errors  of  0(k).  This  method  is  given  by 


k~^  (e6^  x]  +  (a  7  u",  +  k"’  (b  7  7  x] 


-1 


,n+l  ,,n-l 


*  V  U-',  ,  xl  *  K^.  U-’,  X) 

K  © 


(3.8) 


4.  ^5  ,,n+1  3^  X  .  3^  ,3  ,,n+!  3^  x. 


'  3x32 


3y3z 

.3 


'  3y32 


.  (kb  +  q)-'  ,  3-'  ,3  ..n+1  3'  x 

+  - 7-^  iT-t-tr  <5  U  .  T-r^  -  vl 


.2  2  '■3x3y3z 

K  © 


'  3x3vdz 


-  (t".  u").  x) 


,  XeM 


h  • 


Note  that  if  g  =  0  and  b  >  0,  the  6^0^'''*  terms  in  (3.8)  can  be  replaced  by 


terms  to  obtain  a  three  level  method  which  yields  error  estimates  of 
the  form 


(3.9)  max  IIU^U  <  K,  {k^  +  h'"^h 
t" 


for  some  constant  K^.  For  details  and  analysis,  see  1231. 


IV.  DIRECT  METHODS 


Now  that  the  basic  AD  ideas  have  been  presented  in  the  constant 

coefficient  case  in  we  shall  discuss  methods  for  treating  the  nonlinear 

2  3 

coefficients  in  (1  1)  in  R  .  Extensions  to  R  should  be  obvious.  We  shall 
first  consider  methods  which  we  term  direct  methods  which  have  been  Derived 
from  the  Laplace-modified  ideas  presented  in  [121  and  used  extensively  in  18, 
11,  12,  15,  27,  281. 

Again,  we  first  consider  parabolic  equations  with  e  =  b  =  g  =  0  in 

(1.1): 

(4.0)  c  (x,u)  ^  (x,u)  7  u)  =  f  (x,t,u)  . 

The  basic  idea  of  direct  methods  is  to  replace  the  variable  coefficients  at 
the  top  time  levels  by  a  constant,  or  sequence  of  constants,  which  is  "close" 
to  the  true  coefficient.  Then  the  error  made  by  this  replacement  is  multi¬ 
plied  by  a  "small"  term  obtained  by  extrapolations  from  previous  time  levels. 
Once  constant  coefficient  values  are  obtained  at  the  advanced  time  levels  the 
AD  procedures  described  in  Section  3  can  be  applied. 

Since  many  important  problems  have  different-sized  diffusion  components 


in  different 

directions 

,  we  sha 1 1 

not 

use  on ly 

Lap  1  ace-mod i f i ed 

methods 

sha II  a  1 

low  a 

direction- 

-or i ented 

mod  i  f 

i cat  ion. 

We  then  modify 

(3.1)  as 

fol lows. 

Let 

c  ,  a,,  and  a_  be  fixed, 
o  1 '  2 

let 

a) 

~n+1 

c  =  c 

[x,  E  (w) 

-  "o 

(4.1  ) 

b) 

~n-H 

a,  =  a 

1  X 

(x,  E  (u) 

yn+l 

]  - 

c) 

~n-t-1 

a^  =  a 

2  y 

(x,  E  (u) 

^jn+1 

)  -  ^2 

where  a 

X 

and 

a  are  the 
y 

components  of 

the  vector  a  and  let 

sati sf y 
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k"  (c  (E  (,)  u"*')  5  U"*'.  ,)  k  6((a^  (E  <u)  u""')  u"’ ' ,  x) 


n+  ]  ^  3  ,  .n+ 1  9 


(4.2) 


''3x3y  D  U  «  3x3y 


=  k”^[[c^''’'  F  (u)  u"'^’  +  c  (a  6  u"  +  5  '}],  \] 


.  F^n+I  3  >  ..n+l  9  )  .  n  °  n  ^  \  °  ) 

^  9x  ^  ^  '  9x  ^  ^  ^^2  By  ^  ^  *  9y 


+  6  (f  E  (u)  xl 


,  xeM, 


The  choices  of  a.(ij),  i  =  1,  2,  3,  3(m)  and  Eip)  are  given  in  Table  1  for 

u  =  I,  2,  3.  Choices  of  D(u),  F(y)  and  G(u)  are  given  in  Table  2  for  methods 

with  time- truncation  errors  of  order  for  u  =  1,  2,  and  3.  As  an  example, 
the  case  u  =  1,  can  be  written  in  the  form 


k  (c  5  J  ,  xj  +  (a,  J  »  xj  (.a„  -  U  ,  ~  xJ 


3  ,,n+I  3 


ka,a_  .2  -2 

^  1  2  rd _  .  ,,n+1  3 _  -v 

c^  ^3x3y  ^  ^  '  3x8y 


.  k-'  ([c  (u")  -  cj  «  u",  x)  -  ([a,  (u")  -  a,l  I;  u".  I;  x) 


([a^  (u"]  -  a^]  U'’,  x)  +  ,  u"},  x)  »  • 


This  equation  has  only  constant  coefficients  at  the  advanced  time  level  The 
operator  for  the  advanced  time  level  can  thus  be  factored  easily  into  a  prod¬ 
uct  of  two  one-dimensional  operators.  We  note  that  the  first-order  method 
is  similar  to  that  discussed  in  (11,  26,  271.  The  first  second-order  method 
from  Table  2  is  similar  to  the  direct  method  discussed  in  (281,  which  has  a 
Crank-Nicol son  base  scheme,  but  this  method  is  strongly  stable.  Both  of  the 
aforementioned  me+hods  required  constraints  of  the  form 


ir/ 


a)  I  c  [x,  E  (2)  <  j  c  (x,  E  (2)  u"'*’’ ) 

(4.4) 

b)  a  (x,  E  (2)  )  <  a^  . 

Although  this  is  a  very  mild  constraint  on  it  is  a  fairly  restrictive  two- 

sided  constraint  on  c  and  is  noted  in  Table  2.  Certain  patch  approximation 

o 

techniques  presented  in  126,  27,  2fal  help  to  make  this  constraint  localized 
and  thus  less  restrictive.  Another  second-order  method  which  has  only  one¬ 
sided  constraints  but  requires  an  extra  matrix  inversion  at  each  time  step  is 
also  presented  in  Table  2  and  has  been  analyzed  by  Bramble  and  the  author. 

If  c  is  a  positive  constant,  we  have  presented  two  third-order  direct 
methods.  The  first  has  two-sided  constraints  on  a^  and  a^  while  the  second 

obtains  one-sided  constraints  at  greater  computational  expense  as  before. 
Analysis  and  details  will  appear  elsewhere.  Note  that  the  operator 

appearing  in  Table  2  is  given  in  (3.4). 

In  the  analysis  of  all  the  methods  presented  by  (4.2)  and  Table  2,  the 

use  of  backward  differentiation  multi  step  base  methods  and  the  projection  Z  = 

P  P  P  u  instead  of  the  usual  weighted  elliptic  projection  allows  very  weak 
X  y  z 

mesh-ratio  conditions  of  the  form: 


(4.5) 


a)  h'"  <  k 


b) 


c,  h""  <  k  4  ch^'^ 


,  for  d  =  2  , 


,  for  d  =  5  . 


The  use  of  this  projection  also  requires  only  the  same  smoothness  for  the  AD 
variants  as  for  the  base  schemes.  Use  of  only  the  elliptic  projection 
requires  more  smoothness  in  time  than  the  results  presented  here  (see  131). 

Using  the  ideas  described  above,  we  can  also  define  AD  methods  for 
nonlinear  Sobolev  equations  and  wave  equations.  For  example  let  e  s  g  s  C 
and  a,  b,  and  c  be  uniformly  bounded  from  below  by  positive  constants  in 
(1.1): 


c  (x,u)  -7»  (a(x,u)  7u+b(x,u)  V  -1^]  =  f  (x,t,u)  . 
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We  can  then  consider,  for  u  =  I»2, 


k-’  [c  (E  (M)  U^"')  6  U^"',  x)  +  6  (E  Cu)  u^"')  u""',  ^ 


,n+l  'i  t  .,n+l 


n+ 1  \  3  ,  ,n+ 1  3 


3x 


3x 


(4.6) 


[E  (y)  U  ]  —  U  .  —  x)} 

-1  If,  c_  ,  .  ,ih+li  3  ,  ..e+l  3_  1 

"  ^  (E  (u)  U  ]^6  U  .^x) 


.  (b^  [E  (.)  u^^’)f76U^^'.|^x]l 
(b,  +  k  a  a,)(b_  +  k  a  a J  -2 


kc 


=  k  ’  F  (u)  u""^'  +  ct^  6  U^j,  xj 


,  ,-l  (rrn+l  3  c  ^  ^  ^  u  5  j:  ii'^l  ^  1 


3x 


-1  ,*rrn+l  3  c  /  i  j.  k  ^  ^  * 

^  ^  37  ^  ^  ^  ^2  “l  ^  ^  i'  77 


.  [/~n+l  3  „  ,  ,  ,n+1  3  i  ,  ,~n  +  1  3  _  ,  ,  ,,n+1  3  ii 
+  a  i(a,  ^G(y)U  ,^x)  +  ia,  3;j-G(u)U  ,  —  xl} 


3y 


+  a  U  E  (y)  u"*’’),  x) 


,  X£M^  , 


where  b^,  b^,  bj,  b^,  b^,  and  b^  are  analogous  to  the  corresponding  coeffi¬ 
cients  for  a  (see  (4.1))  and  F,  0,  G,  and  E  are  from  Table  2  as  before.  We 
note  that  the  base  scheme  used  for  time-stepping  the  Sobolev  equation  here  is 
a  backward  di fferentiation  multistep  method  and  is  different  from  that  used 
for  similar  equations  in  Section  3.  Corresponding  direct  methods  could  be 
defined  from  the  methods  of  Section  3.  Analysis  of  (4.6)  will  appear  in 
(221 . 


In  a  similar  manner,  direct  methods  could  be  used  to  obtain  efficient 
AD  methods  for  hyperbolic  and  second-order  Sobolev  equations  where  e(x,u)  is 
nonlinear  in  (1.1).  Techniques  like  those  used  in  1201  are  required. 
Detailed  descriptions  and  analysis  of  these  methods  will  appear  elsewhere. 


V 


ITERATIVE  methods 


In  this  section  we  discuss  iterative  stabilization  methods  for  treating 
the  non  I i near i ti es  in  the  coefficients  as  an  alternative  to  direct  methods. 

We  shall  use  the  ideas  developed  in  114,  191  and  later  used  for  multi  step 
methods  in  15,  211.  The  basic  idea  for  the  base  scheme  is  to  factor  the 
matrix  arising  from  the  linear  algebra  problem  at  one  time-step,  say  the 
initial  time-step.  We  then  use  this  factored  matrix  as  a  preconditioner  in  a 
preconditioned  conjugate  gradient  iterative  procedure  to  keep  from  factoring 
a  new  matrix  at  each  time  step.  This  factored  matrix  is  comparable  to  the 
matrix  which  should  be  inverted  at  each  time  level.  Thus  we  can  extrapolate 
from  past  values  to  obtain  the  proper  accuracy  and  only  iterate  sufficiently 
often  to  stabilize  the  process.  For  many  problems  this  requires  only  two  to 
four  iterations  per  time  step.  If  the  coefficients  begin  to  change  consider¬ 
ably,  one  should  refactor  to  obtain  a  more  comparable  preconditioner  periodi¬ 
cally.  For  discussion  of  these  computational  complexities  and  work  esti¬ 
mates,  see  111,  14,  19,  20,  241. 

The  use  of  iterative  stabilization  in  conjunction  with  AD  methods  was 
first  presented  in  (111.  The  factored  operator  from  (3.4)  was  used  as  a 

preconditioner  in  a  first-order  time  method.  However,  since  the  base  method 
did  not  include  AD  perturbation  terms  as  in  (3.2),  a  mesh-ratio  restriction 
of  the  form 

( 5  - 1 )  k  <  K  h^  ,  f or  d  =  2  , 

is  required  in  (111  in  order  that  the  preconditioner  be  comparable  to  the 
linear  operator  which  should  be  solved  at  each  time  step.  Since  we  include 
an  AD  perturbation  term  in  our  base  scheme,  we  obtain  comparability  with  the 
preconditioner  with  no  mesh-ratio  restrictions.  The  only  mesh-ratio  restric¬ 
tions  required  by  the  methods  presented  here  are  the  weak  conditions  given  by 
(4.5) . 

The  base  scheme  for  the  methods  to  be  presented  in  this  section  for 
parabolic  problems  from  (4.0)  is 


k"'  (c  (x,  E  (u)  6  u"""’,  x] 


+  S  [a^  (x,  E  (u)  1^  I7  x) 


9x 


(5.2) 


.  6  (a^  [x.  E  (u) 


k  a,  a_  ^2  .2 

,  _ 1  2  I  3  ,,n+l  3  ^ 

^3x3y  “  ^  '-'  ’  3x3y 

=  k’’  (c  (x,  E  (u)  i  6  U^"'], 


XJ 


+  i3  (f  (x,  t""',  E  (p)  X) 


,  X^M^  , 


where  a^,  a^,  and  are  as  in  (4.1)  and  a^,  a^,  6^,  E(u)  and  D(u)  are  as  in 

Table  1.  We  shall  next  define  cur  iterative  stabilization  schemes. 

We  first  present  the  linear  equations  arising  from  (5.2)  for  the  case 
u  =  3  and  note  that  there  is  no  direct  AD  factorization  possible  for  these 
equations.  This  motivates  the  introducticn  of  a  fixed  preconditioner  for 
which  the  linear  equations  do  have  an  AD  factorization. 

2 

We  define  two  orderings  on  the  nodes  i n  =  10,11  .  The  first  is  a 
global  ordering  which  assigns  one  of  the  numbers  1,  2,  M  to  each  node  in 


n. 

The 

second 

is  a  tensor 

product  ordering 

of 

the  M  nodes.  Grid  1 

1  i  nes 

of 

the 

form 

X  =  X  . 

J 

,  0  <  X ,  < 

J 

1 ,  are  numbered  1 , 

,  • • • ,  while  grid 

1  i  nes 

of 

the 

form 

y  =  y. 

,  0  <  Yj  <  ' 

1  are  numbered  1, 

2, 

•••,  M  .  With  each 

y 

node 

i  > 

associate  an  x-grid  line  and  a  y-grid  line.  The  tensor  product  index  of  the 
node  i  is  the  pair  (m(i),  n(i)),  where  m( i )  is  the  index  of  the  x-grid  line 
and  n(i)  is  the  index  of  the  y-grid  line.  We  then  denote  the  tensor  product 
basis  as 


(5.5) 


B.  (x)  =  <P  .  (x)  (y)  =  i  (x)  (y) 

I  m( I )  n( I )  '  m  n  ' 


,  1  <  i  <  M  , 


M  M 

X  ,  r  .  ,  .  I  y 


where  (x)r  ,  and  (y)l  are  bases  for  the  one-d  imens  i  ona  I 

‘  m  ‘m=l  ^’^n  '  'n=l 


o 

M. 


spaces 


10,11  for  X  or  y  in  (0,11,  respectively 
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Let  from  (5.2)  be  written  as 


MM 

M  X  y 

(5.4)  =  I  B.  (h  =  Z  Z  cL  (X)  *  (y) 

.^,11  ,  ,  mn  m  n 

1=1  m=l  n=1 


Using  (5.4),  (5.2)  with  u  =  3  can  be  written  as 


^n+1  i^n  +  1  _  ^nj  ^  ^n  |  );  a .  6  +  k  {  f"  (4)  +  f"  (C)} 


j  =  1 


(5.5) 


F^  (i) 


where  the  matrices  and  vectors  in  (5.5)  are  defined  by 

a)  =  C"  +  k  a"  +  k"  , 

b)  C"'  =  ((c  (E  (3)  U"^']  8.,  B,))  , 

c)  =  8  ((a  (E  (3)  B.,  B.  ) 

+  (a  fE  (3)  )  |-  B.,  B.  ))  , 

^  y  '  j  I 

(5.6) 

6^a  a^  2  .2 

^  ^  f  f  °  R  °  R  1 1 

c^  '^'■3x3y  j '  3x3y  i  ' 

=  -  a"""’  +  6  ((f  E  (3)  B^.] 

=  g"  -  C""']  . 


e)  f'J  (C) 

f)  f"  (5) 


for  i,  j  =  1,  2,  •••,  M. 

Instead  of  solving  (5.5)  exactly,  we  shall  approximate  its  solution  by 

using  an  iterative  procedure  which  has  been  preconditioned  by  L°  the  matrix 

(5. 6. a)  with  c,  a  ,  and  a  replaced  by  c  ,  a,,  and  a_ ,  respectively.  Since 
x'  y  'ol  2 

the  matrix  has  constant  coefficients,  we  can  use  the  tensor  product 

property  of  the  basis  to  factor  L°  into  the  product 


(5.7) 


L°  =  ( C  +  k  A  ;  f  C  +  k  A  j 
^  X  X  '  y  y 

where 


a) 

C 

X 

(.X)  , 

4  .  (  X  )  i 

1 

b) 

A  = 

< 

-1 

:  h  a ,  c 

1  o 

(X)  ,  5 

C)  =  .(cy"  (y).  (y)i 

d)  =  [b  [>1;^  (y),  (y)J 

o 

for  i,  j  =  1,  M  ,,  and  rn,  n  =  1,  •••,  Thus  inverting  L  corresponds 

to  solving  t'^o  one-d  i  nens  i  cna  I  problems  successive!/. 

The  preconditioning  process  eliminates  the  need  for  factoring  new 
matrices  at  each  time  step  and  reduces  the  problem  to  successive  solution  of 
one-d i -^ens i ona I  problems,  while  the  iterative  procedure  stabilizes  the 
resulting  problem.  The  stabilization  process  requires  iteration  only  until  a 
predetermined  norm  reduction  is  achieved. 

Denote  bv 


(5.8)  0®  B.  (x)  =  )  I  sL  (x)  V  , 

.^,11  mnm 

I  =  ]  m=  1  n  =  1 

s  ^ 

the  approximation  to  U  produced  by  only  approximately  solving  (5.5)  using 

I 

L°.  Assume  sufficiently  accurate  starting  values  have  been  obtained  (see 
(3,41).  Assuming  V°,  •••,  have  been  determined,  we  shall  determine  the  M- 
dimensional  vector  0^^'  (and  thus  from  (5.8))  using  a  preconditioned 

iterative  method  to  approximate  from  (5.5).  As  an  initial  guess  for 

^n+1  _  ^n ^  shall  extrapolate  from  previously  determined  values.  Specifi¬ 
cally,  for  the  method  under  consideration  having  t i me-tr uncat i on  error  0(k^], 
we  shall  use  as  an  initialization  for  our  iterative  procedure 


(5.9) 


19  3 


X  =  (en+1  _  0^;,  _  54  gn+l  ^ 

Since  we  are  using  previously  determined  s'  in  the  matrix  problem  (5.5)  to 

determine  our  errors  accumulate. 

In  order  to  analyze  the  cumulative  error,  we  first  consider  the  single 

step  error.  We  define  to  satisfy 

(5.10)  (9"'^’  -  9"}  =  (9)  ,  for  n  >  3  . 

Thus  9^"*"^  would  be  the  exact  solution  of  (5.5)  if  the  computed  values 

of  9  from  previous  approximate  solutions  of  (5.5)  using  had  been  used  for 

k  <  n.  We  can  use  any  preconditioned  iterative  method  which  yields  norm 
reductions  of  the  form 


(5.11) 


,|(Ln+))l/2  (Qn+I 


^'e 


<  P,  ll(L 


n+1 


1/2  (gn+l 


00+1 


+  6 


]ll 

e 


where  o  <  p  <1  and  the  subscript  e  denotes  the  Euclidean  norm  of  the  vec- 
n 

tor.  A  specific  iterative  procedure  for  obtaining  (4.8)  is  the  precondi¬ 
tioned  conjugate  gradient  method  analyzed  in  11,  2,  13,  14,  191. 

Then,  letting 


(5.12) 


M  - 

y  9^  B.  (x) 

T,  I  ' 


M  M 
X  y  — 

y  y  9^  $  (x)  1);  (y) 

mn  m  n  ' 

m=1  n=i 


n+1 


,n+l 


with  9  defined  in  (5.10),  we  see  that  V  and  V  satisfy 


j 


14  4 


k-'  [c  (x.  E  (U)  6  V""'.  x) 


n+1 1  j-  ,,n+1 


(x.  ECU)  V-V)|^V-’,|^x) 


^  6  (a^  (x.  E  (u) 


k  a  2 

+  - D  (u)  v" 


"  3x3y 


'  3x3y 


(5.13) 


.-1  ' 


(c  (x,  E  (u)  V^^')[a.  6  6  ^],  x] 


n-  1 


/  r  n+ 1  n+ 1  \ 

+  B  (f  (x,  t  ,  E  (u)  V  ),  x) 


^-'  (c  (x,  E  (.)  -  v""'l,  x) 


.  !  (  r-  /  \  1  "1  9  w4+  1 

+  B  l,a^  (x,  E  (u)  V  ]  -^  IV 


,n+ 1 


’•■kx) 


n  (  r  t  s  1/^+1  >  9  Cw^+'  <,4+1  I  3  > 

B  la^  (x,  E  (u)  V  )  —  (V  -  V  x) 


k  6“  a,  a_  .2 

+  - J — I  fv"  ’  -  v"  '  , 

c  ^3x3y  ^  ■* '  3x3y 


3^ 


x] 


'  XeM,  , 


where  the  last  four  terms  measure  the  single  step  error  arising  from  the 
iterative  stabilization.  We  must  iterate  only  sufficiently  often  to  control 

these  terms  in  the  analysis.  Since  is  a  sequence  of  one-dimensional 


operators,  we  can  very  efficiently  update  if  drifts  far  away  from  L^. 

Analysis  and  details  will  appear  in  (51. 

Mote  that  in  preconditioned  iterative  methods,  only  the  preconditioner 
is  inverted.  In  this  case,  that  is  only  a  sequence  of  one-dimensional  prob¬ 
lems.  If  the  basis  functions  in  the  one-dimensional  problem  are  linear 

(tensor  products  of  I  inears  for  the  basis  for  M.)  the  matrices  to  be  inverted 

h 

are  tridiagonal  and  if  the  basis  functions  are  quadratic  the  matrices  are 

pentad i agona I .  Thus  1 f  d  =  2  or  5  the  work  estimate  is  0(M  M  )  or  0(M  MM), 

X  y  X  y  Z 
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respectively.  Thus  the  work  is  proportional  to  the  total  number  of  unknowns 
in  the  problem  and  optimal  order  work  estimates  are  obtained  (see  (11,  14, 
24,  27,  281). 

The  storage  requirements  are  also  very  attractive  for  AD  methods. 

Since  the  matrix  problem  is  treated  as  a  series  of  one-dimensional  problems, 
only  the  data  corresponding  to  one  grid  line  are  required  in  core  at  any 
given  time.  In  two  dimensions  the  storage  requirements  for  these  AD  methods 
are  comparable  to  those  of  a  frontal  elimination  solver,  but  these  methods 
require  considerably  less  I/O.  In  three  dimensions  the  frontal  elimination 
solvers  require  that  a  plane  of  data  be  in  core,  while  these  methods  only 
require  one  line  of  data.  Clearly  all  of  the  above  remarks  apply  to  each  of 
the  AD  methods  presented  here,  not  only  to  the  iterative  variants. 

The  author  has  applied  iterative  stabilization  methods  to  problems  of 
hyperbolic  and  Sobolev  types  in  119,  201.  The  extension  of  these  iterative 
ideas  to  AD  methods  for  equations  of  these  types  follows  from  the  ideas  pre¬ 
sented  above  fcr  parabolic  problems. 
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TABLE  1:  BACKWARD  DIFFERENTIATION  MULT  I  STEP  METHODS 


M 

0(4) 

1 

01^(4) 

a^(4) 

E(4) 

1 

1 

0 

0 

0 

-  5 

2 

2/3 

1/3 

0 

0 

3 

6/1 1 

7/11 

-2/1 1 

0 

4 

12/25 

23/25 

-13/25 

3/25 

TABLE  2:  DIRECT  METHODS 


D(u)  U 


n+ 1 


6U 


n+ 1 


6U 


n+1 


n+1 


6U 


S“’u" 
o  Y 


F(4) 

G(4)U^'^’ 

Coef f i c i ent 
Constrai nts 

6 

one-sided  (c  ) 
0 

62u'^^' 

two-sided  (c  ) 
0 

6^U^'^'-kc  s"'6[c"'l  u"] 
0  Y  ^  f’  4  ■* 

one-sided  (c  ) 
0 

— 

two-sided  (a  ) 
0 

— 

S"’6^u'^ 

0  Y 

one-sided  (a  ) 
0 

-I 


A 


A 
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GALERKIN  METHODS  FOR  MISCIBLE  DISPLACEMENT 
PROBLEMS  WITH  POINT  SOURCES  AND  SINKS  - 
UNIT  MOBILITY  RATIO  CASE 

1 .  I ntroduction 

In  [71  the  authors  presented  and  analyzed  certain  numerical  approxima¬ 
tions  by  GalerKin  methods  for  a  problem  arising  in  the  miscible  displacement 
of  one  incompressible  fluid  by  another  in  a  porous  medium.  Extensions  of 
these  methods  to  more  efficient  time-stepping  procedures  and  more  general 
boundary  conditions  [81,  to  interior  penalty  procedures  [17|,  to  methods  of 
characteristics  (131,  to  self-adaptive  simulation  techniques  [6],  and  to 
mixed  methods  for  pressure  [51  have  since  been  developed.  These  analyses 
were  surveyed  in  [31.  All  of  the  above  analyses  have  made  a  major,  and  prob¬ 
ably  unphysical,  assumption  that  the  sources  and  sinks  were  smoothly  distrib¬ 
uted  and  the  resulting  functions  of  interest  were  thus  fairly  smooth  in 
space.  In  this  paper  we  shall  present  th ^  first  convergence  analysis  on  this 
problem  to  appear  In  the  literature  where  the  sources  and  sinks  are  consid¬ 
ered  as  point  singularities  or  Dirac  measures.  The  resulting  pressure  func¬ 
tion  thus  has  a  finite  number  of  logarithmic  singularities  located  at  the 
various  wells.  Since  the  resulting  functions  are  considerably  less  smooth 
than  previously  assumed,  the  convergence  rates  obtained  in  this  paper  are 
slower  than  those  previously  obtained. 

At  present  we  are  only  able  to  analyze  the  special  case  where  the  vis¬ 
cosity  of  the  invading  fluid  is  equal  to  the  viscosity  of  the  resident  fluid. 

In  this  case,  the  rrobility  ratio  (see  15,  71)  is  equal  to  one  and  the  equa¬ 

tion  for  pressure  is  a  linear  equation  and  can  be  uncoupled  from  the  concen¬ 
tration  equation  and  solved  once  for  all  time.  Analysis  for  the  general  case 
when  there  is  a  nonlinear  coupling  between  the  pressure  and  concentration 
equations  is  in  process  and  will  appear  elsewhere, 

A  set  of  model  equations  for  our  physical  problem  is  given  next.  For  a 
more  detailed  description  of  the  physical  problem,  see  [7,  11,  151.  Find  the 

concentration  c  =  c(x,t)  and  p  =  p(x,t)  satisfying  the  following  set  of  equa¬ 

tions: 

i  '■ 


153 


N 

V  •  [a(x){7p  -  YVg}I  =  -  7  •  u  =  I  Q.(t)  6(x  -  x.),  xefl,  teJ, 

J  J 

2  2 

u  .  VC  -  I  I  ^  [D,j(x,u)  -^c] 
i=1  j=l  '  J 

N 

=  ^  Q.(t){c  -  c)  6(x  -  X.  )  ,  xeJJ,  teJ, 

j=l 

with  an  initial  condition  and  no  flow  boundary  conditions  given  by 
a)  c(x,0)  =  Cq(x)  ,  xen. 


a) 

(1.1) 

b) 


(1.2)  b)  u  •  v  =  0  ,  xe3n,  t  eJ , 

3c 

c)  —  =  0  ,  xeSn,  teJ, 

0  V 

2 

where  f)  is  a  bounded  domain  in  IR  ,  J  =  [0,  T),  and  v  is  the  outward  unit 
normal  vector  on  3n,  the  boundary  of  S).  Here  a  =  a(x) ,  y  =  y(x)  ,  g  =  g(x)  , 

4  =  4(x)  are  specified  reservoir  and  fluid  properties,  u  is  the  Darcy  veloc¬ 
ity  of  the  fluid,  c  is  the  specified  concentration  at  injection  wells  and  the 
resident  concentration  at  production  wells,  6(x  “  ®  Dirac  delta  func¬ 

tion  at  X  =  X.,  and  Q.(t)  are  the  specified  flow  rates  of  the  wells  with  the 
J  J 

convent i on 


a)  for  j  =  1,  ...,  N/2 

(1.3) 

b)  Q^(t)  <  0  for  j  =  N/2  +  1,  ...,  N 
The  diffusion  tensor  D..  is  given  by 


(injection  wells)  , 


(production  wells). 


D  ( X ,  u )  =  (D  _  ( X ,  u )  ] 


=  (|)(x)  Dq(x)  I  + 


a 


-u,U2 


where  a  and  a.,  the  magnitudes  of  longitudinal  and  transverse  dispersion, 

*  '  2 

are  given  constants,  here  for  vciR  ,  |vj  is  the  standard  Euclidean  norm  of 
the  vector.  We  make  the  physically  realistic  assumotion  on  D, ,  a^,  and 


(1.5)  0  <  D(x,q)  5,  qclR^,  . 


This  gives  us  a  coercivity  property  for  the  parabolic  equation  and  an  assump¬ 
tion  of  non-trivial  diffusion  and  dispersion  in  the  problem.  We  shall  con¬ 
sider  two  separate  cases  for  the  diffusion  tensor.  In  Case  la  =  a^  =  0  and 

I  t 

we  have  only  molecular  diffusion  while  in  'ase  II  a^  >  0  and  >  0  help  to 

model  physical  dispersion  or  mixing  due  to  the  flowing  motion.  Results  for 
Cases  I  and  II  are  presented  in  Theorems  3.1  and  3.2,  respectively. 

Using  (I.l.a),  we  can  see  that  pressure  can  be  separated  into  its  loga¬ 
rithmic  singularity  components  and  a  smoother  component,  p,  as  follows; 


(1 .6)  p(x,t)  = 


QjCt) 

Y  _J _ 1 

/  2ir  a[x.) 


X. I  +  p(x ,t) 


Similarly  we  can  decompose  the  Darcy  velocity  as  follows: 


(1.7)  u(x,t)  = 


^  7  lx  -  x.|  +  a(x)  V  p 

i=l 


We  shall  be  more  explicit  about  the  smoothness  of  p  in  Section  2  after  we 
have  presented  the  necessary  terminology  (see  (2.8)).  The  fact  that  pressure 
is  assumed  to  have  logarithmic  singularities  also  effects  the  smoothness  of 


the  concentration  of  the  invading  fluid.  In  particular,  according  to  114), 
T  3^2 

/  /  -rr—  dxdt  is  not  even  bounded  under  the  point  sources  assumption. 

0  n 


Therefore  the  convergence  analysis  presented  in  this  paper  is  non-standard 
and  much  more  difficult  than  for  the  case  of  smoothly  distributed  sources  and 
s i nks. 

The  paper  contains  two  additional  sections.  In  Section  2,  terminology 
is  developed,  basic  regularity  and  boundedness  assumptions  are  presented, 
basic  projections  needed  for  the  analysis  are  considered,  and  the  continuous¬ 
time  Galerkin  approximations  of  (1.1)  and  (1.2)  are  defined.  In  Section  3,  a 
priori  error  estimates  for  the  continuous-time  approximations  are  obtained. 

rates  of  convergence  for  Cases  I  and  M  are  given  by  h'  ^  and  h'^^ 
respect i ve I y . 


2 .  Preliminaries  and  Description  of  the  Galerkin  Approximations 

2  2 

Let  (u,v)  =  /  uvdx  ond  Hu  a  --  (u,u)  be  the  standard  L  inner-product 

n 

and  norm.  Let  Q)  be  tne  Sobolev  space  on  (2  with  norm 


(2.1)  Niid!  ,  =  [  V  a  ] 


1/s 


W"  I  ,  ^  3x®  L^(SJ) 

s  a  <k 


with  the  usual  modification  for  s  =  ®.  if  V  F  =  [F . ,  F  ],  write  87  Fa  in 

4  ^k 


place  of  ,  aF  11^  +  ilF  When  s  =  2,  denote  =  l(|)a  =  ailil  .  If 

S  5  2 

K  =  0,  i  114/8. 

Let  }  be  a  family  of  finite-dimensional  subspaces  of  h\[2)  with  the 


following  property; 


For  p  =  2  or  «>,  there  exist  an  integer  r  >  2  and  a  constant  K  such 


that,  for  i  <  q  <  r  and  /|)e  Wp(  £3) , 


(2.2) 


a) 

inf 

111'!'  - 

x'l  0  + 

p 

hllip  - 

X“  ,} 

<  K  llif;ll  h‘^, 

P 

XeMh 

W 

P 

b) 

i  nf 

{ II  ip  - 

oo 

h  II  If;  - 

X" 

w 

D 

<  K-llifill  h*^”' 
0  q 

We  also  define  a  family  of  finite-dimensional  subspaces  of  H  \  (2)  called  {n  I 
which  satisfies  the  ^ame  property  as  tMuj''  with  r  replaced  by  s.  We  also 
assume  that  the  families  (m^^}  and  jN^}  satisfy  the  following  so-called 

"Inverse  hypotheses": 

if  or  for  some  >0, 

2 

a)  ii'iiil  <  <  h^  iiiidi  ,  2  <  p  <  » 

(2.3) 

^  1 

b)  II  4)ii  ^  <  K  ^  h"  '  a  ijjii  . 

We  shall  use  to  approximate  c  and  to  approximate  the  non- logar  i  thmi  c 
part  of  p. 

We  shall  make  the  same  boundedness  assumptions  and  somewhat  weaker 
smoothness  assumptions  on  the  coefficients  than  were  made  in  (7,  8,  17].  We 
consider  spaces  of  the  form 


IIU;II 

W^ 

P 

=  U 

((a,b).  X] 

,  ^  a  K\  _ -v  Y 

1  II  —  (t)  11 
3t“ 

en  1  ^  f  {  ^  K^^l 

.  V  a  ,  □  y  - A 

^  G  1.  \\9^D//j 

w  i  th 

norm 

(2.4) 

lif;l 

W'^ 

P 

((a.b),  X] 

1  n  II  (t; 

1  at'* 

“x  "'p  1 

^  1^(3, b) 

i/p 

where 

1  <  P, 

q  <  and  X  i  s  a 

Sobolev  space 

in  our  applications.  When  (a,b) 

=  J, 

we  sha  1  1 

suppress  (a,b) 

in  our  notation 

in  (2.4). 

Let  (p,c) ,  the  solu- 

tion  of  (1. ))-(!. 2),  satisfy  the  following  regularity  assumptions: 
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a)  den  „  _  +  «ca  „  ,  +  Jed  <  K  , 


b)  »p»  ,  <  K_  , 


(2.5) 


c)  du «  „  <  K-  , 


d)  »  #  "  2  2-r  ^  S  ' 
at  2 


where  e  >  0  can  be  chosen  arbitrarily  small,  p  can  be  chosen  arbitrarily 
large,  >  0  is  a  fixed  constant,  and  J  has  been  supressed  in  the  index 

notation  of  the  norms.  These  regularity  assumptions  are  based  on  analysis  by 
Sammon  [14]. 

In  our  analysis  we  shall  use  two  different  approximations  for  c  from 
2  * 

We  first  define  the  L  projection  c  of  c  into  by 


* 

a)  ( 4i(c  -  c)  ,  x)  =  0  .  '^h  ' 

(2.6) 

A 

»>  x-o  ■  X'"h  • 

We  are  led  to  use  the  L*”  projection  of  c  into  instead  of  the  now  more 
standard  h'  projection  due  to  smoothness  restrici  ^ns  on  c.  Since  we  assume 
that  —  i s  on ly  i n  L  [J ,  L  )  for  e  arbitrarily  small,  we  are  not  able  to 

treat  terms  like  -  c)  in  a  normal  fashion.  Thus  we  have  used  c  to 

project  this  problem  away  as  in  (2.6.b).  This  causes  reduced  accuracy  in 

A 

terms  like  V(c  -  c) ,  but  the  loss  of  accuracy  was  inevitable  in  any  case  due 
to  the  logarithmic  singularities  in  pressure.  We  also  denote  by  Cj  the 

interpolant  of  c  in  M^.  We  then  use  (2.3)  and  the  theory  of  interpolation 

spaces  to  obtain  the  following  approximation  theory  results: 


J 


Lemma  2.1:  There  exists  a  positive  constant  =  K2[n,  K^,  ]  such  that. 


for  each  tej  and  e  arbitrarily  small. 


A  A  Hi 

a)  Pc  -  c  H  +  h  He  -  c  II,  <  K_»cil  h  , 

1  2  q, 


(2.7)  b)  Pc  -  c  II  <  K_Pcll  h  , 

L«  2  q 

W 


c)  Pc  -  c  .  P  +  h  [  Pc  -  c ,  P ,  +  Pc  -  c ,  P  ]  <  K_  Pc  P  h  , 

I  II  I  2  q^ 


0  «;  q^  <  2  -  £, 


0  <  q2  <  1  - 


1  <  q^  <  2  -  e. 


Proof :  See  12,  4 ,  161. 

We  next  note  that  from  191  we  know  that  p  defined  in  (1.6)  satisfies 
(2.8)  PpP  -  <  K 

H^-e  P 


for  >  0  and  some  arbitrarily  small  e  >  0.  We  shall  use  the  logarithmic 

part  of  p  defined  in  (1.6)  to  form  the  leading  part  of  our  approximation  P  of 
p.  We  def ine  P  to  be 


(2.9)  P(x,t) 


N 

I 

i  =  l 


Q.(t) 


^,1  +  P  . 


where  x.,  i=1,  ...,  N,  are  the  locations  of  the  injection  and  production 
wells  and  P  e  is  an  approximation  to  p  from  (1.6)  defined  for  each  teJ  by 


(2.10)  [a(  .)  V(p  -  P],  7  x]  =  0  ,  ’ 


This  is  an  example  of  a  weighted  elliptic  projection  used  by  Wheeler  in  1161. 
We  obtain  the  following  result. 
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Lemma  2«2:  There  exists  a  positive  constant  Kq,  )  such  that, 

for  each  teJ  and  e  arbitrarily  small. 


(2.11)  liv(p  -  P]l  <  K  Ipll  h 


q-1 


for  1  <  q  <  2  -  e. 


If  we  then  define  u  and  U  by, 

N 

u  =  a(x)  7  p  =  I  Qj(f')  7  injx  "  j  1  +  ^  P  » 

j='  ^ 

N 

U  =  a(x)  7  P  =  I  Q.lf)  7  £n|x  -  Xj  |  +  a{x)  7  P  , 

j  =  1 

we  can  immediately  use  (2.8)  and  (2.11)  to  obtain  for  each  teJ  and  * 
K^[Ky  K^,  a(x))  , 


a) 

(2.12) 

b) 


(2.13)  llu  -  UU  <  K, 


1-e 


where  e  >  0  can  be  made  arbitrarily  small. 

We  next  define  the  continuous-time  approximation  of  c  as  follows:  let 
C:(0,Ti  - >  be  defined  by 

2  2 

a)  I  I  (D  .(U)  C,  ^  X]  +  (U  •  7  C.  X) 

i=1  j=1  ^ 

N/2 

(2.14)  =  I  Q,(t)  (?-C)[xj,  t)  x(xJ  ,  xeM^  , 

j  =  1 

b)  (C(0)  -  Cq.  x)  =  0  .  xe  Mf,  , 


i 


J 
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where  U,  P,  and  P  are  defined  by  (2.12.b),  (2.9),  and  (2.10),  respectively. 
The  ftiain  results  of  this  paper  are  a  priori  estimates  for  the  error  in 
approximating  c  from  (1.1)  by  C  from  (2.14).  These  will  appear  in  the  next 
section. 


3.  A  Priori  Error  Estimates 

In  this  section,  we  shall  obtain  a  priori  bounds  for  the  error  in  the 
concentration  approximation  C  -  c,  to  go  with  the  bound  of  the  error  in  the 
Darcy  velocity  approximation  given  by  (2.13).  We  shall  split  our  a  priori 
estimates  into  two  cases.  Case  I  will  reflect  the  assumption  that  the  only 
diffusion  present  in  the  model  is  molecular  diffusion  and  =  0  in 

(1.4).  Case  II  will  extend  the  estimates  to  the  more  difficult  case  of 
tensorial  physical  dispersion  given  by  (1.4)  with  >  0  and  cy  >  0.  As 

expected,  we  obtain  a  reduced  convergence  rate  for  the  more  difficult  case. 

Theorem  3.1  Let  (c,p)  satisfy  (1.1)-(1.2)  and  (C,P)  satisfy  (2.9),  (2.10), 

and  (2.14).  For  the  molecular  diffusion  case,  let  a  =  a.  =  0  in  (1.4). 

Z  t 

There  exist  positive  constants  =  K^fn,  K.,  i=0  ...,  5]  and  h.  such  that, 

O  D  I  '  0 

if  h  <  h^. 


A  A  A 

Proof :  Let  %  =  C  -  c  and  n  =  c  -  c  with  c  from  (2.6)  and  C  from  (2.14). 
Subtract  (2.6)  from  (2.14)  and  let  x~  5  obtain 
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-p  .  €)  +  («  Oq  7C,  75)  +  (u  .  7  5,  5) 


=  (((»  Oq  7  n,  7  5]  +  (u  •  7  n,  5)  +  ((u  -  U)  •  7  C,  5) 
N/2 

+  I  Q  {t)(c  -  C)(x  .  t)  5(x  .  t]  . 

J  J  J 

j  =  l 


For  the  last  term  on  the  left-hand  side  of  (3.2),  we  integrate  by  parts  (note 
that  =  0  on  3(1)  and  use  (1.1. a)  with  x  =  5  ‘•‘o  obtain 


(u  •  7  5,  5)  =  (u  •  7^  ,  1) 

=  -  1^  ) 

*  -  J  I  Oj(t)  5^(x.,  t) 

j  =  l 

N/2  N 

=  lQj(t)|  5^(x^.,  t)  +  i  I  lQj(t)|  5^[x^.,  t). 

j=l  j=N/2+l 

We  then  combine  part  of  the  last  term  on  the  right  side  of  (3.2)  with  (3.3) 
and  replace  c  by  C|  at  the  wells,  to  obtain 


A 
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li-  I* 
2  dt 


I 

j  =  ' 


lQj(t)| 


t) 


(3.4) 


=  ((>  Dq  V  n,  7  c)  +  (u  •  7  n,  5)  +  ((U  -  U)  *7  0,  O 
N/2 

+  I  gj(t)(c,  -  t]  C(x^.,  t] 

j  =  ' 


=  T. 


+  ^2  +  T4 


We  next  integrate  (3.4)  termwise  on  t  in  J^=  10,  t)  for  teJ.  The  left-hand 
side  of  the  resulting  equation  is  then  bounded  below  as  follows 


1/2 


dT  t  /  ■(,(,  7  dT 


(3.5) 


t 

+  7  I  /  l9i<T)|  (x  ,  t)  dT 

J  =  1 

^  t 

>  a[lC(t)l^  +  17  51^2  7  +  I  /  |9:{t)|  5^(x  ,  t]  dr] 

LnJt'L  )  j.l  0  ^  ' 


where  o  depends  upon  uniform  lower  bounds  for  the  coefficients  ^  and  Dq  such 
as  D,  from  (1.5).  We  next  consider  bounds  for  the  terms  on  the  right-hand 


side  of  the  integrated  analogue  of  (3.4).  We  note  that  from  (2. 7. a),  we 
obtain 


t  t  . 

1/  T  dT|  <  K  /  17  nl  IV  ei  dT  <  K  h  IV  _  7 

0  0  L 


(3.6) 


<  ^  IV  C«  7  7  +  K 


i 

t 
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where  o  is  from  (3.5)  and  K  is  used  here  and  in  the  following  as  a  generic 
positive  constant,  usually  of  different  size  with  each  use.  Then  using 

2 

(2. 3. a),  (2.5.C),  (2. 7. a)  and  the  fact  11,  101  that,  for  0  C IR  and  for  any 

1  <  p  <  «, 


(3.7) 


IX'^p  <  K  Ixl,  , 


we  use  the  Sobolev  Imbedding  Theorem  11,  101  to  see  that 


t  t 

0  ^  L  (L^  0  ^1  lP 


(3.8) 


2+€ 


<  K_  h  '  K,  17  nl  ,  -  Kl  ,  , 


1-  e- 


2+  e. 


<  K  h 


[ten  o  +  07  .  -  ] 


)  +  K  h 


where  e,  e^,  and  p  satisfy  the  relation 


(3.9)  ~  +  i  =  1  . 

2-e  2+e^  p 


We  note  that  since  e  >  0  from  (2.5.c)  can  be  arbitrarily  small  and 
arbitrarily  large  p  satisfies  (3.7),  can  also  be  taken  arbitrarily  small 

and  still  satisfy  (3.9).  We  next  use  (2.7.b-c)  to  obtain 
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t  t 

(3.10)  1/  T  dTj  <1  I  I  lOjCT)!  5^(x  ,  t)  dT  +  K  . 

0  .O'* 

J=' 

Finally  we  shall  break  into  pieces  to  consider  as  follows: 

=  ((u  -  U)  *7  C,  V  -  ((u  -  U)  *7  n,  0  +  ((u  -  U)  • 

(3.11) 


7  c,  V 


Now  we  again  use  the  Sobolev  Imbedding  Theorem  with  >  0  arbitrari ly  smal I 
and  >  0  arbitrarily  large  satisfying 


(3.12) 


2  + 


1 


1 


and  apply  (2. 3. a),  (2.13),  and  (3.7)  to  obtain 


t  t 

1/  T  drl  <  lu  -  U1  /  .7  2+e,  p 


<  Kg  h’~^  h 


2 

2+e., 


2.,  .2,  '^'.2, 


I-  (Jt'L  )  ) 


(3.13) 


<  K  h'^^  17  Cl  ,  7  [KI  7  -  +  17  Cl  ,  , 


<  y[H  cF  ,  ♦  161^,  ,  ]  . 


2  1 

In  (3.13)  we  have  chosen  e  and  e-  sufficiently  small  that  e  +  —  <  •o  •  I" 

2  '  2+  £2  2 

the  same  fashion,  we  use  (2.3),  (2.7a),  and  (2.13)  to  see  that 
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t  t 

1/  T  dll  <  lu  -  Ui  -  /  17  nl  iCl  dT 

0  1-"(L  )  0  l“ 


(3.14) 


<  K_  K-  h’“^  K,  h"’  Kl  o 


<  I  7  +  K  ,^2(1-2e) 


Now  since  (2. 5. a)  holds  for  c>  0  arbitrarily  small,  an  imbedding  result 
similar  to  the  one  used  in  (3.7)  can  be  applied  to  pick  a  p^  =  p^ie)  >  0, 

arbitrarily  large,  and  satisfying 


(3.15)  «7cl  <  K. 

7  2 
l2(l  5) 


from  (2. 5. a).  Using  this  p^,  we  choose  e)  >  0,  arbitrarily 


smal I ,  to  satisfy 


(3.16)  ^  +  7-  +  ^5-4 -  =  >  • 

2  p^  2  + 


Then  we  see  that,  as  before. 


t  t 

1/  dT|  <  Hu  -  U«  _  /  lIVcil  KH  dT 

0  ^  lV)  0 


(3.17) 


<  K,  h’~^  avert  K,  h 

5  p  i 


2+e, 


icn 


,2. 


+  K  h 


166 


We  next  combine  the  above  estimates  to  see  that  for  each  tciO,  TI,  we  have 


IC(t)I^t  17  51^  ,  *  I  !  l'Ji('>l  t)  <i' 

)  j-l  “  '  ' 


(3.18) 


2()-e) 


where  e  is  defined  as 


A  ^1  ^3 

(3.19)  e  =  max[2e,  e  +  ^ 


and  can  be  taken  arbitrarily  small.  We  can  now  apply  Gronwall's  lemma  to 
(3.18)  and  use  (2.7)  and  the  triangle  inequality  to  obtain  the  desired  result 
(3.1). 

We  next  consider  (2ase  II  where  >  0  and  >  0  model  physical  disper¬ 
sion  (121.  We  obtain  a  reduced  rate  of  convergence  in  this  more  complex 


Theorem  3.2.  Let  (c,p)  satisfy  (1.1)-(1.2)  and  (C,P)  satisfy  (2.9),  (2.10), 
and  (2.14).  There  exist  positive  constants  =  K^(n,  K.;  i=0,  ...,  5)  and 
h^  such  that,  if  h  <  h^. 


Ic  -  Cl  _  +  I7(c  -  C)  I  _ 


(3.20) 


+  {  I  /  |Q:<t)|(C  -  r.  (y  ]  dt}’/2  ^  K 
.  ,  0  J 
J  =  ' 


1/2-e 


(e  =  e( e)  >0  is  defined  in  (3.35)  below  and  can  be  taken  arbitrarily  small.) 


Proof :  Let  5  and  n  be  as  in  the  proof  of  Theorem  3.1.  Subtracting  (2.6) 
from  (2.14)  in  this  Case  I!  and  substituting  ?  for  x  yields 


1  6  7 


2  2 


(♦f  .  E)*  I  I 

i  =  l  j  =  1  •J  ' 


^  5. 


=  (u  •  7  n,  0  +  ((u  -  U)  •  7  C, 


(3.21) 


N/2 

+  I  Q^(t)(c  -  C)  (x^.,  t]  C[x^,  t) 

j  =  ' 


2  2 

"  I  I  -  Dij^U)  5) 

i=l  j=,  J  '  J 


^8  ^9  ^10  ' 


We  again  integrate  (5.21)  termwise  on  t  in  J_^  =  10,  t)  for  teJ.  We  obtain  an 

analogue  of  (3.5)  for  the  left-hand  side  of  (3.21)  where  now  a  depends  upon 
tne  constant  0,^  assumed  '  i  (1.5).  All  the  terms  are  then  treated  exactly  as 
in  the  proof  of  Theorem  3.1  except  for  ^  which  did  not  appear  in  Case  I. 

We  first  split  up  as  follows: 


1 1 


2  2 

I  I  ([Dij(u) 

i=1  j=t 


(3.22) 


2  2 

'  I 


J 


s  T 


12 


+ 


T 


13  * 


We  first  note  that 
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2  2 


1/  T,3dT|<4  I  I  !  (D,.(U)  ^  n  ,  ^  n)  d 


i=1  j=1  0 


(j  9Xj  ax. 


(3.23) 


2  2 


ill/  (Dn(U)  ^  ^  0  d 


i=l  j=l 


0  ’d 


=  ^15 


Clearly,  can  be  subtracted  from  the  corresponding  term  on  the  left-hand 

side  of  (3.21).  We  can  then  split  T,,  as  follows: 
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2  2 


^  I  /  n  .  ^  n]  dT 


U 


u 


(3.24) 


i=l  j=l 
2  2 

+  4  [  [  /  (0  (u)  ■—  n  ,  ~ 

i=,  J=,  0  '  > 


ax.  '  '  ax. 

j  I 


n)  d  T 


^  ^16  ^17  • 


In  order  to  bound  |/  dx  +  T,^|  ,  we  shall  use  (3.15)  and  an  analogue  for 
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n.  First  c  -  C|  satisfies  a  bound  of  the  form 


(3.25)  I7(c  -  c  ]l  <  K 


where  p^  is  the  same  as  in  (3.15).  Then  since  Cj  -  c  e  ,  we  can  use  (2.3) 


(2.5),  and  (2.7)  to  see  that,  for  e  <  —  , 

P3 


1G9 


2--, 


A  ,  ^"3 

c).  ‘X, 

l2(l  5) 


-<=)‘2,  2 

L  (L  , 


(3.26) 


^-1 

P3  1  -  e 

<  K,  h  K-  h  Hen  -  - 

I  2  l2[h2-") 


Combining  (3.25)  and  (3.26),  we  have 


(3.27)  117  nil 


2  P3 
l2(l 


<  K  . 


We  next  note  that  by  elementary  but  tedious  computations  one  can  show  that 
0.^.  (x,u)  is  Lipschitz  in  u  with  Lipschitz  constant  3.  Thus  combining  (3.15) 

and  (3.27)  and  the  Lipschitz  behavior  of  D.j,  we  can  use  (2. 3. a)  and  (2.13) 

to  obtain 


t  t 

1/  T,.  dT  +  T,,l  <  iiu  -  uii  „  /  [iiv  nil  +  iiv  ca  1  Il7  ^  dT 

0  '2  16  ^-2,  Q  L  P3  P3J  2+C3 


L”[L^)  0  ^^3  ^^3 


(3.28) 


<  h  K  K,  h  ^  87  5"  T 

^  *  ^  ^  (  s  ^  ^ 


L  [Jt'L  ) 


<  I  117  6I|2  +  K  h 


2(l-e-  24-: 


We  next  use  (1.7)  and  (2. 12. a)  to  note  that  for  each  i , j  =  1,2, 


(3.29)  |0.  .  (u)  I  <  |u|  «  I  K, 


8  lx  -  X, 


+  |a(x)  7  p I 


where  |v|  for  a  vector  v  is  the  standard  Euclidean  norm  in  IR  .  Using  (2.3), 
(2.7),  (2.8)  and  (3.29),  we  see  that 


It,?!  <  lT,g|  +  Iiv  pH  /  nv  nu  ^  ii7  nH  dt 

L  [L  )  0  L 


(3.30) 


<  It  1  +  K  h  ^  IIV  nii^,  ^ 


<  1T,„1  t  K  h  2  ^2(1-0 


<  |T,q|  +  K  h 


2(i-) 


We  note  that  the  second  term  on  the  right  side  of  (3.30)  does  not  give  an 

optimal  estimate  for  the  a(x)Vp  term  from  (3.29),  but  yields  a  better  bound 

than  we  are  at  present  able  to  obtain  for  T,„.  T,„  contains  a  term  of  size 

10  1  o 

|x  “  1  *  centered  at  each  well.  For  simplicity,  we  will  carefully  estimate 

only  one  such  term.  Without  loss  of  generality  assume  we  have  a  well 
centered  at  the  origin  x  =  0.  We  shall  then  split  this  term  by  considering 

a  o 

the  spatial  integration  over  B”,  a  disc  of  radius  h*^  centered  at  the  origin, 
and  its  complement  Q  -  S”,  We  then  see  that 


iTai  I  I  I  ( . r f- -U: 


J  ' 


(3.31 ) 


I  III  sFlf 
.  ,  .  ,  0  a-By  ^^i 

1  =  1  J=I  h  -J 


171 


We  then  obta i n 


(3.32) 


|T^„|  <  K  h“®  117  ^ 


<K  HK  h2-2-3 


Next,  we  let  and  q  satisfy 


(3.33)  = 

P3  q 


and  use  (3.27)  to  obtain 


lit  h' 


|T  1  <  K  «V  nll^  ^  /  (/  r'^^'  dr)*^  dS 


19 


(3.34) 


I£^2 


1- 


<  K(h®)  =  K(h^)  ^ 

46 


6- 


=  K  h 


for  arbitrarily  large.  We  then  pick  8  to  balance  (3.32)  and  (3.34) 
8  =  1  and 


(3.35)  e  =  'nax  [  e,  —  ] , 


we  see  that 


(3.36)  |T,gl  <  ,<  h 


Combining  the  above  estimates  and  corresponding  bounds  from  the  proof  of 
Tneorem  3.1,  we  obtain,  for  each  telO,  T1 . 


With 


i 


Il^ct)  11^  +  117 


+  I  /  ^[>^1.^)  dT 


j=1 


(3.37) 


2  "^) 
<  1151%  „  +  K  h  ^ 


where  e  is  given  by  (3.36)  and  can  be  taken  arbitrarily  small.  Then  applying 
Gronwall's  lemma  to  (3.37)  we  use  (2.7)  and  the  triangle  inequality  to  obtain 
the  desired  result,  (3.20). 
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Trackiny  of  interfaces  in  fluid  flow:  Accurate  methods  for 
piecewise  smooth  problcjms 

James  Glimm 


ABSTRACT 

A  survey  of  hyperbolic  conservation  laws  is  presented, 
with  an  emphasis  on  issues  raised  by  a  front  tracking  code 
developed  by  the  author,  Eli  Isaacson,  D.  Marchesin  and  O. 
McBryan.  The  organization  of  the  code  is  described  and  re¬ 
sults  of  the  calculations  are  summarized.  The  aim  of  the  code 
is  to  provide  a  general  and  flexible  method  for  obtaining  ac¬ 
curate  solutions  to  problems  which  are  piecewise  smooth. 


_I__  INTRODUCTION 

A  number  of  problems  of  fundamental  importance  to  science 
and  technology  involve  an  interdi sciplanary  mix  of  fluid  dy¬ 
namics,  physics  and/or  chemistry  and  computer  modelling.  The 
fluids  may  he  either  liquids  or  gases.  The  flow  can  be  tur¬ 
bulent  or  laminar.  It  can  have  boundary  layers,  detached  bou¬ 
ndary  layers,  or  internal  fluid  and  material  discontinuities 
(shock  and  contact  waves).  In  addition  to  exhibiting  such 
pure  fluid  phenomena,  fluids  of  interest  may  do  something 
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besides  just  flowing.  Th.-  fluid  eon  st  i  t  v-.  n  t r.ny  rcict 
chejucally  (e.g.  burn),  they  may  changi.-  pJi.ise,  pro.  ■  .  pi  1  ate 
as  solids,  or  become  adsorbed  at  the  active  r-itc  of  a  catalyst 
in  a  reactor  bed. 

Because  computer  modelling  is  an  cnsiMit  ial  part  of  the 
problems  I  will  discuss,  it  is  necessary  to  make  two  comnents 
on  Ax,  as  an  introduction  to  the  methods  to  be  proposed. 

First,  Ax  does  not  go  to  zero.  f-'-cond.  Ax  docs  not  vary 
greatly.  Working  with  a  $ll)0K  mini-computer ,  it  is  fairly 
routine  to  solve  time  dependent  problc'ns  ccritaining  a  two 
dimensional  elliptic  equation  on  a  30x30  mesh.  With  a  large 
computer,  the  cost  would  be  sta-eral  million  dollars,  and  a 
typical  grid,  might  be  00x80  or  even  150x150,  depending  on 
the  computer  and  the;  -importance  of  the  prob.lc-m.  P'or  three 
dimensions,  the  grids  are  correspondingly  coarser.  These 
grid  sizes  are  sometimes  adequate  to  resolve  the  principal 
hydrodynamics  waves  in  a  complex  problem,  especially  for  a 
two  dimensional  calculation.  They  are  almiost  never  sufficient 
to  resolve  secondary  waves,  nor  are  they  sufficient  to  resolve 
physical  or  chemical  processes  which  occur  on  length  scales 
much  smaller  than  those  of  the  principal  hydrodynamics  waves, 
unless  some  special  adaptive  strategy  is  eniployed. 

A  second  degression  is  required  to  explain  some  conse¬ 
quences  of  the  basic  scientific  phenomena  to  be  modelled. 

Many  problems  have  the  form  of  a  hyperbolic  conservation  law 
(mass,  momentum,  chemical  species,  ...)  with  an  elliptic  term 
added  (heat  conduction,  mass  diffusion,  viscosity,  ...). 

These  problems  are  parabolic,  but  depending  on  the  relative 
size  of  the  parameters,  they  may  be  regarded  as  approximately 
hyperbolic  or  elliptic.  In  fact  for  a  problem  with  several 
degrees  of  freedom,  some  of  the  degrees  of  freedom  may  be 
approximately  elliptic,  while  others  may  be  approximately 
hyperbolic . 

Let  us  consider  a  hyperbolic  degree  of  freedom.  This 
means  that  the  associated  diffusion  length  is  significantly 
smaller  than  one  mesh  spacing;  since  the  mesh  spacing  is  not 
likely  to  change  by  as  much  as  a  factor  of  eight  from  a 
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small  scale  to  a  large  scale  calculation,  this  property  is 
independent  of  mesh  spacing  over  a  practical  range  of  mesh 
choices.  As  a  temporary  approximation,  we  set  the  diffusion 
length  to  zero.  In  some  cases  (the  stable  regime) ,  the  limit 
of  zero  diffusion  length  is  continuous*  Still  the  numerical 
implementation  of  zero  diffusion  requires  special  methods.  In 
fact  the  most  common  numerical  methods,  even  when  applied  to 
problems  which  are  stable  physically  as  far  as  can  be  deter¬ 
mined  by  experiment  and  by  linear  stability  analysis  of  spe¬ 
cial  solutions,  exhibit  instabilities  in  the  zero  diffusion 
limit.  These  instabilities  are  numerical  and  not  physical; 
they  are  properties  of  the  discrete  approximation  and  the  so¬ 
lution  algorithm,  and  not  of  the  continuum  equations  nor  the 
physics  which  they  model.  To  avoid  these  instabilities,  a 
minimum  diffusion  length  of  at  least  two  and  perhaps  up  to 
four  mesh  spaces  is  required.  This  diffusion  length  is  a  nu¬ 
merical  artifact.  It  is  perhaps  the  largest,  consistent  error 
in  numerical  hydrodynamics. 

Remaining  in  the  (physically)  stable  regime,  let  us  now 
consider  a  nonzero  diffusion  length.  In  this  case  the  dis¬ 
continuity  wave  is  replaced  by  a  smooth  transition  in  a  nar¬ 
row  region  with  steep  gradients.  Actually  the  situation  as 
seen  by  the  experimental  physicist  or  chemist  is  often  more 
ce.mplicated.  The  equations  which  we  originally  set  out  to 
solve  are  a  projection  onto  a  small  number  of  degrees  of  free- 
don  of  a  very  large  system.  The  internal  structure  of  a  sin¬ 
gle  discontinuity  wave  may  be  a  series  of  sharply  defined 
waves  of  the  larger  system,  moving  with  a  common  velocity. 
Flame  fronts  are  comronly  of  this  nature.  When  the  internal 
structure  of  a  liyperbolic  wave  consists  of  subwaves  of  extra 
degrees  of  freedom,  then  the  correction  to  include  this  phe¬ 
nomena  can  be  performed  within  a  framework  of  sharply  resolved 
discontinuities.  However,  the  diffusion  may  also  be  real, 
i.e.  the  experimentally  correct  source  of  internal  structure 
for  the  wave,  as  in  the  case  of  a  drop  of  dye  in  clear  water. 


Finally  we  discuss  the  unstable  \rcaime.  In  this  case, 

\ 

the  use  of  a  zero  diffusion  length,  if  taken  lift  rally,  would 
give  an  incorrect  solution.  In  this  case,  the  subgrid  phe- 
nonia,  which  Occur  on  length  scales  too  s.Ttall  to  be  computed 
directly  but  which  still  govern  the  physical  stability  of  the 
flow  and  thus  affect  the  large  scale  hydrodynamic  waves,  must 
be  somehow  retained  or  replaced  by  some  effectivr.'  numierical 
equivalent.  In  addition  to  parabolic  terms  with  an  associated 
diffusion  length,  subgrid  effects  may  include  surface  tension 
and  heterogeneity  (random  media) . 

There  is  a  computational  strategy  which  allows  zero  nu¬ 
merical  diffusion.  It  is  to  track  the  waves.  Singularities 
(e.g.  discontinuities)  of  a  solution  of  a  hyperbolic  equation 
propagate  along  characteristics.  The  chavercter  i  sties  are 
solutions  of  an  ordinary  differential  equation  determined  by 
the  wave  speeds,  a;;d  for  a  nonlinear  equatii-ii,  )ry  !  ):e  solution 
itself.  It  is  possible  to  use  a  purely  cViaructtrra  stic  ap¬ 
proach,  in  which  all  waves,  singular  or  smooth,  are  propagated 
along  characteristics.  This  is  known  as  the  method  of  lines. 
The  method  of  tracking  is  a  hybrid,  which  uses  the  character¬ 
istic  propagation  for  certain  waves  (the  "tracked  waves")  and 
a  finite  difference  grid  for  the  other  waves.  Specializing 
to  a  two  dimensional  problem  wf'  then  have  a  firted  two  dimen¬ 
sional  rectangular  or  curvilinear  grid  for  the  untracked 
(smooth)  waves  and  a  moving  one  dimensional  curvilinear  grid 
which  locates  the  position  of  the  tracked  wave.  This  method 
can  be  viewed  as  a  variant  of  the  adaptive  grid  and  mesh  re¬ 
finement  approaches.  In  fact  when  the  internal  structure  of 
the  tracked  wave  is  parabolic  and  governed  by  a  mixing  length 
(rather  than  containing  several  waves  from  new  hyperbolic 
degrees  of  freedom) ,  and  when  this  internal  structure  is  re¬ 
quired  as  part  of  the  solution  of  the  problem,  then  the  meth¬ 
ods  of  moving  grid  local  mesh  refinement  and  of  tracking  over¬ 
lap. 

In  summary,  the  computational  methods  which  employ  the 
known  analytic  and  qualitative  properties  of  the  solution 
have  the  piomise  of  achieving  increased  accuracy,  speed  and 
especially  resolution. 
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11  _  Tir:oRY 

We  focus  on  elementary  waves  and  their  interactions. 

The  Riemann  proble*m  is  basic,  and  we  explain  in  what  ways 
a  deeper  understanding  is  required. 

Equations 

The  equations  of  (chemically  reacting,  .,.)  fluid  dy¬ 
namics  are  basically  conservation  laws.  The  simplest  is  the 
continuity  equation 

u^  +  V- (Ou) =  0  (2.1) 

for  a  quantity  ( concentrat ion ,  mass,  ...)  u  carried  passively 
in  a  fluid  with  a  velocity  v  .  Writing 

(a^,  V)  =  D  (2.2) 

as  the  space  time  gradient,  we  see  that  (2.1)  states  that  the 
vector 

( u ,  vu )  (2.3) 

has  zero  space  time  divergence: 

D(vi,  vu)  0 


Thus  the  vector  (u,  vu)  is  a  conserved  quantity.  By  the 
divergence  th.oorem,  the  integral  of  the  outward  normal  com- 
ponetii,  of  this  vector  over  the  bovuidary  3r;  of  any  region 
van i shes , 

j  (u,  vu)n  da  =  0  .  (2.5) 

In  particular  wo  clioose 

il=[ti,  t2]xfi  (2.6) 

to  be  a  cylinder  of  height  -  t^  and  base  .  Then 


u(x,t^)dx  -  ju(x,t2)dx 


f  1^2  *  - 

=  uvnc 


Note  that  the  loft  hand  side  is  the  quantity  of  u  at 


time  t^  minus  that  at  t  ir^e  t2»  i.e.  the  change  in  the  amount 
of  u,  while  tile  right  hand  side  is  the  flux  of  u  across  the 


boundary  3Q  ot  i2  .  In  other  words. 


change  in  u  -  flux  across  boundary. 


(2.8) 


of  course  tVie  rc>iscninM  can  be  reverood.  ?r  rr.u.l  a  (2.8)  -'an 
be  taken  as  Cundaiiiental  ,  i.e.  the  definition  of  c.  conserved 
quantity,  and  (2.1)  can  be  derived  from  i t  by  considerinq  all 
possible  Si's  and  takinq  a  limit  as  f.  becomes  infinitesimal. 

Mc'ie  generally  we  consider  quantities  which  need  not  be 
carried  passively  by  the  fluid  flow.  For  example,  pressure, 
or  acoustical  wa\’cs  in  a  gas  move  (by  definition)  with  the 
speed  of  scuind ,  while  the  qas  molecules  move  with  the  gas 
(wind)  velocity.  In  yrnejal,  the  velocity  of  a  I'hcrnical  re¬ 
action  wave  is  diffeie'nt  from  the  velocity  of  the  molecules 
because  in  the  leaction  the  molecules  are  changing  species, 
and  thus  distinct  molecules  are  located  at  the  wave  reaction 
front  at  distinct  times.  Thus  we  introduce  a  general  flux 
f unct ion 

f  =  flu)  or  f  =  f(u,t,x) 

'*  c3 

Note  that  x  cR  is  a  vector  taking  values  in  rhe  geometrical  - 

physical  -  space,  while  u  is  also  a  vector,  but  takes  its 

values  in  the  state  space  which  defines  the  degrees  of 

freedom  of  the  problem  (momentum,  mar.s,  energy,  ...)»  The 
.  d  n 

values  of  f  lie  in  R  xR  .  Reasoning  as  above  from  the  def¬ 
inition  of  a  conservation  law,  we  are  lead  to  the  conservation 
law  equation 

u^  +  ^•f(u)  =  0  .  (2.9) 

An  external  source  g  =  g(u,t,x) ,  if  any,  replaces  zero  on  the 
right  side  of  (2.9)  .  In  (2.9)  with  source  g  =  0,  u  is  a  con- 
served  quantity  and  f  is  its  flux  function.  In  other  words 
f*n  is  the  rate  of  flow  of  u  across  a  unit  surface  element 
with  unit  normal  n  . 

A  preliminary  classification  of  the  equation  (2.9)  falls 
back  on  the  linear  theory,  and  so  we  introduce  the  Jacobean 

A  =  3f/3u  =  (3f./3uj)  ,  (2.10) 

1  £  i , j  <  n  and 


A’n  =  3(f’n)/8u 


(2.11) 
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Tht-in 

w  ^  +  A  •  +  { •;  •  A  (  Uq  )  )  w  =  0  (2.12) 

is  the  linearization  of  (2.9)  about  the  solution  u  . 

For  plane  waves  iiioving  in  the  direction  n  ,  the  equation 
specializes  to 

+  (X-n)  (n-^)w  =  0  .  (2.13) 

Note  that  A*n  is  an  nxn  matrix. 

Following  standard  linear  terminology,  we  say  that  (2.9) 
is  hyperbol i c  if  all  the  eigenvalues  (u,n)  are  real 

and  it  is  strictly  hyperbolic  if  the  Aj^  are  real  and  distinct. 
In  general  A  is  not  symmetric.  l.et  e^  and  e^  denote  the  left 
and  right  eigenvectors  corresponding  to  the  eigenvalue  A^, 
so  that 


^  t  *  -'■  T  .  r 

e^  A-n  =  A^e^  ,  A-n  e^  ~  ^i  ^i 

JL 

Then  the  e  and  e^  form  a  biorthogonal  family: 


(2.14) 


<  e^  ,  e^  >  =  0  for  A-  ^  A^  .  (2,15) 

The  equation  (2.9)  is  linear  if  and  only  if  A*n  is  independent 
of  u.  Conversely,  we  say  that  (2.9)  is  strictly  nonlinear  if 

V  A.  (u,n)  fi  0  (2.16) 

e  T 

1 

for  all  i  .  If  it  is  strictly  hyperbolic,  so  that  wave  speed 
crossings  do  not  occur  and  the  i-'—  mode  is  globally  defined, 
then  we  say  that  the  j  —  mode  is  strictly  nonlinear  if  (2.16) 
holds  for  i  =  j.  The  importance  of  this  concept  will  emerge 
later,  but  for  now,  we  specialize  to  n  =  1  ,  a  scalar  equation. 
Then 


A^  =  A-n  =  Of/9u)  -n  (2.17) 

jr 

is  real  valued,  e^  =  1,  and 

V  J.  A.  -  (3^f/au^)-n  .  (2.18) 

. 

■  X 

In  other  words,  strictly  nonlinear  means  that  l-n  is  either 
concave  or  convex  as  a  function  of  u  in  the  scalar  case. 

There  are  important  examples  which  are  strictly  hyper- 


bolic,  others  which  -rro  hyperbolic  ii'.'f-  not  strictly  hyperbol¬ 
ic.  'Pile  sane  apiplios  to  the  strictly  r;onlir.car  cc-ncropt  .  I’rob- 
ably  there  are  very  few  properties  of  A  which  are  un'r.  rsa.l 
to  all  exaraples,  but  it  is  an  op'en  question  to  d€>t.erinine  prop¬ 
erties  of  A  or  f  whicVi  aprply  to  various  clfrss  of  natiiral  ex- 
aJiplcs  and  wlrich  a!  low  rhe  interaction  of  e .1  onen ta ry  war'os  (or 
the  Riemann  problem)  to  be  understood  in  the  large.  It  is 
this  question  to  w!rirh  wo  now  t\)rn. 

El C'Hien t djry  wa\'cs. 

The  easiest  way  to  ap'preciate  tlie  meaning  of  elementary 
waves  is  to  study  the  Riemann  pTOblcm.  The  Riemann  problem 
is  tire  initial  \’alue  prol'lcm  for  one  space  dimension  and  for 
data  which  is  constant  (^xcept  for  a  single  lump  discontinuity: 


=  u(t  =  0,x) 


The  solution 

u(t,x)  =  u(l,x/t) 


'^’left'  ^ 


u  .  ,  .  ,  X  >  0 
r  I  qht 


(2.19) 


(2.20) 


is  constant  on  rays  and  reduces  to  a  function  of  one  variable: 
^  =  x/t.  To  see  this  observe  that  the  equation  (2.9)  is  in¬ 
variant  under  the  scale  transformation 


ax  ,  t 


(2.21) 


Assuming  uniqueness  (which  has  been  proved  in  a  large  enough 
class  of  problems  to  apprly  here  iDiPerna,  1979]),  and  obser¬ 
ving  that  the  data  (2.19)  is  also  scale  invariant,  then  so  is 
the  solution  scale  invariant.  Thus  (2.20)  holds.  For  an  n- 
dimensional  state  space  the  solution  (in  the  simplest  case; 
exceptions  will  be  considered  later)  consists  of  n+1  wedges 
in  which  u  is  constant.  Between  adjacent  wedges  in  which  u 
is  constant,  the  allowed  change  in  u  is  either  a  single  jump 
discontinuity  or  smooth  change  in  an  intervening  wedge  of  a 
type  to  be  presecribed  below.  In  either  case,  the  variation 

of  u  between  adjacent  wedges  of  constancy  is  an  elementary 
,  .  th  .  , 

wave .  The  i —  wave  involves  variation  in  a  single  mode,  or 
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ei 'I’Cndi  rection  e^(u),  and  propatos  with  a  speed  ~  5= 

at  least  for  infinitesimal  waves,  as  we  shall  see.  In  sum- 


Figure  2.1  Elementary  wave 

involves  variation  in  a  single  mode,  and  propagates  with  a 
speed  character! st i c  of  that  mode.  The  spreading  waves  are 
called  rarefaction  waves;  the  jump  discontinuous  waves  are 
either  shock  waves  or  contact  discontinuities,  as  we  now 
explain . 

Because  we  are  contemplating  discontinuous  solutions, 
we  are  necessarily  considering  weak  solutions.  The  concept 
of  weak  solution  can  be  formulated  in  three  ecjuivalent  ways. 
First,  it  can  be  required  that  the  original  conservation  and 
flux  relations  which  defined  the  conservation  law  be  satis¬ 
fied  across  discontinuities.  Second,  the  integral  form  of 
the  conservation  law, 

I  u  +  f(x))dt  dx  +  ij)  ( 0  ,  x)  u  ( 0  ,  x)  dx  =  0  (2.22) 

for  all  smooth  if  with  compact  support,  defines  a  \^?eak  solu¬ 
tion.  Third,  if  the  derivatives  in  (2.9)  are  taken  in  the 
sense  of  Schwartz  distributions,  then  again  a  weak  solution 
is  defined.  Now  considered  a  curve  x  =  x(t)  in  space  time 
moving  with  speed  s  =  x  ,  and  suppose  that  a  solution  u  of 
(2.9)  is  discontinuous  across  x(t).  Apply  the  space-time 
div'erqence  theorem  to  the  vector  field  u,  f(u)  in  a  small 
strip  n  around  the  curve  x(t) . 


Figure  2.2.  The  Rankine  Huquniot  relations 

derived  from  the  space-time  divergence  theorem. 


Note  tliat  (  i  ,  s'  :>  s  i  .'iei.jont  to  t .-uivt-  and  i r.  :>  >- j-: -j  1 

to  the  curve.  By  t'ne  we?ak  I'ornvu' a  i  i  oa  oi  tt.f'  d  i  f -’c- r  t  i  a  1 
equation,  the.  diveruenee  of  u,f(u)  vaiiisru'a  wh.-n  1  n  *.  i 'qr  a  t  ed 
over  id  .and  so  by  r'ne  e,  iverqence  iheo>  oui, 

i  (  u ,  f  (  u)  )  ‘  n  de  0 
j 

3  b 

If  we  let  'iw',  th.',n;.te  i  ru'  iu,np  in.  a  cujaqttty  w  the 

curve  x(t),  then  by  .■■.hr  Ink  i  nq  hi,  we  ecii.rl  ncie  O'.at 

(  iu]  ,  !'■])•  (--b  :  )  -  0 

identically  ale;. a  <  iie  eicve.  rials 

s[u]  --  if]  ,  (2.2  3) 

which  IS  knciwn  as  tVie  H.ink'i  no  ■  I-fiusem  iot.  i  illation. 

If  we  specialize  to  an  i  n  f  i  r.  r  1  c's  i  r-a !  wave,  then  the 
above  identity  r'ecorric.s 

s  du  -  ■•  d  f  . 

Recallinq  tliat  A  df/du,  ww  >.n%rit('  tit  is  as 

s  du  A  du  (2.24) 

So  that  we  ider.tify  s  with  an  eigenvalue  of  A  and  du  with  * 
inf j n i tes ina 1  variation  in  the  direction  of  the  eigenvector 
ef  (u)  .  Motivated  by  the  formula  (2.24),  it  is  easy  to 

construct  the  rarefaction  waves.  The  con  s  t  r  uc  t  i  c,n  begins  in 


Figu.-e  2.3  An  elementary  rarefaction  wave. 
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In  the  state  space,  we  solve  the  ordinary  differentail  equa¬ 
tion 


(u) 


with  initial  point  u  =  w, 

^  o  left 

The  equation  is  autonomous  and  so  the  integral  curve  does  not 
depend  on  the  point  along  it  chosen  as  initial  point.  Assum¬ 
ing  strict  nonlinearity,  the  wave  speed  X^(u)  is  strictly  in¬ 
creasing  as  we  move  in  one  direction  along  the  integral  curve. 
Now  identifying  in  (2.29)  defines  the  solution'  u 

in  the  region  of  the  i~  w^ 


,  and  w  . 
leit  r.iaht 


Note  that  in  mov¬ 


ing  from  left  to  right,  we  are  constrained  to  move  along  the 
integral  curve  in  the  direction  of  increasing  X^.  (u)  , 

The  general  strategy  for  solving  the  Riemann  problem  is  to 
use  the  elementary  v/ave  strength  as  a  parameter  in  passing 

'"right  =  '"left  '"Jight  * 

iution  depending  on  n  parameters,  joining  left  and  right  sta¬ 
tes.  The  rarefaction  waves  allow  only  one  sided  variation  of 
the  parameters,  but  the  shocK  waves,  defined  by  (2.23)  will 
provide  variation  ia  the  oftposite  direction.  Then  an  appli¬ 
cation  of  the  implicit  function  theorem  will  show  that  an  ar¬ 


bitrary  state  u 


r  i  a  h  t 


satisfying 


I'^left  ^right^  '' 

can  be  joined  to  with  this  n  parameter  family  of  ele¬ 

mentary  waves,  thereby  solving  the  Riemann  problem  in  the 
small .  The  corresponding  problem  in  the  large  requires  some 
hypothesis  on  A,  and  has  been  solved  only  in  a  few  special 
cases. 

An  example;  Burgers'  equation.  The  simplest  example  of 
a  conservation  law  is  the  scalar  equation 

+  (*su^)^  =  0  ,  (2.25) 

known  as  Burgers'  equation.  Here  the  matrix  A  =  3f/3u  is  a 
real  number. 
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A  =  3{*su^)/9u  =  u  =  (2.26) 

Because  3Xj^(u)/3u  =  1  0,  the  equation  is  strictly  non-  lin¬ 

ear  as  well  as  being  strictly  hyperbolic.  It  is  elementary 
to  construct  shock  and  rarefaction  waves  to  solve  the  Ri  einann 

problem  for  Burgers’  equation.  If  u,  <  vj  .  ,  then 

left  right 

the  solution  is  a  rarefaction  wave,  defined  as  follows; 

{''left  <  u^gf^ 

x/t  if  u,  <  x/t  <  u  .  .^(2.27) 
left  —  —  right 

“tight  “right  i  • 

"left  ^  '^right  '  solution  is  a  shock  wave.  By 

(2.23),  we  have 


=  "right  -  "left 

=  '^("right^  -  "left^>  =  "*^"1  ^"right  "left^ 

and  so 


s  =  lf]/lu]  =  Js(u 


right  "left 


.) 


The  value  of  s  uniquely  determines  the  solution.  If  we  draw 
the  characteristic  curves  x  =  X  in  the  regions  where  u  is 
constant,  then  we  obtain  the  pictures  below. 


X 


Figure  2.4a,b.  Rarefaction  and  shock  waves  for  Burger’s  equa¬ 
tion..  Dashed  lines  are  characteristics. 

From  this  picture,  we  see  that  a  shock  wave  is  like  a  black 
hole:  it  absorbs  information  propagating  along  character - 
istics,  and  this  information  is  then  lost  in  the  solution. 
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Entropy. 

The  equation  (2.9)  is  invariant  ;inder  space-time  reversal. 


X  -►  -X,  t  -+■  -t 

This  reversal  interchanges  shock  and  rarefaction  wave  data, 
but  it  does  not  interchange  shock  and  rarefaction  wave  solu¬ 
tions.  In  fact  it  maps  a  shock  wave  onto  a  solution  which 
could  be  called  a  "rarefaction  shock  wave",  and  which  we  want 
to  exclude.  Since  the  rarefaction  shock  wave  is  a  weak  solu¬ 
tion  of  the  equation  (2.9),  a  new  condition  is  required  to 
supplement  (2.9).  This  condition  is  the  entropy  condition. 


Figure  2.5  A  (nonphysical)  rarefaction  shock, 
they  are  the  x-t  reversal  of  the  shock  characteristics  shown 

above.  One  form  of  the  entropy  condition  excludes  discon¬ 
tinuities  (shocks)  of  the  i~  family  in  which  the  forward 
i—  family  characteristics  leave  the  shock  from  either  side. 
Another  form  of  the  entropy  condition  states  that  there  is 
no  path  in  state  space  consisting  of  a  sequence  of  elementary 
waves,  joining  to  with  increasing  wave  speeds 

as  the  path  is  traversed  from  u,  to  u  .  ,  In  other  words 
^  left  right 

the  jump  is  indecomposable.  A  third  form  of  the  condition 
states  that  the  solution  should  be  the  limit,  as  e  -►O,  of 
solutions  of  the  parabolic  equation 


+  f(u) 


c  u 


XX 


In  general,  the  rarefaction  shocks  are  unstable  and  are  ex¬ 
cluded  by  perturbing  the  initial  data  or  the  equation.  For 
general  equations,  consideied  in  the  large,  it  is  not  known 
which  forms  of  the  entropy  condition  will  be  correct. 


Contact  Discontinuities. 

Linear  waves  and  contact  discontinuities  do  not  arise 
in  Burgers'  equation,  so  we  consider  the  linear  equation 


0 
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with  f  =  u  csnd  A  -  rtf/8u  =  =  1 .  The  equation  (2.24)  shows 

that  discontinuities  can  arise  in  the  case  (u]  =  If]  and 
s  =  A-  1.  Then  the  characteristics  run  parallel  to  the  dis¬ 
continuity  curve,  and  neither  enter  it  (as  in  a  shock)  nor 


Figure  2,6  A  contact  discontinuity 
The  general  definition  of  a  contact  di scon t I nui ty  is  a  jump 
discontinuity  satisfying  (2.24)  fc'r  wliich  s  = 

(Urig^^)  /  as  in  the  figure  above. 

The  scalar  equation:  _  The  ^(enerul  theory . 

For  the  scalar  equat  ion,  the  Rit  mann  prot  i  can  be 
solved  for  arbitrary  iut  Lhev  hypothesis. 

For  the  strictly  nonlinear  case,  f  is  convex  or  concave,  and 
a  slight  extension  of  the  case  of  Burgers'  equarion  covers  the 
situation.  In  the  gctu’ral  case  (f  neitho);  convex  nor  concave) 
we  join  to  by  a  sequvance  of  elementary  waves. 

In  the  u,  f(u)  plane,  we  recognize  a  shock  wave  as  a 

chord,  joining  two  points  on  the  graph  of  f.  The  speed  of 

the  shock  wave  is  the  slope  of  the  chord.  Also  a  rarefaction 

wave  is  a  portion  of  the  graph  of  f,  and  the  local  wave  speed* 

within  the  rarefaction  wave  is  x=  f*(u).  Thus  a  sequence  of 

elementary  waves  is  just  a  sequence  of  chords  and  segments  of 

the  graph.  This  sequence  must  join  u,  ,  f(u,  ,^)  to  u .  .  . 

’  left  left  right, 

f(Uj,^gj^^),  subject  to  two  constraints:  the  wave  speeds  must 
increase  when  moving  from  left  to  right  and  the  entropy  con¬ 
dition  means  that  the  elementary  wave  sequence  forms  a  concave 
set  in  the  u,f  plane  for  u,  *.  <  u  .  .  ^  and  a  convex  set  for 
>  '‘right  ’  entropy  condition,  which  forbids  waves 

which  can  be  subdivided,  forces  the  concave  (or  convex)  set 
to  be  the  concave  (or  convex)  envelope  of  the  graph  of  f,  be¬ 
tween  '^right  ’  minimally  complicated  extension 

of  this  solution  to  the  case  of  nxn  systems  follows:  Without 
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aspuining  strict  nonlinearity  (i.e.  the  genoral  nonconvcx,  non¬ 
cave  case)  ,  the  single  elementary  wave  of  the  i—  family  in 
the  Riemann  problem  solution  may  now  be  replaced  by  a  sequence 
of  elementary  waves  of  the  i —  familyr  alternately  rarefaction 
waves  and  contact  discontinuities,  except  for  the  outermost 


waves,  which  may  be  shocks  when  viewed  from  this  outer  dir 


Figure  2.7  Elementary  wave^3  in  the  nonconvex  case 
Under  further  hypothesis,  this  class  of  elementary  wave  solu¬ 
tions  is  adequate  for  strictly  hyperbolic  2x2  systems.  The 
hypothesis  may  include  most  cases  of  interest  for  small  data, 
but  it  is  not  known  (and  possibly  false)  that  they  will  in¬ 
clude  most  cases  of  interest  for  arbitrary  left  and  right  hand 
states.  See  [Wendroff,  1972,  DaFermos,  1973,  Liu,  l'^74].  The 
situation  for  nxn  systems,  n  >  2,  is  understood  for  small  data 
[Liu,  1975]. 

The  Riemann  problem  for  small  data . 

For  a  general  nxn  system,  the  Riemann  problem  can  be  sol¬ 
ved  for  =;  '■'right  '  implicit  function  theorem. 

Theorem. 

Assume  that  the  nxn  system  of  conservation  laws  (2.9)  is 
strictly  hyperbolic  and  strictly  nonlinear.  I:et  a  left  state 
be  given.  Then  for  any  right  state  sufficiently 

close  to  the  Riemann  problem  is  solvable  and  the  solu¬ 

tion  contains  n  elementary  waves,  each  of  which  is  either  a 
rarefaction  wave  or  a  shock  wave.  The  solution  satisfies  the 
entropy  condition  (no  forward  characteristics  of  the  i—  fam¬ 
ily  1  eave  an  i-famlly  shock  wave) ,  and  is  the  unique  such  so¬ 
lution  in  this  class. 

Proof  [Lax,  1957] , 


2 
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The  Riemaiin  problem  lor  arbitrary  ciata. 

There  are  only  a  fev?  special  systems  for  whicli  a  complete  so¬ 
lution  is  given  analytically.  These  include:  Tsentropic 
(2x2)  gas  dynamics  iCodunov,  1959],  Elasticity  in  Lagrange 
coordinates  [Wendroff,  1972],  and  polymer  injection  in  terti¬ 
ary  oil  recovery  :Eli  Isaacson,  1991]  The  polytropic  (3x3)  gas 
dynamics  can  be  reduced  analytically  to  a  functional  equation 
in  one  dimension  which  is  easy  to  solve  numerically  (Courant- 
Friedrichs,  1948],  Othe^r  equations  of  state  sufficiently  sim¬ 
ilar  to  a  polytropic  gas  are  also  allowed.  In  most  other 
cases,  one  finds  special  solutions  (i.e.  solutions  for  special 

values  of  u,  /  n  .  .  >  but  no  systematic  analysis,  either 

1 e  1 1  r  j  gnt 

qualitative  or  numerical,  of  the  general  Piomann  problem. 

The  polymer  problem  irentioned  above  and  related  earlier 
work  [Keyfitz  and  Kranser,  1^00]  concern  syst:  ‘nis  which  are 
hyperbolic  but  not  strictly  hyperbolic.  Tn  the  polymer  prob¬ 
lem,  the  wave  suceds  cross,  and  coincide  along  a  curve  (the 
transition  curve)  in  state  space.  When  the  solution  to  a 
Riemann  problem  crosses  such  a  transition  curve,  an  extra 
family  of  eiciiKui  bat  y  waves  may  be  required.  Thus  with  a  sint> 
gle  crossing  and  a  2x2  system,  three  ele.mentary  wave  families 
may  be  required.  In  the  nonconvex  case,  each  family  may  con¬ 
sist  of  rarefaction  waves  with  imbedded  contact  discontin-  * 
uities  and  one  sided  shocks  at  the  outer  edges,  as  in  the  case 
of  a  nonconvex  scalar  equation. 

Solutions  in  the  large  for  arbitrary  data,  d  =  1 . 

For  unrestricted  (bounded  variation)  data,  solutions  in 
the  large  are  known  for  single  equations  and  for  two  special 
2x2  systems:  isothermal  gas  dynamics  (Nishida,  1968]  and 
polymer  oil  recovery  (Temple,  1981].  For  data  with  small  os¬ 
cillation,  but  otherwise  unrestricted,  there  is  a  satisfactory 
general  theory  beginning  with  the  papers  (Glimm,  1965]  and 
[Glimm  and  Lax,  1970].  Uniqueness  (DiPerna.,  1979],  regular¬ 
ity  [DiPerna,  1975]  and  large  time  asymptotics  (Liu,  1981] 
are  under  control,  although  some  aspects  of  the  uniqueness 
question  remain  open.  The  use  of  an  equidistributed  sequence 
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as  a  sampling  intvthod  in  this  construction  was  justified  by 
[Liu,  1977];  the  proof  involves  tracing  of  wave  packets 
through  the  approximate  solution  and  should  be  useful  for 
other  purposes,  for  example  the  problem  of  continuity  in  the 
initial  data  {which  is  open) . 

Interaction  of  waves  in  higher  dimensions. 

The  general  computational  program  outlined  in  the  intro¬ 
duction  is  to  incorporate  analytic  information  concerning  wave 
structure  and  wave  propagation  into  the  computational  algo¬ 
rithm  where  possible.  To  do  this,  positions  of  certain 
"tracked"  waves  are  stored  and  dynamically  upda'ted  at  each 
time  step.  The  stored  wave  position  defines  locally  a  curvi¬ 
linear  coordinate  system.  In  this  coordinate  system,  the 
wave  motion  is  essentially  one  dimensional  and  governed  by  a 
Riemann  problem.  Moreover,  continuum  waves  contained  in  the 
smooth  part  of  the  solution  can  be  resolved  in  this  local  co¬ 
ordinate  system  irco  normal  and  tangential  components.  The 
normal  components  interact  v;ith  the  tracked  wave  via  a  Rie¬ 
mann  problem,  while  the  tangential  components  move  independ¬ 
ently  of  the  tracked  wave. 

The  interaction  of  tracked  waves,  however,  is  intrinsic¬ 
ally  higher  dimensional.  If  the  interacting  waves  are  not 
parallel,  but  meet  obi  ic.;uely,  then  the  resulting  w.jve  con¬ 
figuration  is  not  solved  by  a  one  dimensional  Riemann  problem. 
In  fact,  the  interaction  of  obliquely  intersecting  waves  in 
higher  dimensions  i_s  the  higher  dimensional  analog  of  the 
Riemann  problem.  It  has  been  studied  only  in  some  special 
cases  [Courant  and  Friedrichs,  1949). 

In  summaiy,  we  see  that  the  theory  of  the  Riemann  prob¬ 
lem  in  one  and  higher  dimensions  needs  considerable  develop¬ 
ment.  The  theory  ol:  goieral  solutions  in  one  space  dimension 
is  satisfactory  but  not  complete. 

Ill  Computation . 

Here  we  describe  the  front  tracking  [Gl imm,  Eli  Isaacson, 
Marchesin  and  McBryan,  1981)  and  mesh  alignment  [McBryan, 

1980)  algorithms  down  to  some  intermediate  level  of  detail. 
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The  genoTcti  sc:'t.?nl)i:c  porspoc^t  i '.'e  oj’.  wi;  l<;:h  vliey  a  cc?  based 
was  explained  in  the;  introduction.  n’e  consider  a  r.p'.'ci  f ic 
problem:  an  oil  reservoir  '.ndergoing  water  flood,  modelled 

by  Darcy's  law  and  the  Buckley-Levorett  equation.  The  basic 
equations  derive  from  conservation  of  mass  of  water  and  of 
oil.  The  equations  can  he  added,  and  assuming  incompress¬ 
ibility,  the  sum  of  the  two  conservations  has  no  time  deriv¬ 
ative.  This  resulting  equation  is  elliptic;  it  determines 
the  pressure  and  fluid  velocities  (Darcy's  law)  from  source 
terms,  the  relative  oil/water  saturations  and  viscosities  and 
rock  properties  (absolute  and  relative  permeabilities  and 
porosity) ,  It  is 

v(x,y,t)  -  -k(s)  Vp  (3,1) 

'?•  V  ==  source  terms  .  (3,2) 

Here  s  =  s{x,y,t)  r.  [0,1]  is  the  relative  saturation  of  water 
in  the-  porous  media  and  k  =  k(.s)  (or  -  k(s,x,y))  is  an  experi¬ 
mentally  or  plx'noir.c'noloqically  notermineii  function,  Tlie  sat¬ 
uration,  or  Bucklcy-Leverett  equation  is  a  scalai  hyperbolic 
conservation  law 

+  ^’(vf  (s)  )  =  source  terms  .  (3.3) 

Because  (3.3)  contains  the  velocity  v,  the  elliptic  and  hyper¬ 
bolic  equations  are  coupled  and  the  system  is  nonlinear  even 
when  f  is  linear.  For  more  information  on  (3.1)  -  (3.3),  see 
[Scheidegger ,  1974]  and  iPeaceman,  1977], 

In  order  to  be  able  to  discuss  the  calculation,  we  pre¬ 
sent  a  flow  chart  for  the  highest  level  routines  and  the  over¬ 
all  control  flow,  see  Figure  3.1. 

There  are  up  to  four  distinct  grids  in  this  calculation. 
We  identify  each  grid  and  explain  its  role.  The  most  basic 
grid  is  the  fixed  hyperbolic  grid.  This  is  a  two  dimensional 
grid,  and  may  be  rectangular  or  curvilinear.  It  does  not 
change  with  time,  or  only  changes  rarely.  Thus  if  there  is  a 
fixed  time  independent  flow  which  is  known  in  advance  to  ap- 
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P'rximate  t.hie  trjne  d(^pondf?nt  flow  which  is  being  sought  as  a 
-)lution  to  the  equations 


Exit  - - 
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Analyze  and  print  "j 
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Figure  3.1  Flow  Chart 

(3.1) -(3. 3),  its  stream  and  potential  function  can  be  used  to 
construct  a  curvilinear  grid.  Otherwise  a  rectangular  grid 
is  used.  The  hyperbolic  state  variables  are  stored  on  this 
grid.  Because  the  grid  is  fixed,  the  interpolation  which  re¬ 
sults  from  reme.shing  is  kept  to  a  minimum,  but  not  totally 
el iminated . 

The  track  waves  are  described  by  a  one  dinfinsional  time 
dependent  and  dynamically  propagated  grid.  This  grid  is  call¬ 
ed  the  hyperbolic  interface. 
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Fiqure  3,2  Fl ow  Chart  for  solution  of  elliptic  equation 

Let  A  (e.g.  10,l]xl0,l])  be  the  region  in  which  the  equations 

are  to  be  solved,  and  let  F  be  the  locus  of  the  interface, 
thought  of  as  a  collection  of  curve  segments.  Then  ,^\Fis  not 
connected,  but  is  a  union  of  distinct  connected  components. 

For  each  hyperbolic  mesh  square,  we  also  store  topological 
information:  which  connected  components  of  A\F  meet  the  mesh  ' 

square.  If  the  number  of  components  n  =  ncomp  is  greater  than 
one,  then  the  basic  hyperbolic  state  variables  are  multiple 
valued  in  this  mesh  square,  and  a  distinct  state  is  stored 
for  each  component  meeting  the  mesh  square. 

In  addition,  the  elliptic  equation  solver,  especially  the 
mesh  alignment  algorithm  has  its  own  two  dimensional  mesh 
where  the  pressure  and  velocity  values  are  computed  and  in 
general  it  will  have  a  slightly  different  one  dimensional  grid 
for  representation  of  the  interface. 
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Figure  3.3.  Flow  Chart  for  solution  of  the  hyperbolic  equa¬ 
tion  . 


A  careful  choice  of  the  elliptic  grid  is  the  central  vir»- 
tua  of  the  elliptic  mesh  alignment  algorithm  [McBryan,  1979]. 
First  a  nonuniform,  but  rectangular  grid  is  chosen.  The  non- 
uniform  spacing  of  grid  lines  is  a  simple  one  dimensional 
mesh  refinement  strategy.  It  permits  a  concentration  of  grid 
lines  in  regions  of  greatest  interest,  but  because  of  its  one 
dimensional  character,  is  typically  somewhat  inefficient. 

See  Figure  3.4. 


Figure  3.4.  One  dimensional  mesh  refinement. 
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Next  this  recta’^nular  grid  is  distorted  to  a  quadralateral 
grid  near  the  front,  bu  sliding  nodes  along  grid  lines  until 
they  intersect  the  front.  Finally,  the  quadralateral  grid  is 
triangulated,  being  careful  to  pick  the  diagonal  which  fol¬ 
lows  the  front  if  the  front  joins  diagonally  opposite  nodes  of 
a  quadralateral. 

Once  discretized,  the  resulting  algebraic  system  of  equa¬ 
tions  is  solved  by  a  standard  direct  or  iterative  solver. 

The  method  of  mesh  alignment  appears  to  be  sjperior  to 
other  methods  of  solving  elliptic  equations  with  strongly  dis¬ 
continuous  coefficients  across  an  irregular  and  distorted  in¬ 
terface,  especially  where  the  derivate  of  the  solution  must  be 
evaluated  accurately  along  the  discontinuity. 

The  propagation  of  the  front  uses  an  ordinary  differen¬ 
tial  equation  defined  by  the  characteristic  speed.  The  latter 
comes  from  a  solution  of  the  Riemann  problem,  using  the  states 
on  the  two  sides  of  the  front.  (Recall  that  the  hyperbolic 
states  are  multiple  valued  within  a  srngle  mesh  square,  and 
have  in  particular  distinct  values  ahead  and  behind  the  front.) 

The  computation  of  topology  is  necessary  to  determine  the 
multiple  valuedness  of  the  updated  hyperbolic  states  at  the 
end  of  the  time  step.  These  calculations  are  kept  at  or  near 
0  (n)  where  n  is  the  nvimber  of  front  points,  and  thus  they  do 
not  contribute  significantly  to  the  overall  computational 
time . 

The  interaction  of  continuum  waves  with  the  front  is  med¬ 
iated  by  the  same  Riemann  problem  which  determined  the  char¬ 
acteristic  velocity  of  front.  In  fact  this  Riemann  problem 
will  in  general  contain  n  waves.  The  n-1  waves  other  than 
the  one  being  tracked  are  continuum  waves  which  have  been  re¬ 
flected  off  of  the  front  or  transmitted  through  it. 

It  is  necessary  to  remesh  the  front  from  time  to  time,  , 
because  interface  points  accumulate  at  some  parts  of  the  front 
and  separate  at  other  parts.  The  remeshing  algorithms  involve 
some  degree  of  convex  interpolation  and  thus  both  stabilize 
the  front  and  degrade  oscillations  in  it.  Here  we  also  check 
for  changes  of  front  topology  (tangles) .  Eventually  any  new 
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topology  (front  crossings,  tracked  wave  interactions  and  bi¬ 
furcations)  should  be  assimilated  and  propagated  dynamically 
by  the  calculation,  but  these  algorithms  are  not  yet  imple¬ 
mented. 

The  propagated  of  continuum  waves  uses  values  defined 
within  a  single  connected  component  of  A\F .  Thus  this  is  a  ~ 
totally  smooth,  or  untracked  problem.  State  values  from  dis¬ 
tinct  sides  of  the  tracked  interface  do  not  interact  here. 

The  operator  split  version  {Chorin,  1976]  of  the  uniform  sam¬ 
pling  method  [Glimm,  1965]  is  used,  but  presumably  a  second 
order  finite  difference  would  also  work  and  give  superior  re¬ 
sults. 

The  organization  is  modular,  and  it  is  being  revised  to 
increase  its  modularity.  Thus  the  problem  dependent  routines, 
such  as  the  Riemann  problem  solver  and  isolated  in  a  separate 
file,  and  can  be  easily  changed,  to  change  the  code  from  one 
problem  to  another.  Also  portions  of  the  code  which  have  in¬ 
dependent  usefulness  can  be  easily  extracted  and  used'  out  of 
context.  Examples  are  the  elliptic  equation  solver,  the  Rie¬ 
mann  problem  solver  and  the  topology  -  interface  package. 

IV  Applications 

The  ultimate  scope  of  front  tracking  methods  should  be 
3-d  time  dependent  hydrodynamics  calculations  for  problems 
with  significant  discontinuities  and  for  which  a  priori  know¬ 
ledge  of  elementary  wave  interactions  (e.g.  the  Riemann  prob¬ 
lem)  is  known.  One  proposed  application  is  the  Stephan  prob¬ 
lem.  Although  the  temperature  is  continuous  across  the  phase 
transition  interface,  the  temperature  gradients  and  tangential 
components  of  heat  flux  are  in  general  discontinuous.  Common 
experience  (with  melting  ice,  and  with  snowflakes)  suggests 
that  phase  transition  interfaces  may  be  either  stable  or  un¬ 
stable.  Another  application  is  gas  dynamics.  The  primary 
testing  of  the  code  has  been  in  the  context  of  petroleum  res¬ 
ervoir  simulation,  and  so  we  discuss  this  application  in  more 
detail . 
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One  dimension^  _calc:i1  av  ion^. 

In  one  diii'ension,  the  uniform  sampling  r^ethod  [G]  iinin, 

196  53  gives  excel  lent  results  because  the.  correct  structure 
of  elenentary  waves  and  their  interactions  is  built  into  the 
method.  Tracking  improves  accuracy  [Glimm,  Mnrehesin  and 
McBryau,  1980a].  Orly  for  cxtrenioly  stiff  problems,  such  as 
flame  propat  ion,  is  the  extra  accuracy  likely  to  be  worth  the 
effort.  The  uniform  sampling  method  has  been  tested  succ'SE- 
fully  or.  a  number  of  an-nl  ications.  Its  use  in  petroleum  prob¬ 
lems  began  wj th  (Concus  and  Proskurwoski ,  1979].  Here  it  re¬ 
solved  fronts  (vater  banks,  i.e.  shock  waves)  shrjrply  without 
numerical  diffusion  or  numerical  irisLabi  1  ity .  A  2x2  system 
modelling  polymer  injection  (and  a  pr<)totype  for  general  sur¬ 
factant  recovery  methods)  was  develcr>ed  by  (Isaacson,  1981] 
using  the  uniform  sampling  method.  The  mathematical  interest 
in  this  mcidel  ar.iscs  from  the  loss  of  strict  hyperbol  i  ci  ty . 

In  the  region  of  coinciding  wave  speed,  comiparison  rra'icula- 
tions  by  finite  difference  methods  were  unable  to  resolve  the 
true  wave  interactions,  even  on  a  very  fine  mesh.  The  engin¬ 
eering  interest  in  ccTtrolling  numerical  diffusion  lies  in  the 
case  of  surfactant  recovery.  The  surfactant  is  expensive,  and 
used  only  in  thin  layers.  Its  effect  is  nonlinear  in  the  con¬ 
centration,  and  is  ineffective  at  low  concentration.  Thus 
too  much  or  too  little  diffusion  would  give  incorrect  recovery 
results.  The  uniform  sampling  method  was  also  applied  to  the 
flow  in  gas  pipelines  [Marchesin  and  Paes-Leme,  1981].  Here 
the  e.g.  by  the  opening  or  closing  of  valves.  The  uniform 
sampling  method  appears  to  be  better  than  finite  differences 
on  this  problem. 

Two  dimensions  with  operator  splitting. 

The  extension  of  the  uniform  sampling  method  to  two  dimen¬ 
sions  by  operator  splitting  is  not  recomm.ended  in  general. 
Negative  results  are  due  to  [Collela,  1979  and  Crandell  and 
Majda,  1980].  In  case  the  discontinuous  waves  are  approxi¬ 
mately  parallel  to  the  coordinate  axis  (and  in  some  other 
special  cases)  satisfactory  results  can  be  obtained.  In 
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[Glimm,  Marchesin  and  McBryan,  1980b-1981]  multiple  fingers 
were  resolved  in  a  Taylor-Saf finan  interface  fingering  in¬ 
stability,  for  a  parameter  range  in  which  the  instability  was 
not  too  strong. 

Two  dimensions  with  tracking  of  discontinuities. 

To  overcome  the  serious  limitations  of  x-y  operator  split¬ 
ting,  a  front  tracking  code  has  been  developed,  as  discussed 
in  section  III.  It  does  not  restrict  the  orientation  or  the 
topology  of  the  front,  and  has  been  tested  for  mobility  ratios 
up  to  100,  thus  overcoming  the  principle  restrictions  of  the 
operator  splitting  method.  It  also  overcomes  the  main  limit¬ 
ations  of  finite  differences:  numerical  diffusion  and  grid 
orientation  effects. 

A  statistical  study  of  fingers. 

Fingering  of  an  interface  is  caused  by  a  mismatch  of  the 
mobilities  between  two  fluids.  If  the  behind,  or  upstream 
fluid  flows  more  easily,  then  an  interface  separating  the  two 
fluids  and  normal  to  the  flow  is  unstable  against  formation 
of  fingers.  The  instability  is  initialed  by  heterogeneity 
(which  is  certainly  present  in  rock  formations) .  The  correct 
formulation  and  analysis  of  this  problem  is  statistical.  A 
preliminary  study  of  the  statistics  [Glimm,  Marchesin  and 
McBryan,  1980b-1981]  indicates  that  the  rate  of  growth  of  fin¬ 
gers  is  independent  of  the  heterogeneity  and  at  least  for 
parameter  range  which  is  typical  of  water  flood  problems,  that 
areal  heterogeneity  does  not  affect  recovery  at  breakthrough. 
(Channeling  due  to  vertical  variation  of  layers  was  not  in¬ 
cluded  in  this  study.)  In  general,  the  focus  of  a  study  of 
statistics  of  fingering  should  be  to  find  relevant  functionals 
of  the  solution  which  are  either  independent  of  the  statis¬ 
tics  in  a  simple  and  predicable  fashion. 


Determinis tic  finger s . 

Choice  of  irregular  Cauchy  data  is  a  determinist ic  method 
for  computation  of  fingers.  A  number  of  calcuations  of  this 
type  were  performed  as  part  of  the  validation  of  the  front 
tracking  code,  see  iGlimm,  Isaacson,  Marchesin,  McBryan,  1981]. 
Deterministic  fingers  were  able  to  fit  experimental  data  in 
tests  up  to  mobility  5,  but  judging  from  preliminary  results, 
agreement  can  probably  be  maintained  for  much  larger  mobility 
ratios. 

Coarse  g r i d  c a Icul  ti . 

Most  tests  were  performed  30x30  grid.  Sample  calcula - 
tions  on  finer  grids  were  also  performed.  For  problems  which 
are  not  too  singular  (and  typical  of  a  waterflood  recovery 
process) ,  reasonable  results  can  be  obtained  from  grids  in 
the  range  5x5  to  15x15.  The  ability  to  use  coarse  grids  is 
essential  for  ultimate  application  to  large  scale  problems. 

Validation. 

It  is  known  that  finite  difference  methods  have  severe 
mesh  orientation  problems  on  problems  of  the  nature  considered 
here.  This  means  that  a  rotation  of  the  grid  by  45°,  for 
example  causes  considerable  difference  in  the  computed  solu¬ 
tion.  The  reason,  apparently,  is  that  some  orientations  di¬ 
minish  the  physical  instability,  while  others  may  be  neutral  * 
in  effect  or  may  enhance  it.  Tracking  is  intrinsically  less 
grid  dependent  than  the  method  of  finite  differences.  Only 
small  grid  orientation  effects  were  observed  in  the  tracking 
calculations  even  for  fairly  singular  parameters,  and  com¬ 
parison  was  made  to  a  grid  which  we  believe  to  be  neutral  in 
its  effect  on  the  physical  instability.  Tests  were  also  per¬ 
formed  for  convergence  under  mesh  refinement  and  for  agreement 
with  experimental  data.  Further  tests  on  finer  grids  are 
planned. 
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ABSTRACT 


The  purpose  of  the  present  paper  is  to  study  the  overtaking 
of  shock  waves  of  the  same  family  in  a  two-dimensional  steady  flow 
with  poly tropic  gas. 

It  is  proved  that  besides  a  transmitted  shock  and  a  contact 
discontinuity  resulting  from  the  overtaking  of  shocks  of  the  same 
family,  there  is  a  reflected  wave  which  is  either  a  rarefaction  wave 
or  a  shock.  The  criteria  that  determine  whether  the  reflected  wave 
is  a  shock  or  not  is  given  in  Theorems  1-3  in  §3.  The  configuration 
of  four  shocks  through  one  point  is  then  presented  when  the  reflected 
wave  is  a  shock. 
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1 .  INTRODUCTION 


There  have  been  Intense  Interests  In  the  calculation  of  shock  waves  in 
the  multi-dimensional  gas  flows.  For  the  calculation  of  a  single  shock  front, 
the  Rankine-Hugoniot  condition  provides  enough  information  to  follow  the  shock 
front.  However  in  an  actual  flow,  more  complicated  wave  patterns  are  involved. 
This  is  the  case,  for  Instance,  when  Mach  stems  appear  in  the  flow  around  a 
body. 

To  calculate  such  a  flow,  it  is  helpful  to  understand  analytically 
wave  patterns  involving  interactions  of  shock  fronts.  It  is  particularly 
helpful  when  one  uses  the  shock  tracking  technique  to  supplement  an  upwind 
difference  scheme.  Of  course,  the  understanding  of  wave  patterns  is  important 
in  study  of  the  qualitative  behavior  of  the  shock  waves. 

The  purpose  of  the  present  paper  is  to  study  the  overtaking  of  shock 
waves  of  the  same  family  in  a  two-dimensional  steady  flow. 

The  steady  plane  flow  (without  viscosity)  is  described  by  the  following 
system: 


r 


(Pu)  +  (Pv)  -  0 
X  y 


(Pu  +  p)^  +  (Puv)y 


(Puv)  +  (pv  +  p) 

X  y 

r  2^2 

|^Pu(h.  +  ) 


-  0 

=  0 


+ 


Pv(h  + 


(1.1) 


0 
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where  P  -  density,  p  -  pressure,  (u,v)  -  velocity,  h  -  enthalpy.  This 
Is  In  Eulerlan  coordinate  for  the  flow  wlthour  viscosity  and  external 
forces.  The  changes  of  state  are  adiabatic. 

In  this  paper  we  consider  polytropic  gas,  therefore 


h 


=  12_ 

(Y-l)P, 


Y  >  1  Is  adiabatic  exponent.  The  flow  is  called  supersonic  If 

2  2  2  2  Yd 

u  +  V  >  c  ,  c  Is  sonic  velocity,  ~  p  present  case.  It 

Is  well-known  that  the  system  la  hyperbolic  when  the  flow  Is  supersonic 

and  there  may  be  two  kinds  of  shocks  In  the  solution. 

It  Is  proved  that  besides  a  transmitted  shock  and  a  contact 
discontinuity  resulting  from  the  overtaking  of  shocks  of  tlie  same 
family,  there  is  a  reflected  wave  which  is  either  a  rarefaction  wave  or 
a  shock.  The  criteria  that  determine  whether  the  reflected  wave  is 
a  shock  or  not  Is  given  in  Theorems  1-3  In  §3.  The  configuration  of 
four  shocks  through  one  point  is  then  presented  when  the  reflected 
wave  Is  a  shock. 

Finally  we  discuss  the  Interaction  of  a  shock  wave  with  a 
contact  discontinuity  (§4).  Under  the  assumption  that  the  magnitude 
of  the  shock  Is  sufficiently  weak  the  reflected  wave  is  either  a 
shock  or  a  rarefaction  wave,  the  criteria  which  determine  what  the 
reflected  wave  should  be  is  given  In  theorem  A  in  §4. 

It  should  be  pointed  out  that  so  far  as  the  overtaking  of  shock 
waves  is  concerned  there  Is  an  essential  difference  between  steady 
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flow  In  two-dimensional  and  insteady  flow  in  one-dimensional.  For 
the  latter,  the  reflected  wave  is  always  a  simple  centered  wave  no 
matter  what  the  flow  is,  isentropic  ([2])  or  adiabatic  (when  Y  <_ ^  , 
[1,3]).  But  for  the  former,  the  reflected  wave  may  be  a  shock  even  if 


2.  PRELIMINARY  REMARKS 

A  self-similar  solution  of  (1.1),  (u,v,p,P)  (x,y)  ■  (u(5) ,  v(C), 
p(C) ,  P(5)),C  =  ^  ,  satisfies  the  following  system 

V  -  0  -  ^  0 

0  V  -  ^  0 

~iP  p  0  V  - 

2 

0  0  V  -  Cu  -c  (v-Cu) 

Let  the  determinant  of  the  matrix  of  (2.1)  be  zero,  it  turns  out 

(v-Xu)^  t(v-Xu)^-c^(X^+l)J  ■  0,  X  =  ^  ,  (2.2) 

which  is  called  the  characteristic  equation  of  (1.1). 

Corresponding  to  flow  characteristic  °  iT”  comes  from 

the  first  factor  of  (2.2)  there  is  two-dimensional  manifold  R^  in 
(u,v,p,P)  space,  namely 


p  =  constant 


—  =  constant 
u 


Corresponding  to  wave  characteristic 


7  /  2^  2  2 
uv  +  c  /  u  +v  -c 


which  results  from  the  second  factor  of  (2.2)  there  is  one-dimensional 
manifold  ,  1  =  1.2,  in  (u,v,p,P)  space  which  is  defined  by  the 


following ! 


dp  =  c  dP 
du  =  -^^dv 
dp  =  p(X^u-v)dv 


set  w  =  —  .  It  is  easy  to  show  that  the  projection  of  into  (p,w) 
plane  is  monotone 


dw  _  ^ 


'2,2^  2  2, 
C  (u  +  V  -  c  J 

2  2„ 
u  c  P 


here  -  (or  +)  corresponds  to  Rj^  (or  R^)  respectively. 

A  centered  simple  rarefaction  wave  ^  (u,v,p,P)  is  determined 

by  (2.5)  and  the  requirement  that  the  p  value  in  wave  front  is  greater 
than  the  p  value  in  wave  back. 

It  is  well-known  that  any  discontinuity  in  the  solution  of  (1.1) 


has  to  be  satisfied  wltli  the  following  Rakine-Hugonlot  condition 


1 
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Y+1  Y-1  P 

Here  b  =  - states 

on  the  two  sides  of  a  discontinuity. 

Let  the  determinant  of  the  matrix  of  (2.8)  be  zero,  it  turns  out 

that 

2 

V 

Corresponding  to  ^  u~  which  comes  from  the  first  factor  of 
(2.9),  there  Is  contact  discontinuity  ,  namely, 
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which  results  from  the  second  factor  of  (2.9)  There  is  one-dimensional 
manifoldi  i  =  1.2,  in  (u,v,p,p)  space  defined  by 


•  P  -  Pq  =  ^  (P-P,) 

U  -  Ug  =  -Oj(V-Vg)  (2.12) 


For  any  given  ’  (2.12)  determines  a  curve  which  passes 

through  the  given  point  and  is  denoted  by  S^(0)  corresponding  to 

Oj,  i  =  1.2. 

A  shock  wave  with  slope  is  determined  by  (2.12)  and  the 
requirement  that  the  p  value  on  wave  front  is  less  than  the  p  value 
on  wave  back. 

Without  loss  of  generality,  we  take  Vg  =  0.  It  can  be  shown 
(see  Appendix  for  details)  that  the  projection  of  Sj^(O)  into  (p,w) 
plane  (still  denote  it  by  5^(0),  Figure  2.1)  has  the  following 
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It  Is  not  difficult  to  prove  that  there  exists  a  unique  value  t  =  t 

in  ^  t  <  t  , 

2  * 

Mg  -  T(t)  =0  at  t  ■  t 

and  Mg^  -  T(t)  >  0  for  li  t  <  t 

* 

Therefore,  only  those  points  of  S^(0)  which  correspond  to  1  £  t  <  t 
will  be  used  in  the  following  sections  since  we  are  concerned  with  super¬ 
sonic  flows. 

3.  THE  OVERTAKING  OF  SHOCK  WAVES 

We  only  consider  the  overtaking  of  two  shocks  ^2^^^  ^2^^^ 

of  the  second  kind  in  this  section.  (The  overtaking  of  two  shocks  of  the 
first  kind  is  treated  in  an  analogous  way  ).  Denote  the  wave  front  state 

and  wave  back  state  of  the  first  shock  82^^^  by 

state,  and  the  (1)  state,  respectively.  Without  loss  of  generality,  we 
take  “  0*  “0  ^  ®  (Figure  3.1).  Denote  the  wave  back  state  of  the 
(2) 

overtaken  shock  by  (u2V2P2p2)>  the  (2)  state,  and  Q  the  point 

of  intersection  of  and 

t-. 
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Obviously, 


2^2  1.1,1  2,2. 

^  ^0  *  ‘’l  ^  +Vi  ) 


V  V 

—  >  -i  >0  , 

^2  ’"l 


The  aim  Is  to  construct  a  solution  which  consists  oE  a  centered 
simple  rarefaction  wave  and  shock  waves  centered  at  Q  and  separated 
by  constant  states.  We  also  want  to  give  criteria  to  determine  the 
configuration  of  the  solution. 

Consider  the  curves  in  (p,w)  plane.  We  know  that  (1)  state 
is  on  the  shock  polar  curve  $2(0)  and  (2)  state  is  on  the  shock 
polar  curve  S^El).  If  (2)  state  is  inside  of  $2(0),  (Figure  3.2), 

then  there  exist  two  st.ites  satisfying 

V,,  V 

and  p  =  75 
u,  xr,^  3  3 


such  that  (3)  state  is  on  the  curve  R2(2)  and  (7)  state  is  on 
the  curve  82(0)  respectively. 


R^(2) 


Figure  3.2 


In  this  case,  (see  §2),  we  can  construct  the  solution  which  consists  of 
a  shock  $2  with  wave  front  state  wave  back  state 

Cu2V2^2p3)  •  ®  centered  simple  rarefaction  wave  with  wave  front  state 

and  wave  back  state  ^‘*3''3P3^^3^ »  ^  contact  discontinuity 

T  (Figure  3.3). 


If  (2)  state  is  outside  of  the  curve  5^(0)  (Figure  3.4)  then 

3  3  _ 

there  exist  two  states  3  and  3  satisfying  — -  =  and  p,  =  p 

U3  U3  ‘3  ^^3 

such  that  (3)  state  is  on  tfie  curve  S^(2)  and  (3)  state  is  on  the 
curve  $2(0).  (The  states  3  and  3  always  exist  when  jp^  -  Pj^j 
is  small).  When  this  happens  the  solution  consists  of  a  shock  with 

(UqVqPoPq)  3nd  ^“3^3P3P3^  wave  front  and  wave  back  state, 

shock  with  ^“2'^2^2^2^  ^^3'^3*’3^3^  wave  front  and  wave 

back  state,  contact  discontinuity  T  (Figure  3.5). 
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Figure  3.4 


Figure  3.5 


So,  whether  the  reflected  wave  Is  a  shock  or  centered  simple  wave 
Is  reduced  to  whether  (2)  state  Is  outside  or  Inside  of  the  curve  82(0). 

It  is  well-known  that  the  curve  82(1)  and  R2(l)  are  tangent 
at  point  (1)  up  to  the  second  order.  Therefore,  it  suffices  to  consider 
the  relative  position  between  R2(l)  and  82(0)  instead  of  the  relative 
position  between  82(1)  and  ^2(0)  when  | P2  -  p^^l  Is  sufficiently  small. 


Let  H  be  the  slope  of  the  projection  of  82(0)  into  (p,w) 

plane,  and  A  the  slope  of  the  projection  of  R2(l)  into  (p,w)  plane. 
We  consider  the  sign  of  H-A  along  the  curve  82(0)  when  (1)  state 
satisfies  the  following  condition: 


—  '  t 


(3.1) 


Since  H  >  0  and  A  >  0  when 


1  <  t  <  t*. 


we  will  study  the 


1 


218 


2  2 

sign  of  H  -A  instead  of  H-A,  along  the  curve  S^CO). 

Direct  calculations  using  (2.6)  and  (2.13)  yields 


and  so  the  sign  of  H  -A  is  the  same  as  that  of  tlie  function 
2 

G(Mq  ,  t),  where 


b^[(3-Y)^t-(Y^-l)jMQ  -  2b[(3-Y)^t^-2(Y+l)(Y-2)t+(Y^-l))Mp 

+ ( (3-Y)^t^+(Y+l) (7-3Y)t^+(Y+l) (3y-1) t-(Y^-l) ] 

2 

2  • 

^0 

Now  we  discuss  the  sign  of  G(M^  ,t)  in  the  region  fl:  {1  i  i  t  , 

m2>  1). 

Case  I:  Y  £  y 

2  2 

Obviously,  (3-y)  t  -  (Y  -1)  >  0  for  t  >  1  in  this  case.  On  account 


2  2 

of  G  >  0  when  M.  -  T(t);  G  >  0  when  M.  -►  »;  - - 

0  u  7  9 

ml 


>  0  and 


min  G(Mq  ,t) 


(3-Y)  t  -(Y  -1) 


<  0  for  t  e  [1,  ■  — )  it  can  be  shown 
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Y+1  2 

that  for  any  given  t  £[1,  ^1^)  there  exist  (t)  ,  1  =  1.2,  such 

that  T(t)  <  (t)  <  (t)  <  «,  G(M^  (t)  ,  t)  =  0  and 

"l  ^2  ^1 

7  2 

G  >  0  when  T(t)  <  M‘  <  (t); 

G  <  0  when  (t)  <  <  Mq  (t); 

G  >  0  when  (t) . 

Furthermore, 


(t)  =  (3-Yrt  -  2(Y+l)(Y-2)t  +  (y^-l)  + 
^  b((3-Y)^t  -  (Y^-1)] 


(3.3) 


here  1=1  (or  2)  corresponds  to  that  one  with  minus  (or  plus)  in  front 
of  the  term  i^^-l)t  . 

2  2 

Proposition  3.1  .  ~  ^0  ^  monotone  function  of  t 

Y+1  2  2 

on  =  t^g  (t)  is  a  convex  function  of  t  which  attains 

2  '  >+1 
minimum  at  t  =  t  on  l^’^yCY 

m 

Proof .  From  (3.3),  i  =  1,  one  gets 


dM"  (t) 
dt 


M(t) 


-/? 


N(t) 


2  2  2  2 
b^lO-Y)  t  -  (Y  -1)]" 


(3. A) 


where 

M(t)  =  (V+1)[(3-Y)^t^-  2(3-Y)^Y-l)t  +  (y^-1)  (3y-7)  ]  (3.5) 

N(t)  -  3(Y-1) (3-Y)^t^  -  2(Y+l)(Y^-AY+5)t  -  (Y+1)^(Y-1) 


(3.6) 
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•  Let  M(t)  -  /  ^  N(t)  “  4)(t),  we  will  show  <t(t)  >  0. 

Noticing  that  $(1)  =  (Y+1)«(Y)  +  3(Y),  6(Y)  >  0  and 

a(Y)  =  16(Y-Y*) (Y-Y),  where 

a(Y)  =  4(4Y^-15Y+13) 

3(Y)  =  4(4Y^-11Y  +  9) 

s  *  s 

2<y  <2  2<Y<3, 

4  3 

It  Is  easy  to  see  that  ^^(l)  >  0  for  1  <Y  <  ^  and  4>(1)  >  0  If  and  only 

If  r(Y)  >  0  for  T  <  Y  i  4  f  where 
4  J 

r(Y)  =  72(Y-  |)^Y-  |). 

Thus  >  0  for  1  <  Y  £  2  • 

Similarly  we  know  that  'J*' (t)  >0  (t  >.  1)  <=»  it(x)  >  0(x  >.  1) 

(let  iTt^x)  where 

♦(x)  -  4(y+1)(3-Y^x^  -  9/^1  (Y-1)(3-Y)V  -  4  (y^-l)  (3-Y)  V  + 

2/pT(Y+l)(Y^-4Y+5)x^  -/ Y^-1(Y+1)^(Y-1) 
and  the  following  inequalities 

(Y+1)(3-Y)  >  4/ Y^-1  (Y+1) 

3-Y  >.  2(Y-1) 

8(Y^-4Y  +5)  >  5(Y^-1) 

2(Y+1)(Y^-4Y+1)  >  5(y-1)(3-Y)^  , 

and  80  ♦(x)  >  0  for  x  >.  1,  we  have  $'(t)  >  0  for  t  ^  1  which 
together  with  ^(1)  >  0  imply  ♦(t)  >  0  for  t  1.  Consequently, 


A 


j. 


J 


2  Y+1 

Mq  (t)  Is  a  monotone  function  of  t  on 

From  (3.3),  i  =  2,  one  gets 


JMq  (t) 


M(t)  +  N(t) 

b^((3-Y)^t  -  (Y^-1)]^ 


Let  M(t)  ° 


It  can  be  shown,  in  the  similar  way  as  the  above,  that 

^(1)  <  0 


Y+1  Y+1  2 

On  account  of  (2-Y)  >  0  ,  (3.9)  and 


i"(t)  =  2(Y+1)(3-Y)^  +  t  ^  £  (t)  >  0  (3.10) 

where  £(t)  -  9(y-l) (3-Y)^t^  +  2(Y+1)(Y^  -4Y+5)t  -  3(Y+1)^(Y-1) ,  (3.11) 

2  2 

it  turns  out  that  (t)  is  convex  function  of  t  and  there  exists 

~  >4-1  2  2 

a  value  t  •  t  on  [1,  ^;^  )  such  that  (t)  takes  minimum 

2 

Mq  at  t  >•  t.  This  completes  the  proof  of  proposition  3.1. 
m 

By  using  the  proposition  3.1,  we  get  the  distribution  of  the  sign 


of  G(Mq  ,t  )  in  the  region  n  as  presented  in  Figure  3.6.  Here 


,2  _  2(3-Y)  -  2  /y^-1 


5  -  3Y 


(3.12) 


,2  _  2(3-Y)  +  2/>‘^-l 


5  -  3Y 


(3.13) 


where  M-  (t)  has  the  same  expression  as  (3.3)  for  i  =  1. 


For  any  given  t  with 


t  <  t  <  ^  . 


it  is  similar  to  the  case  I 


that  there  exist  (t),  i  =  1.2  (  to  have  the  same  expression  (3,3)) 

such  that 

G  >  0  when  T(t)  <  (t)  ; 

G  <  0  when  (t)  <  mJ  <  (t)  ; 

G  >  0  when  (t)  . 

Furthermore,  we  have  the  following  proposition. 

2  2 

Proposition  3.2  .  ~  ^0  ^  monotone  function  of  t  on 

Yfi  2  2  =  Y+1 

[1,  '  ^*0  convex  function  defined  on  (t,  with 

=  2  - 
t  =  t  as  its  asymptote  and  takes  minimum  M  at  t  =  t. 


Proof .  Let  M(t)  - 


N(t)  =  ‘I’(t),  it  is  easy  to  check  that 


2  2  = 

Mq  =  Mq  (t)  is  smooth  at  t  =  t  with  positive  derivative.  Thus, 
in  order  to  prove  the  first  part  of  the  proposition  it  suffices  to  prove 
that  ^’(t)  i  0  on  (1,  wliich  is  a  consequence  of  tlie  following 


identities : 


$(t)  =  0  and  4)'(t)  =  0  at  t  =  t 


4>"(t)  =  4-j^(t)  +  t  ^  >  0 


where 


'l’^(t)  =  2(Y+1)(3-Y)^  -  ~  (Y-1)(3-Y)' 
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Case  III.  Y  >  2 

Obviously,  (3-Y)^t  -  (Y^-1)  <  0  for  1  ^  t  <  in  this  case. 

In  the  similar  way  as  t  <  t  case  in  II  ,  it  can  be  shown  that  for  any 
Y+1  2 

given  t  £  there  exists  unique  (t)  (the  same  expression  of 

2  ^ 

(3.3)  for  i  =  1)  such  that  G(M^  (t),t)  =  0  and 

^1 

G  >  0  when  T(t)  <  (t) ; 

2  2 

G  <  0  when  (t). 

Furthermore,  we  have 


In  view  of  tl\ese  propositions,  it  ends  up  tliat  in  addition  to  a 
transmitted  shock  and  a  contact  discontinuity,  the  result  of  overtaking 
of  shock  waves  involves  a  reflected  wave  whicli  is  either  a  shock  or  a 
rarefaction  wave,  i'iie  cr  iteria  to  judge  tlie  conf  iguration  are  given  in 
following  theorems. 

5  (2) 

Theorcui  J.l  Wl^en  1  <  1  <.  ^  and  the  overtaken  shock  is 


sufficiently  weak,  there  exist  constants  ,  i  =  1.2,  which  are  given 

2  2  2  ~ 
in  (3.12)  ,  (3 . 13)  and  wlilcli  is  determined  (t)  (see 

m  2 


Proposition  3.1)  such  that 
2  2  2 

If  1  <  Mq  <  Mq  (Mg  is  the  Macli  number  of  the  (0)  state),  the 
reflected  wave  is  the  first  kind  of  centered  simple  wave  (Figure  3.9). 


2  2  2 

Mg  <  Mg  <  Mg  ,  wlictlicr  tlie  ret  lected  wave  is  a  sliock  or  not 
1  m 
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the  reflected  wave  Is  the  first  kind  of  centered  simple  wave  when 


2  2' 
^  '  ^0 


2 '  1 

the  reflected  wave  is  the  first  kind  of  shock  when  t..  <  —  <  t.. 

-  "o  •’o  "o 


the  reflected  wave  is  tlie  first  kind  of  centered  simple  wave  wlien 


2  2 

determined  bv  (t)  respectively,  such  that 

i 

the  reflected  wave  is  the  first  kind  of  centered  simple  wave  when 


2  11 

the  reflected  wave  is  the  first  kind  of  shock  when  t,,  <  tt-  <  t.. 
- - - — - - - M, 


the  reflected  wave  is  the  first  kind  of  centered  simple  wave  when 


1  ^  *^1  * 

t„  — -it  (see  Figure  3.12). 

”0  PQ 


1 


Figure  3.12 

Theorem  3.2. 

When  T  <  Y  2 

and  the  overtaken 

shock 

is_ 

sufficiently 

weak  there  exist 

2 

constants  M.  and 

^0 

-  i. 

(defined 

as  in 

Theorem  3.1) 

with  the  followin 

0l 

c  properties: 

m 

If  M~  <  M”  ,  the  reflected  wave  is  the  first  kind  of  centered  simple 
1  |P 

wave  (Figure  3.13). 


Figure  J.13 


2  2  2  ] 

If  Mq  <  Mq  <  ,  there  exists  a  unique  tj^  such  that  the  reflected 

Ira  0 


1  ,  .1 


wave  is  the  first  kind  of  shock  wlien  ^  £  p  *'M  ’ 


..Q 

wave  is  the  first  kind  of  centered  simple  wave  when 


Figure  3.14 


Figure  3.13 


I  1  * 

D~  (Figure  3.14). 

0  0 

22  2  2'  1 
If_  M.,  >  M„  ,  there  exlst_threc  values  t..  <  t..  <  t.;  determined 

u  u  f.)  ft  - 

ra  0  0  0 

In  the  same  way  as  iheorem  3.1  such  that  (Figure  3.15) 

^'l  2 

the  reflected  wave  is  the  first  kind  of  shock  wiien  1  <  — <  t,,  ; 

-  ■  -  - - — - - - - - - —  P  M 

^0  0 


the  reflected  wave  is  the  first  kind  of  centered  simple  wave  when 


2  ^ .  2’  . 

'  P  ’ 

0  0  0 


he  reflected  wave  is  the  first  kind  of  shock  when 


2  ^  1 

‘'m  Si  ’ 

0  0  "o 


the  reflected  wave  Is  the  first  kind  of  centered  simple  wave  when 


1  '^l  * 

<  TT  ^  t  . 

”o  ^0 
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(2) 

Theorem  3.3.  When  y  ^  2  and  the  overtaken  shock  Is  sufficiently 

2 

weak,  there  exists  a  constant  M.  (see  (3.12))  such  that 

If  Mq  <  Mq  ,  the  reflected  wave  Is  the  first  kind  of  shock  (Figure  3.16); 

2  2  1 

If  M-  >  M-  ,  there  exists  unique  value  t„  such  that 
0  0- 


the  reflected  wave  is  the  first  kind  of  shock  when 


the  reflected  wave  is  the  first  kind  of  centered  simple  wave  when 
1  ^1  * 

t^  <  —  j<  t  (see  Figure  3.17)  ■ 


Figure  3.17 


4 .  Tlie  interaction  of  shock  and  contact  discontinuity 

It  can  be  shovm  easily  that  the  projection  of  82(0)  into  (p,w) 


plane  is  expressed  by 
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(Figure  4,2)  which  imply  the  following  theorem. 


Theorem  4,1  Assume  that  a  contact  discontinuity  T  interacts  with 


a  shock  S ^  •  Let  the  wave  front  state  and  wave  back  slate  of  the 


shock  S,  be  (1)  state  and  (2)  state  respectively.  The  states  on  the 


two  sides  of  the  contact  discontinuity  T  are  denoted  by  (0)  state  and 
(1)  state  respectively  (Figure  4.3). 


Figure  4.3 


Suppose  the  magnitude  of  S,  is  sufficiently  weak,  then  it  is  certain 


enetrate  with  each 


other  and  a  reflected  wave  comes  out  wlilch  is  a  centered  simple  wave 


wlica.  Mq  <  £  2  _or  >  2  (FiKure  4.4)  and  is  a  shock  S 

2  2  2  1 

wlien  ^  2  or  >  Mj  >  2  (Fit;ure  4.5).  Wlien  2  is  between 


Figure  4.4 


Figure  U.j 
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and  ,  no  matter  what  the  case  Is:  or  ,  the 

reflected  wave  may  be  either  a  centered  simple  wave  R  or  a  shock  S 


APrtNDlX 


The  proof  o£  (2.1J) . 

Regarding  p  as  the  function  of  p  in  (2.7)  and  tl  i f f orcnt  iat Ing 
to  p,  it  follows  that 


d y  _  du  _  1 

2p(v-0u) "  [on] 


I  ."J I 

[puv] 

[pi  Dll'll  u(v-an)-o 


V  -  ou 

+  v(v-Ou) 
(Ip 

(Ip 

dp 


-(v-ou) 

-2v(v-jn) 

-2n(v-ou) 


-2p(v-uu) [pnj 


[Piij 

[puv]  -  v[pu] 


V  -  rju 

dp 

dp 


[p+pu^]  -  u[pu] 


(5.1) 


Due  to  [p+pu^j  -  u[pvi]  -  0  vheit  ~  0,  it  can  he  shown  t.liat 


A  =  [pu]  (u+av)^j-|^-  -  {[puv]  -  v[puj }{ (v-au)u  +0'jp} 


where  A  is  the  determinant  in  (5.1). 


On  account  of  [puv]  -  v[pu]  =  ‘‘qPqV  = 
c"  c^  2 

(By  usinc  :  •  =-  ,  ♦  =  ,  r  ) >  it  turns  out 

dp  b  b  b 


CyCp-Pp)  b(p-p^ 


a  dp 


dv  du 

U  -  V 


dp  dp  -2p(v 


I  h (p  Pq)  Cq 


(5.2) 


For  simplicity,  we  restrict  our  attention  to  o  =  02*  In  view  of  the 


following: 


Bv  using 


again,  we  liavo 


dw 

dr 


1  2 

p 


Ibis  proves  (2.13'). 
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I.  HOriOGEIIIZATIOIT,  GSirEH.lLIZDD  STHUC7DRES,  AIID  0rTIMI2.iTI0IT. 

In  many  different  ^eaa  of  structural  design  engineering,  one  wishes 
to  consider  isoperimetric  problems  of  the  follotring  type:  how  should  one 
choose  the  shape  of  a  structure  so  as  to  minimize  its  cost  subject  to 
constraints  on  its  strength? 

Questions  of  this  type  have  been  studied  at  great  length  by  both 
mathematicians  and  structural  engineers,  in  a  wide  variety  of  contexts. 
Prom  a  practical  point  of  view  truly  optimal  structures  are  often  unwise 
designs,  being  highly  unstable  and  potentially  very  weak  with  respect  to 
loads  other  than  those  for  which  they  were  designed.  Nonetheless,  it  is 
of  obvious  value  to  know  how  the  optimal  structuure  looks  and  what  it 
costa,  in  order  to  approach  its  performance  with  more  practical  designs 
if  possible. 

To  fix  ideas  we  begin  by  describinir  a  typical  problem  in  this  class. 
Consider  a  homogeneous,  linearly  elastic  material  characterized  by  a 
stress-strain  law 

3 

^  ®  ^  ^ij  *  ^ijkl  ^kl 

where  is  the  linearized  strain  of  a 

displacement  u.  Consider  a  smoothly  bounded  region  flc  with 
decomposed  as  Cq  ^1  *  **  take  to  be  clamped  and  I  to  be  loaded 
by  a  fixed  force  f»  Given  0<V<Vol(r2),  we  define  the 

class  of  "admissible  structures” 


=■  ^ScQ;  '^3  is  LipscLitcian,  Vol(s)  =  7,  and  c  ^  S  j  . 


Each  such  structure  3  responds  to  the  load  f  hy  a  defornation  Ug, 
determined  by  solving  the  elliptic  system 


(*  ) 


^  I  0  on  "^3  /-"in 


Ug  “  °  'o  ’ 


where  n  denotes  the  unit  normal  vector  to  ^3  and  S'  depends  on 


u<,  by  (  1  ) . 


I'fe  identify  the  comrliance  of  the  structure  —  the  work  done  by 


the  load  f  —  as 


;(u<,,f)  -  J  U5*f 


A  typical  geometry  optimization  problem,  then,  is 


Minimi 


ize  c(u2,f) 


»  Sc  J  (V) 


In  words:  one  wants  to  remove  a  given  volume  from  fL  such  that  what  is  left 
has  the  minimum  possible  compliance  under  the  load  f. 

This  example  represents  perhaps  the  simplest  fully  three  dimensional 
ease  of  geometry  optimization.  Many,  many  variations  occur  in  situations 
of  practical  interest.  We  have  taken  as  "cost"  the  volume  of  materiali 
this  is  rather  typical  —  particularly  in  problems  of  aerospace  design, 


where  weight  is  at  a  t.reaiaa».  One  might,  however,  have  several  different 
materials  at  one's  disposal,  each  with  a  different  cost  per  unit  volume 
and  with  different  material  properties,  Uhile  the  compliance  is  a 
mathematically  convenient  notion  of  strength,  one  might  wish  to  control 
the  pointwise , supremum  of  the  stresses  instead;  for  ductile  materials  the 
limit  multiplier  of  the  load  is  an  appropriate  parameter;  or  one  could  try 
to  use  nonlinear  elasticity  and  modern  theories  of  fracture.  In  buckling 
or  vibration  problems  the  quantity  of  interest  is  often  the  lowest 
eigenvalue  of  an  associated  elliptic  equation.  Instead  of  considering  a 
single,  fired  load,  one  might  want  to  optimize  the  strKCture's  performance 
under  several  loads  at  once,  or  under  a  random  distribution  of  loads.  And 
in  addition  to  fully  three  dimensional  structures,  such  problems  arise 
naturally  for  axially  symmetric  rods  in  torsion,  flat  plates  in  plane 
strain,  variable-thickness  plates  in  bending,  curved  shells,  etc. 

It's  easy  to  get  carried  away  formulating  problems,  however,  and 
quite  another  thing  to  solve  them.  Not  sxorpri singly,  almost  all  progress 
has  been  restricted  to  the  linearized  models  of  behavior:  linear  elasticity 
and  linearly  elaatic-perfectly  plastic  materials.  The  literature  in  the* 
areas  is  vast,  and  a  comprehensive  review  of  it  is  far  beyond  the  scope  of 
this  paper  —  the  interested  reader  may  refer  to  £  /  J  and  £-1]  for  review 
articles  and  further  references.  What  we  propose  to  do  here  is  to 
summarize  —  in  a  highly  selective  and  idiosyncratic  fashion  —  some  of  the 
major  ideas  in  the  field, 

A  great  deal  of  attention  has  been  directed  toward  sensitivity  analysis 
and  the  development  of  gradient  flow  technique s,£ y,  jT^J  This  work  views  our 


optinization  problena  as  special  cases  of  the  optinal  control  theory 
of  distributed  parameter  systems,  in  which  the  control  variable  is  the 
domain  on  which  a  given  partial  differential  ecuation  is  to  be  solved. 

These  methods  apply  primarily  to  problems  where  one  is  solving  an  elliptic 
equation  (elasticity,  but  not  plastic  limit  analysis),  and  where  the 
strength  is  an  integral  functional  of  the  solution  (compliance,  not 
maximum  stress). 

The  most  elementary  product  of  this  approach  is  a  necessary  condition 
for  optimality,  obtained  by  taking  the  "first  variation"  of  the  optimal 
domain.  ?or  example,  if  a  smoothly  bounded  set  in  ortimal  for  problem  (  „  ), 

then  its  asoociated  displacement  u^^  must  satisfy  [  ] 


IIZ(uq)  II 

for  some  constant  c^O, 
per  unit  volume 


2  c 

^  c  ^0 

^  m  o  on  ^  Sq 

where  we  denote  by//S(u)// 


2 


the  associated  energy 


iitM/i  ‘  .  £;  £j^(u)  c^(u)  . 

In  fact,  for  compliance  problems  (and  for  plastic  limit  multiplier 
problems)  one  can  give  a  sufficient  condition  for  optimality  that  is 
closely  related  to  (^^  ),  An  entirely  elementary  argument  —  using  only  the 
fact  that  (C)  is  equivalent  to  a  certain  variational  problem  —  shows  th^.t 
if,  for  some  S  ^  J(V)  and  0  >  0  the  deformation  Ug  extends  to  an  element  of 
H^(n  I E^)  satisfying 
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||C(ug)l/  ^  c  a.e.  on  S 

//^(ug)//  c  a.e,  on  H-S 


then  S  is  optimal  for  (5  ).^  while  the  computation  leading  to  (4f)  is  very 
general,  the  sufficiency  of  (^)  rests  upon  the  special  relationship  between 
the  compliance  of  S  and  the  variational  form  of  (.C)» 

Given  a  structure  3  that  is  not  optimal,  the  same  computation  that 
yields  gives  the  gradient  of  the  compliance  in  the  space  of  local 

deformations  of  S.  This  leads  to  the  formulation  of  gradient  flow 
algorithms  for  finding  structures  that  are  at  least  local  optima.  Although 
the  computations  are  usually  too  onerous  to  be  practical,  some  use  has 
been  made  of  this  method  I  SI  ]  In  addition,  a  •’fired  point  method” 
for  satisfying  the  optimality  conditions  (JT)  directly  has  been  used  for 
aedel  problems  of  compliance  with  good  preliminary  results  Z"!  None 
of  these  algorithms  haa  been  shown  to  converge,  however^  indeed,  it  has 
been  unclear  vhbther  to  expect  a  smoothly  bounded  optimal  set  S  to  exist 
at  all  for  a  problem  such  as  ($)l 

In  a  variety  of  special  problems,  optimal  structures  have  been  shown 
to  exist,  and  in  some  cases  they  can  even  be  given  explicitly.  For 
certain  two-dimensional  problems,  complex  variable  methods  can  be  applied 
other  problems  —  principally  the  case  of  plastic  rods  in 
torsion  —  specific  formulas  for  the  "strength"  allow  one  to  identify  the 
optimal  structinre. And  in  yet  other  cases,  symmetrization  has 
been  used  [  />  ].  It  must  be  said,  however,  that  many  of  these  methods  have 
a  somevbat  ^  hoc  flavor;  they  represent,  one  senses,  something  less  than 


a  general  picture  of  uhat  optiaal  geometries  can  look  like. 

In  factf  there  have  been  indications  that  in  many  cases  optimal 
structures  will  exist  only  in  a  generalized  sense.  In  other  problems  of 
distributed  parameter  control  such  a  phenomenon  was  noticed  by  M\;2rat  au. 

In  torsion  problems  this  phenomenon  was  noticed  by  Lurie  and  JQosowic*  Ciy]. 

In  fact  it  is  well-known  folklore  within  the  structural  design  optimizatia  n 
community  that  as  one  tries  to  optimize  a  three  dimensional  structure  — 
for  example,  in  our  problem  (J  )  —  the  structure  may  develop  many  small 
holes  in  such  a  manner  as  to  mimic  the  behavior  of  an  optiaal  "truss— like 
continuum";  numerical  experimentation  aloni?  these  lines  may  be  found,  for 
example,  in 

That  optimal  shapes  might  fail  to  exist  should  be  no  stirprise  to 
a  mathematician  familiar  with  recent  work  concerning  "homogenization  of 
domains" t  1  .  There  one  finds  that  if  a  sequence  is  defined  by 

perforating  a  domain  H.  with  holes  of  a  fixed  geometry  but  rescaled  to  a 
lattice  of  size  l/n  ,  then  the  corre spondinm  displacements  u^^  converge 
in  a  suitable  weak  sense  to  the  solution  of  a  new  equation,  now  defined 
on  all  of  Q.  ,  of  the  same  type  as  (^L)  but  with  a  stress-strain  law  that 
depends  upon  the  local  geometry  of  the  holes  —  and  which  is,  in  this  case, 
explicitlir  computable.  In  short;  new,  "effective  materials"  may  be 
produced  from  the  original  one  by  allowing  geometric  microstructures  to  develop. 
One  says  that  the  "effective  materials",  or  the  equations  characterizing 
them,  are  obtained  by  homogenization  (also  knoTO  as  -convergence )  from 


the  original  equations 


to  be  sure,  nothing  in  our  original  problem  'thrt  renuires 


There  is, 

the  locnl  geometry  of  the  micro structure  to  be  periodic.  To  say  something 
nathema tice.lly  rigorous  about  the  general  situation,  however,  one  must  modify 
the  problem  slightly.  Given  a  set  let  us  not  leave  11.'' S  empty, 

but  fill  it  instead  with  a  second  (perhaps  very  weak)  homogeneous  linearly 
elastic  material,  whose  stress-strain  law  is 

^ij  "  ^ijkl 

^  1-1 

The  displacements  must  now  satisfy  the  equilibrium  equations 


on  S 

on  S, 

The  definition  of  the  compliance  c(u2,f)  remains  unchanged,  as  does  the 
form  of  the  optimization  problem: 

y)  Minimize  [c(u3,f)  ;  S  c-  »/ (V)  ,  and  Ug  solves  (  -.  )  j  . 

Because  the  system  {(f)  is  elliptic  on  all  of  fL  *  we  can  invoke  a 
compactness  theorem  due  essentially  to  Spagnolo  to  conclude  the 

eristence  of  effective  materials  in  general.  Given  any  sequence  , 


<3”  •  n  ■  f 


Ug  -  0 


0  on  Q.  (i-1,2, 
on  /  , 


on  r , 


where 


IL  ^ijkl 


K  .X,*-* 


there  is  a  subseouence  with  the  following  property;  for 

each  tC  the  solutions  of  ( -,  )  converge  weakly  in  ha-  solution 

u  of  ef’uations  of  the  same  type  as  (^^  ),  with  a  new  stress-strain  law 


C«) 


ij 


^  ^  ijkl^*^  ^kl 


corresponding  in  general  to  an  inhonogeneous,  anisotropic,  linearly  elastic 
"effective  material".  The  new  stress-strain  law  (  )  depends  only  on  the 

subsequence  load  f.  !'.oreover,  the  compliances 

converge ; 

c(u„  ,  f)  — ^  c(u,  f) 

^n(j) 


for  each  f. 

Thus  the  existence  of  solutions  to  (  7 )  becomes  a  triviality  if  one 
allows  as  generalized  solutions  the  effective  materials  that  arise 
by  homogenization  in  the  manner  just  described.  ?rom  this  point  of  view, 
the  interesting  problems  are  these; 


1)  ’./hat  are  the  effective  equations  that  can  be  produced  using 

)  seta  in  ^  (V)? 

2)  What  do  the  optimal  "generalized  solutions"  look  like? 

Question  (  '?  —  1)  has  considerable  interest  over  and  above  its 

relevance  to  optimization  problems  .  Given  an  answer  to  it,  one  should 

be  able  to  handle (^9- :i)  successfully  by  means  of  first-order  optimality 

conditions  and  gradient-flow  methods. 

Unfortunately,  answering  (9-  l)  seems  to  be  a  difficult  task.  Sone 

2 

limited  progress  has  been  made;  for  Laplace's  equation  in  B  ,  Tartar 


bao  characterised  the  limiting  equations  obtainable  by  homogenizing  ta’o 

isotroric  constant  coefficient  ones  without  regard  to  volume  fraction 
<'  ■» 

used  [.  . .  In  -.Tiore  general  situations,  or  when  trying  to  take  volume 

fractions  into  account,  one  can  say  much  less  —  in  general,  only  rather 
crude  bounds  are  available  [[l',  -t  loj ,  Settling  this  question  remairt 
an  important,  open  problem  in  the  theory  of  homogenization. 

ha’»e  so  for  touched  only  briefly  upon  the  engineering  literature. 

As  ir.;ii>:ated  e  'u  '.,  :er,  Jhe  idea  that  some  sort  of  "generalized  ctr’jcture" 

•■ill  be  1  viii-ed  to  describe  optimal  solutions  is  by  no  means  neu  to  the 
enrir.r ;  ing  ozimunity.  father  than  belabor  the  question  of  what  generalized 
.  .-■-.'tirer:  .ar.  be  made  from  given  materials,  however,  most  of  their  •■ork 
passe.-,  -i.reci.y  to  consideration  of  the  generalized  structures  themselves.. 

In  ma.a^v  te-,t  to  this  amounts  simply  to  enlar.ging  the  class  of  materials 
one  is  .  linr  to  ••<o:k  ..'ith,  so  that  a  continuous  ran.^e  of  material.*?  is 
aval!  'lie,  e.ach  -i-.  ta  .i  ■.reaaoi.gned  cost?  in  other  cases  one  allows  ctr-.icture 
of  .an  en’.irely  r.e’o  class.  The  cases  that  have  received  the  most  attention 
are  "truss-like  continua"  (for  three-dimensional  problems  and  two-dimensicna 
pl.ane  strain),  "grill -age-like  continua"  (for  planar  structures  supporting 
bending  loads),  and  variable— thickness  plates.  In  most  cases 

the  relevant  optimisation  problems  are  formulated  in  finite-dimensional 
versions,  vi th  the  continuous  version  obtained  by  a  formal  passage  to  the 
limit.  In  many  cases  involving  the  compliance  of  an  elastic  structure  or 
the  limit  multiplier  of  a  perfectly  plastic  one,  one  can  use  the  theory  of 
cenver  duality  tc  great  advantage. 

Perhaps  we  c.-in  give  some  flavor  of  this  approach  by  describing  the 


analo^;;ue  of  rrobler.  (!,’  ) 


CS— ] 


,^e  CO 


:i  structure  is  described  bj*  ^  finite  i.nily  of  vector  fields,  soy 

*7  i  i 

;  here  detercii 

12.. 

*na»^V>a^a  I  t  ♦  ^  -i  •*% 


^  ^ 
u  f 


1  the  direction  of  the 

I'th  T 

aniily 

ength  per  unit  length. 

■’cich 

ve 

.gth.  7e  acEume  that 

l^i  ' 

oz.n 

be  arbitrP-rlly  lir^je,  that  joining  members  of  the  "truss"  con  be  done  rit 
no  cost,  and  that  one  can  ignore  the  possible  cucl-ilinf;  of  truss  r.er.bers. 

7or  such  a  structure,  the  analogue  of  the  eritiilitri’Jin  eruations 
(',)  is  nost  easily  expressed  in  voriational  fom: 


(W) 


min 

u=0  on 


?  !£<  t(u),  z 

.  ar-‘ 


^  ^  dx 


Jf-U 


The  design  optimisation  problem  is 


( %%) 

Minimise  |  ^f.u 

r  •  0  1 

:  u  solves  (  f)  with  J  dx  ^  C  y 

r 

fL  j-' 

•le  have  not  identified  appropriate  spaces  for  either  TT^or  u;  indeed, 
it  is  not  clear  v/hat  choices  one  should  aahe,  and  the  above  formulas 
should  be  considered  formal  only. 


One  can  characterize  solutions  to  (/  )  —  once  again,  on  a  purely 

formal  level  —  by  means  of  convex  duality.  One  is  led  to  conclude 
that  in  an  optimal  structure  1T«3,  and  that  the  solution  u  of  (  l)  has 
eigenvectors  'Z^/iz^l  with  eigenvalues  _^c  ,  for  some  constant  c,  whenever 

0. 

Many  interesting  mathematical  questions  remain  open  here,  A  correct 
mathematical  treatment  of  truss-like  continua  has  yet  to  be  given,  as 
does  a  proof  of  the  existence  of  optimal  structures  in  this  class.  It 
would  be  useful  to  have  a  regularity  theory  and  methods  for  computing 
optima  as  well.  There  are  other  applications  of  convex  duality  or  the 
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Tulm-Tuc’cer  conditions  (in  engineering  optimization  there  are  usually 
called  the  Frager-Sbield  conditions)  that  have  yet  to  be  carried  out  correctly 
in  inf inite-dimensional  contexts;  this  is  particularly  interesting  for 
plasticity  problens,  vhere  the  spaces  one  must  work  in  are  mther 
unfamiliar 

Finally,  we  emphasize  that  whatever  class  of  objects  one  takes  as 
admissible  structures,  one  must  still  consider  the  possibility  that  unexpe'^ted, 
generalized  structures  can  be  produced  by  a  limiting  process,  Fecent  vork 
by  Cheny  and  Olhoff  [3®  j  has  found  this  to  -^ccur,  for  example,  in  a  previously 
unexpected  manner  in  the  optimal  design  of  variable— thickness  elastic  plates. 


II.  CFIH.L'J;  CBOiS  STlTICnS  FOR  RODS  HI  .CTIPLUTE  SKDAR 

In  this  section  we  summarize  some  recent  work  concerning  the 
optimal  geometry  of  the  cross  section  of  a  rod  loaded  in  antiplane 
shear.  The  details  of  this  work  will  appear  soon  elsewhere  [^ /]:  otir  goal 
here  in  to  describe  the  methods  used,  which  seem  rather  general  and 
potentially  applicable  far  beyond  the  context  of  the  model  problem 
discu'-  sed  here. 

'.'fl  consider  rods  of  infinite  length  and  constant  cross  section, 

1  ad"d  by  a  boundary  shear  force  directed  along  the  length  of  the  rod, 
unif-raly  along  that  length.  As  the  strength  criterion  we  take  the  plastic 


limit  multiplier  of  the  load,  though  we  will  comment  on  the  corresponding 


compliance  problem  at  the  end  of  the  section. 

The  geometry  optimication  problem  iz  once  again  cast  in  terms  of 
removal  of  material:  how  should  a  fired  amount  of  area  be  removed  from 
the  interior  of  a  rod  cross  section  so  as  to  weaken  the  str'j'.-ture  as 
little  as  possible?  The  key  to  our  approach  is  that  we  neither  attempt 
to  characterize  all  homogenized,  generalized  structures  that  might  occur, 
nor  do  we  merely  assume  the  properties  of  some  specific  generalize-!  structure. 
Rather,  we  characterize  those  microstructures  that  arise  in  optimal 
configurations;  in  other  words,  we  derive  the  correct  class  of  generalized 
structures.  Cne  can  then  apply  infinite-dimensional  convex  ar.calysis  in 
a  manner  parallel  to  that  used  in  the  en^neering  literature,  to  characterize 
the  optimal  structxires. 

3o  let  UcE?  represent  the  rod's  section  before  vol'jme  removal,  and 
assume  T  ■  "cU  is  piecewise  smooth.  The  load  f;  I”'— >ZE  should  be  bounded 
and  measurable,  and  since  (for  simplicity  only)  none  of  T  is  clamped  one 
has  a  consistency  condition  ^  f  *  0.  The  geometry  of  the  model  problem 
is  represented  in  figure  1, 

Consider  the  class  of  admissible  cross  sections  Zi.  «  defined  by 
'll  m  ^  U'C  U  I  U*  Is  Lipschitzian,  and  C ^  . 

We  define,  for  U'e  , 

r  U*  withstands  load  f  iff  There  exists  L  (U';  such  that 

div  '^'■OontJ'j  5'*n-fon/; 


■7'*  n  -  0  on  p  ;  and  /  rl  ^  1  a.e 


This  definition  corresponds  to  the  codel  of  plastic  liait  analysis, 

•/ith  "yield  condition"  /xi^l.  The  vector  (T  represents  the  shear 

stresses  in  the  rod  (all  other  stresses  are  zero).  In  vrords,  U' 

•./ithstands  the  load  f  if  there  is  some  stress  which  equilibrates  the  load 

f  and  which  nowhere  exceeds  the  yield  condition.  Of  coirrse,  since  5"  is 
oo 

merely  an  L  vector  field  the  condition  divS'-O  must  be  understood  weakly; 
also,  we  are  using  the  fact  that  y-  n  has  an  L  trace  on  JU*.  Finally, 
we  remark  that  the  unlcnown  ooundary  is  always  unloaded  and 

undamped. 

Let  us  touch  base  with  the  more  familiar  terminology  of  plasticity 
theoiy.  The  limit  multiplier  \(U',f)  is  defined  as 

X(n’,f)  a  sup  -j  t  ;  U’  viithstands  load  tf  [, 

The  duality  theory  of  plastic  limit  analysis  provides  a  useful  tod  for 
determ: ning  v/hether  or  not  U'  withstands  load  f  Ql^j! 

C'Z)  \(a',f)-  inf{Iy,|du(  :  uc-  n^(U»;  n)  ,  I  u.f  -  1  , 

One  can  further  interpret  ('Z)  terns  of  a  very  geometric  isoperimetric  - 
type  problem  in  the  plane,  which  allows  one  to  solve  for  ^'y(U',f)  in 
many  cases. 

L'e  come  to  an  elementary,  but  crucial,  observation;  one  extends 

the  vector  field  (T'  in  (u)  to  the  "hole"  U'-'U'  by  assigning  it  the  valvie 
rerr,  this  extension  remains  divergence-free.  Thus 

withctandc  load  f  iff  There  exists  iT'c  L  (U:  such  that 

div  o'  =  0  on  O';  Tt  n  •  f  on  Z”’  ; 

'T' =  0  a.e,  on  U'^  U' ;  and  in  ^  1 


... .  1 


a.e. 


ur 


j  or  tne  or  :ur  t::coi\7,  it  ir  o  :ive:ricnt 

.'oo-etr;'  o^tinic-xio’:  ^roblrr.  nlijhtly,  fijcir.j  not  tno 
to  be  removed  but  instead  the  strength  of  the  result, 
problem  is:  .^iven  0<t  <  X(U,f)  ,  find 


to  recast  tae 
a.tount  of  area 
In  this  fora,  the 


(-•-;)  =  inf[ATea(U')tUU2/,  A(U',f)3t| 

and  describe  an  ootiaizln.c  senuence  of  sets  U' . 

The  key  to  solving  this  rro'ciec  is  the  following  lensa. 

JO  O 

Lemma  1 ;  Let  !S' --  L  (U;  B")  with  div '>'=0  ejid  /rigl.  for  each  C  >  0  one 
can  construct  a  set  Cu  L{  and  a  vector  field  '>1  c-  L  (U;  B  )  such  that 

i)  .'■reaCUj.  )  f  t-'  -h  £ 

ii)  o'«0  onU'^U^ 

c.  c 

iii)  div  5f  .0  ,  and  3'' n  =  tr"'  n  on  lU. 

s'  ^  t 


The  proof  of  lemma  1  is  rather  technical,  but  the  idea  is  simple:  one 
replaces  a  re£7ion  where  by  a  foliation  of  slits  parallel  to  tr"  , 

leaving  behind  density  of  material;  choose  in  such  a  region  to  be 
parallel  to  the  slits  with  lorj  =1,  except  of  course  on  the  slits  where 
<S  -0.  There  is,  to  be  sure,  some  work  to  be  done  to  shovr  that  this 
can  be  done  even  if  X  is  in  no  way  smooth,  and  that  these  local  pictures 
can  be  pieced  together;  the  complete  argument  will  appear  in  [}ljm 
One  may  rewrite  (•'/}  heuristically  as 

-P^  -  inf  *  5'c  L*’(U;  lrj£  1,  divT'-O,  S',  n  -  tf  on 

where  /  "cnrescnts  the  characteristic  function  of  the  ret  where 

(?■/  0,  (This  is  only  heuristic,  because  the  set  where  S'  /O  may  or  may 
not  be  regular  enough  to  belong  to  the  admissible  class  K  .) 
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Using  Lenna  1,  one  readily  sees  that  in  fact 

(l^)  »  inf  {  :  crt  L"“(n;  E^),  Hi  1,  div  s' -0,  c'.  n  -  tf  on  T/. 

Thus  on  the  heuristic  level  the  role  of  lemma  1  is  to  identify  the  integrand 
Jijl  as  the  lowersemieontinuoua  hull  of  J 1  Given  T  solving 
one  can  construct  an  optimizing  sequence  of  shapes  by  the  construction 
implicit  in  lemma  1, 

The  integrand  Jh  is  convex  —  this,  it  seems,  is  a  fortxmate 
coincidence;  one  had  no  right  to  expect  it  to  be,  a  nriori.  However, 
since  it  is  convex  one  can  achieve  additional  insight  concerning  (fSl 
by  considering  simultaneously  i1^  convex  dual,  Moreover,  the  existence  of 
an  optimal  t'T'  solving  (<r)  i3  immediate  from  the  weak*  compactness  of  the 
•unit  bn.ll  in  L  .  Applying  duality  theory  leads  to  the  following  result 


Theorem  1; 

a)  The  infimvim  in  is  attained  by  an  L  vector  field. 

3)  The  optimal  area  7^.  is  also  the  value  achieved  by  the  dual  problem 

w 

(/^ )  .  sup  (l-l’^ul)^^  +  t  Ju-f  :  uc-H^(n) 

and  the  supremun  is  attained  if  we  allow  u  to  lie  in  the  larger 
space  3'7'(U). 

C)  If  5^£- L  (U;  B^)  and  u^c-BV(U)  are  solutions  of  (/f)  and  (/,' ) 
respectively,  they  satisfy  the  saddle-point  condition 


(l-ITu/) 


which  implies  in  particular 


3 


".e 


'.’here 


i) 


l<7uj  ,  >1 

t  20S 


ii)  '^/  I'T  (  =■  7u^ 

t  f  , 


:.e.  -.-nere 


0<  \‘rj<l 


iii)  0  a.e.  where  (vu^  I  ^  <  1 

t  t '  :ib3 


D)  If  -Tc- L^(U;  B"')  with  IJ-lil,  div  5"=  0,  r.  n»rf  on  P;  uC-3V(a)} 
and  if  (/7)  -olds  for  u  and  T  then  u  and  S'  -'re  extremal  for 
)  and  respectively. 


.'any  of  these  s'atements  must  co  ar.ier s :ood  in  a  rather  wealc  sense, 

since  we  have  asserted  very  little  renal-’arity  for  u  and  S',  2y 

(l-Kul  )  one  understands  (l-l<7u|  ,  )  dx  -  \'7u|  ,  where 

-  abs  -  sang 

t  Vu|  =•  lVu|  measure  i7u|  into 

its  absolutely  continuous  and  singul'-r  r.arts,  ajid  for  recal  nuabers  p, 
p__=»nin|p,o'^.  One  must  verify  that  when  divTsO  -nd  irldl,  the  integral 
i<^,Vu>  makes  sense  for  each  u<r2Y(U).  .'nd  implicit  in  (C),  (i-iii)  is 
the  fact  that  for  U(.-B'7(U),  the  unit  vector  7u/\vu|  is  well-defined 
1<7  u  I  -  almost  everywhere. 

i'e  expect  to  be  able  to  prove  further  reyol'rity  for  tl;e  extremals 
to  and  (■’.?):  it  'ppears  that  ia  locally  Lipschitzian,  and  that 

(T^  is  a  vector  field  away  from  the  set  ^  x:  ^^(i)-0  ^  —  which  itself 
has  piecewise  boundary.  As  of  this  writing,  however,  some  details 
remain  before  the  proof  of  these  assertions  can  be  considered  complete. 

Theorem  1  clarifies  greatly  —  at  least  in  the  model  of  antiplane 
shew  —  the  role  played  by  optimality  conditions  such  as  we  discussed 
in  section  I,  The  analc^ue  in  o\ir  model  problem  of  the  conditions  (/*) 
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is  this  :  if  U'eU,  u':U— >]H  achieves  inf 
and  for  some  c  >  0 


I7U|  :  Iu*f  =*  1  j  , 


<7u'| 

1^  c 

on  U* 

6  0 

on  U-oD* 

then  U*  has  minimal  area  for  its  limit  multiplier.  The  prospect  of  findinjf 
such  a  sot  U'  may  seem  hleak,  since  in  general  a  ninimizer  for  iiZ)  may 
well  have  j\imp  discontinuities.  However,  Theorem  1  shows  that  this 
criterion  comes  close  to  the  mark:  an  optimal  set  U*  may  not  exist,  in 
general,  hut  in  a  certain  sense  u'  does  nonetheless  ~  it  may  be  identified, 
uo  to  scaling,  with  the  function  u.  in  Theorem  1.  The  optimal  stress  (T 
is  the  closest  thing  to  an  optimal  geometry  th^  exists  in  general;  where 
0  one  has  a  hole;  where  (7^  =1  one  leaves  the  original  section 
unchanged,  and  where  0<I'5’/<1  one  obtains  "near-optimal”  structures  by 

V 

removing  slits  parallel  to  'Tl,  as  discussed  earlier. 

V 

The  saddle  point  conditions  ('T)  enable  one  to  construct  examples 
with  relative  ease.  An  instructive  case  is  that  of  a  "butterfly-shaped" 
section,  loaded  uniformly  along  the  "wing-tips"  only  (figure  2),  The 
optimal  stress  field  for  t»l  is  shown  in  figure  3»  ■'There  the  wings  join  -(aie 
body  the  integral  curves  of  fT  are  arcs  of  circles,  and  in  the 

darkened  regions  0|  and  elsewhere  the  integral  curves  of  T"  are  straight 

line  segments*  Figure  4  shows  the  corresponding  function  u, 

by  marking  some  of  its  level  curves.  Where  |fif-l,  and  the  level 

curves  are  straight  line  segments;  where  0'C/r(.<rl,  |9  u  |  ■  1  ;  in  this 
case  lVu(»l  where  We  remark  that  if  u  is  C  and  |9ul»  1  on  an 

open  set  then  quite  generally  the  integral  curves  of  '7u/(7u|  must  be 


straight  line  se'^nenta. 

Now  consider  what  happens  if  the  parnneter  t  tends  to  zero.  Thi«^ 

corresponds  physically  to  renovim?  essentially  all  the  material  from  the 

*  -1 

cross  section.  Foraally,  one  might  expect  -  t  to  converge  to 

a  solution  of 

/g'j  inf  ^  (U;  IR^)  ,  div"^ *0,  d"- n  -  f  ) 

* 

since  each  (T.  solves  the  correspondine  problem  with  the  added  constraint 
X 

*  —1  1 

I  cr  I  £  t  .  The  unit  ball  of  L  is  not  compact  under  weak  convergence, 

X 

however,  so  one  should  expect  extremals  for  (  ^ )  to  lie  in  a  larger  space. 

The  correct  place  to  look  is  the  space  of  one-dimensional  normal  currents, 
as  developed  in  {TV].  Roughly  apeaking,  these  are  vector  valued  measures 
that  can  be  approximated  by  vector  fields,  viewed  as  elements  of  the  dual 
space  to  the  one-dimensional  differential  forms,  ’.fe  have  proven  the  following. 

Theorem.  2:  Let  S'  and  u.  be  solutions  of  (  O  ^d  (  )  respectively,  and 

X  V 

t”^  O'  For  any  secuence  t  0, 
t  t  '  ■  n 

a)  ( '5"  I  has  a  subsequence  which  converges  weakly  to  a  normal 
^n 

current  which  is  extremal  for  (’^)> 

B)  fu.  ^  has  a  subseouence  which  converges  weakly  in  L^(U)  to 

‘  frvWkw^iWV  .a 

a  Lipschitzian  function  solving  the  dual  to 

/n 

sujp‘[fu’f  f  u:U~>JB  Lipschitzian  with  |vu|  il 

C)  the  extremal  values  of  (^Jt)  and  (/j)  are  the  same. 


Figure  5  shows  the  "integral  curves"  of  the  solution  to  (  ?)  for 
our  butterfly  example.  The  heavy  segments  at  the  top  and  bottom  of  the 


"tody"  carry  positive  mass  of  this  current. 
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The  aethods  sketched  herein  extend  readily  to  a  number  of  related 
problems.  Je  conclude  this  section  by  indicatin«  what  implications  the 
method  has  for  linearly  elastic  rods  under  antiplane  shear,  with  the 
"strength”  interpreted  in  terms  of  the  compliance. 

The  geometry  of  the  problem  remains  the  same  as  before,  though  now 
the  load  f  may  lie  in  The  vertical  displacement  solves  the 

equation 


/^u  =  0  onU',  ')  u»f 


on 


,  JimO  on  ? 

n 


equivalently,  u  achieves  the  extremum  in 

inf  [  '  utH^(D‘)  ]  . 

L  u  p 

Integrating  by  parts  in  (^7),  we  note  that 


[^,17111^  -ff.u  -  c(0',f)  . 

r 

As  in  the  case  of  plastic  limit  analysis  it  is  convenient  to  deal 
with  the  stresses  rather  than  the  displacements.  In  this  problem  the 
stress  ly  ■7u  solves  the  dual  to  (Z-j): 


inf[iI„/T(2  :  (Tt-  L^(U*;  E^),  divs'-O,  ^n-f  on  r  ,  rr.  n  -  0 
^  ^  on 

Thus  a  geometry  U'  has  compliance  at  moat  C  if  and  only  if  there  exists 
^c-  L^(U  ;  E^)  such  that  div6"»  0  on  U  ,  s'- n  ■  f  on  r  ,  o'  ■  0  on  TJ^U', 
and  ^  ~  Using  this  observation  and  the  method  of  Lemma  1  we 

have  proven  the  following. 


Theor  n_l- 


i) 


ii) 


For  each  C  >0,  the  following  quantities  are  equal  : 

inf[Area(U')  »  c(U',f)^] 

sup  inf  f  Tn-  P  ( <<H)dx  -  ot  C  I  div  iT'-  0,  <r.  n 

,  >■  u  » 


*• 


iii) 


where 


1  +  ('/2)  t" 

t  ?(2A  ) 

t,  (2A) 

sup  sup  ^,.(1- -^l^ui  ")  +  Juf  -  x:  C 

c<>0  uc-E^  ^  ^ 


Again,  details  and  exanplea  are  in  preparation  for  publication  elsewhere 
soon. 


Ill,  QIHECTIC:iS  FOR  TEZ  FUTZR2. 

It  should  be  apparent  that  there  is  a  great  deal  yet  to  be  understood 
in  the  area  of  geometry  optlt::  zati  on.  -Je  list  here  sorae  directions  that 
future  work  is  likely  to  tare. 

1)  Even  for  the  raodel  case  of  antiplane  shear  discussed  in  section  II  one 
can  not  yet  characterize  geometries  that  are  optical  for  their  perfonDanoc 
under  several  loads  at  once.  Ultiaately,  one  would  like  to  study  perfornance 
under  randon  loads  as  well. 

2)  There  should  be  an  analograe  of  Lerjoa  1  for  plane  stress  or  for  three 
dimensional  problems.  What  integrand  replaces  ^lo-l  ?  (We  believe  that 
for  these  problems  the  relevant  integrand  may  not  be  convex.) 

3)  Can  one  do  a  similar  analysis  for  eigenvalue  problems? 


4)  The  one-dimensional  cvirxents  discussed  in  the  context  of  theorem  2 
play  a  role  for  antiplane  shear  enalogous  to  that  of  truss-like  continua 
In  plane  stress  or  three  dimensional  elasticity.  It  should  he  possible  to 
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study  the  optimization  of  truss-like  continue  usim?  methods  from  geometric 
measure  theory.  Particularly  velcoae  would  be  algorithms  for  computing 
such  optima. 

5)  Many  biological  structures  have  well-defined  nicrootructures,  which 
one  expects  serve  to  optimize  their  performance  for  certain  tasks;  certain 
bone  and  muscle  tissues  are  striking  cases  of  this.  It  would  be  interesting 
to  "explain"  such  geometries  by  identifying  with  precision  functions  for 
■••nich  specific  structures  are  designed  optimally.  Qualitatively  this  is 

an  idea  long  familiar  to  biological  scientists;  but  in  rather  few  cases 
has  it  been  made  quantitative. 

6)  .Uiy  new  result  in  the  existence  or  characterization  of  optimal  str’ictures 
should  lead  to  nevj  methods  for  computing  them  and  to  convergence  results 
for  various  algorithms.  In  particular,  one  should  be  able  to  use  oiar 
Theorem  3  to  study  the  "fixed  point  method"  proposed  for  compliance- 

type  problems  in  , 

7)  Perhaps  even  the  general  question  of  characterizing  effective  materials 
nay  yield  to  similar  methods,  by  considering  sufficiently  complicated 
optimization  problems. 
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1.  Introduction 

Fluid  flow  in  pipelines  is  usually  modeled  by  the 
quasilinear  hyperbolic  system 

^t  °  ^  ' 

(1.1) 

+  (gVp)jj  +  P(P)x  =  -  flGlG/2DP  , 

where  P  is  mass  density,  G  is  momentum  density,  p  =  p(P) 
is  pressure,  f  =  f(lG|)  is  the  Moody  friction  factor, 
and  D  is  pipe  diameter.  We  shall  give  stability  and  error 
bounds  for  a  numerical  method  to  compute  global  weak  solu¬ 
tions  to  (1.1)  satisfying  given  initial  conditions 

(1.2)  P(x,0)  =  Pq(x)  ,  G(x,0)  =  Gq(x)  ,  xe  [0,1], 

and  given  boundary  conditions 

(1.3a)  P(0,t)  =  Pg(t)  ,  t  e  (0,~)  , 

(1.3b)  G(l,t)  =  0  . 

This  poses  the  classical  "waterhammer "  problem  since 
the  waterhammer  phenomenon  in  hydraulics  can  be  created  by 
a  sudden  valve  closure  downstream  (modeled  by  the  boundary 
condition  G(l,t)  =0)  or  by  a  rapid  change  in  the  pressure 
upstream  (modeled  by  a  discontinuity  in  P„) .  These  events 
create  pressure  waves  which  are  reflected  at  the  boundaries. 


i. 


-7  ■*) 

3> 


The  term  -f|G|G/2Dp  accounts  for  the  momentum  loss  due 
to  viscous  friction  between  the  fluid  and  the  pipe  wall. 
Since  the  flow  changes  from  laminar  to  turbulent  at  a  flow 
rate  near  G^  =  2000u/D  (where  u  is  the  dynamic  viscosity) , 
the  properties  of  f  also  change  at  G  =  G^.  In  the  laminar 
regi  r-.e 

(1.4)  f ( |g! )  =  64p/|GiD  ,  |g|  <  G^  , 

but  the  friction  factor  is  deterrriined  experimentally  for 
turbulent  flow  (|g|  >  G^)  and  depends  on  the  pipe  roughness 
(which  we  assume  to  be  constant  in  space  and  time)  as  well 
as  the  flow  rate.  In  particular,  it  can  be  observed 
from  experimental  data  that  there  exists  a  constant  >  0 
such  that 

(1.5)  lim  f(|G|)  =  f,  . 

|gI-«> 

Thus,  the  friction  term  f|GlG/2Dp  is  nearly  quadratic  in  G 
for  turbulent  flow.  Our  analysis  assumes  only  the  following 
properties  for  H(G)  =  f|G|G/2D; 


(1.6) 

H(0) 

=  0 

(1.7) 

(1.8) 

H  is 

locally  Lipschitz  continuous 

Property  (1.6)  states  that  there  should  be  no  friction  when 
there  is  no  flow.  Property  (1.7)  states  that  the  relative 
change  in  the  friction  (assuming  that  P  is  fixed)  is 
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greater  than  the  relative  change  In  the  flow  rate,  'fliis  is 
obviously  valid  in  the  leuninar  regime  (H(G)  =  64G/yD)  and 
in  the  completely  turbulent  regime  (H(G)'=  fglGlG).  Our 
study  of  the  Moody  diagram  [13,  p.  297]  has  led  us  to  assume 
its  validity  in  general.  Property  (1.8)  is  justified  for 
all  flow  rates,  G,  except  possibly  at  the  transition  flow 
rate  1g|  =  G^  (see  (7)  where  f  is  allowed  to  be  multi¬ 
valued  at  |g|  =  G^) . 

We  also  assume  that  the  sound  speed,  c  >  0,  is  constant; 

i.e. , 

(1.9)  p* (P)  =  c^  . 

This  is  valid  for  an  ideal  gas  which  is  maintained  at  a 
constant  temperature  by  heat  exchange  between  the  gas, 
the  pipe  wall,  and  the  surrounding  environment.  For  many 
physical  problems  property  (1.9)  is  also  a  good 
approximation  for  modeling  the  flow  of 
liquids . 

In  [7' ,  Luskin  has  shown  for  the  initial-value  problem 
(1.1) -(1.2)  that  a  unique,  global  smooth,  solution  exists 
if  the  initial  data  are  in  an  appropriate  invariant  region 
and  if  the  first  derivatives  of  the  initial  data  are  suffi¬ 
ciently  small.  However,  if  the  first  derivatives  of  the 
initial  data  are  too  large,  then  discontinuities  can  be 
shown  to  occur  even  when  the  data  is  smooth.  (This  can  be 
done  using  a  variemt  of  Lax's  ideas  for  the  frictionless 
case  [4]).  To  allow  for  more  general  data  here,  we  need  to 
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consider  weak  solutions  of  (1.1).  We  call  P,G  e  l  (fi) 
a  weak  solution  of  (1.1)  if 


(1.10) 


1/ 

II 


n 


dx  dt  =  0 

[G<|i^+  (G^/P  +  p(P))<l)^-  (f  |g|G/2Dp)4>]  dx  dt  =  0 


for  all  ij)  e  Cq{S^),  where  Q  =  (0,l)x(0,“). 

We  have  proven  the  following  existence  theorem  in  [8] 
by  using  the  properties  of  our  approximate  solution  that 
will  be  given  in  this  paper. 


Theorem  1.  Assume  that  properties  (1.6) -(1.9)  hold  and 

that 

(1.11)  Var  iln  P  +  Var  2.n  P,.  +  Var  <  in  «  0.96. 

xe(0,ll  0 

oo 

Then  there  exists  a  weak  solution  p,G  e  L  (fi)  to  (1.1). 

The  initial  values  are  satisfied  in  the  sense  that 

(1.12)  P(-,t),  G(-,t)  e  Lip([0,-),  L^(0,1)) 

and  1 

lim  P(’,t)  =  P-  ,  lim  G(-,t)  =  G„  in  L  (0,1) 
t+0  ^  t-^0 

The  boundary  values  are  satisfied  in  the  sense  that  for 
any  T  >  0, 

(1.13)  P(x,-),  G(x,-)  G  Lip([0,l),  L^(0,T)), 

lim  P(x,-)  =  P„  ,  lim  G(x,-)  =  0  in  L^(0,T)  . 
x-*-0  x-*-l 


(Here,  e.g.,  P  ( • ,  t)  e  Lip(  [0,<*>)  ,  L  (0,1))  means  that  there 
exists  a  constant,  C,  such  that 


lP(*.t  )  -  P(*,t  )  I  <  Clt,  -  t  1 

^  ^  L-^(0,1)  ^  ^ 


for  all  tj^,t2  ^  [0,“). 

Also,  without  loss  of  generality  we  assume  that 

Pq(0)  =  Pg(0)  and  that  Gq(1)  =  0  by  redefining  Pq(0)  and 

Gq(1)  if  necessary.  In  this  way  the  incompatibility  of 

initial  and  boundary  data  is  accounted  for  in  the  left  hand 

side  of  (1.11)  by  allowing  lim  ^ 

x-*-0  ^  “ 


1  im  G- (x)  /  0)  . 
x-^1  “ 

The  only  purpose  of  (1.11)  is  to  guarantee  a  priori 
that  the  flow  remains  subsonic,  i.e., 


(1.14) 


|v|  <  c  for  (x,t)  e  n  , 


where  v  =  G/P  is  the  velocity  of  the  flow.  This,  in  turn, 
guarantees  solvability  when  boundary  conditions  (1.3)  are 
imposed . 

In  general,  boundary  value  problems  for  (1.1)  in  which 
either  the  density  or  the  flow  rate  is  assigned  at  each 
boundary  can  be  solved  uniquely  only  when  the  character¬ 
istic  speeds  s^risfy  <  0,  ^2  ^  0*  problem  is 

posed  in  Eulerian  coordinates  where  the  characteristic  speeds 
are  Xj^(u)  =  v-c,  ^2  “  v  +  c  ;  so  (1.14)  is  required 

for  <  0,  X^  >  0.  Earlier  worlc  on  the  construction  of 
solutions  to  initial-boundary  value  problems  has  been  done 
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by  Nishida  and  Smoller  [12]  and  Liu  [5]  for  the 
"piston  problem",  but  a  priori  bounds  similar  to  (1.14) 
were  not  required  there.  This  is  because  the  piston  problem 
is  posed  in  Lagrangian  coordinates  where  the  boundaries  move 
with  the  fluid.  Thus  for  the  piston  problem,  =  -c, 

^2  =  c,  so  <  0,  ^2  ^  0  is  already  guaranteed  a  priori 

Note  also  that  boundary  condition  (1.3b)  is  a  "natural" 
boundary  condition  and  could  have  been  imposed  wea)cly  by 
requiring  that 

|j  +  G<}>^]  dx  dt  =  0 

n 

for  all  4i  e  Cq((0,1]  (0,“)).  However,  the  boundary 

condition  (1.3a)  is  not  a  natural  boundary  condition,  and 
it  was  necessary  for  us  to  give  new  results  on  the  regularity 
of  the  solution  at  the  boundary  in  [8]  in  order  to  ma)ce 
sense  of  boundary  condition  (1.3a).  This  problem,  as  well, 
did  not  arise  in  [5]  or  [12]  since  the  boundary  conditions 
for  the  piston  problem  are  "natural"  boundary  conditions 
and  can  be  imposed  weakly. 

Our  method  is  a  fractional  step  procedure.  In  the  first 
part  of  each  step  we  use  Glimm's  [1]  method  to  approximate  the 
solution  of  the  system  of  conservation  laws  for  frictionless 
flow.  The  second  part  of  each  step  accounts  for  the  effect 
of  friction  on  the  flow,  and  involves  solving  an  O.D.E. 
that  is  determined  by  the  zero  order  term.  Liu  [6]  and 
Ying  and  Wang  [15]  have  also  given  bounds  for  a  frictional 
step  method  for  some  systems  of  conservation  laws  with  zero 
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order  terms.  However,  their  analyses  took  account  of  only 
the  magnitude  and  not  the  orientation  of  the  vector  field 
given  by  the  zero  order  terms.  These  methods  are  inadequate 
for  our  purposes  because  the  physical  friction  term 
f|G|G/2DP  is  quadratic  in  G  at  infinity;  and  solutions  to 
systems  of  conservation  laws  with  quadratic  zero  order 
terms  will  "blow  up"  in  finite  time  if  the  associated  vector 
field  is  allowed  to  have  an  arbitrary  orientation.  Moreover, 
the  methods  in  [6]  and  [15]  will  not  imply  the  a  priori 
bound  (1.14)  unless  the  orientation  of  the  vector  field 
is  considered.  Thus,  it  is  cmcial  that  we  found  a  nonlinear 
functional  which  is  equivalent  to  the  variation  norm 
and  which  is  nonincreasing  on  both  of  the  fractional 
steps.  Although  the  functional  introduced  by  Nishida  [10]  is 
nonincreasing  for  the  system  of  conservation  laws,  it  is 
inadequate  for  our  purposes  since  it  can  increase  on  the 
friction  step.  However,  we  have  shown  [8]  that  if  the  zero 
order  term  satisfies  certain  monotonicity  conditions, 
then  the  functional  given  by  Liu  [5^  is  nonincreasing 

for  both  fractional  steps.  These  montonicity  conditions 
are  satisfied  by  the  physical  friction  term  in  (1.1)  when 
the  flow  is  subsonic.  Numerical  results  for  the  solution 
of  (1.1)  by  this  fractional  step  procedure  have  recently 
been  reported  by  Marchesin  and  Paes-Lema  [9] . 

More  details  and  proofs  for  the  results  reported  here 


can  be  found  in  our  paper  [8], 


2.  Solution  of  the  Riemann  Problem 

The  solution  of  the  Riemann  problem  .is  the  crucial 
element  of  our  method.  The  Riemann  problem  is  the  initial 
value  problem  for  data  which  is  constant  to  the  left  and 
right  of  x  =  0.  We  study  the  Riemann  problem  for  the 
nonlinear  hyperbolic  system 

(2.1)  u^  +  F(u)^  =  0  ,  (x,t)  e  m  X  m’’’  , 

where  u  =  F(u)  =  (G,  gVp  +  p(P  )  ,  and 

2 

p* (P)  =  c  .  The  eigenvalues  of  dF  are 

(2.2)  =  V  +  c  ,  =  V  +  c  , 

with  corresponding  right  eigenvectors 

Rj^(u)  =  (l,v-c)^^  ,  =  (l,v+c)^^ 

The  main  existence  result  is  that  for  initial  data 

f  u  if  X  <  0  , 

(2.3)  u(x,0)  =  u-(x)  =  ^ 

I  Uj^  if  X  >  0 

(we  always  assume  ^l'^r  ^  there  exists  a  unique  solution 
u(x,t)  =  u(x/t)  such  that  u{x/t)  consists  of  constant  states 
separated  by  "shock  wave"  and  "rarefaction  wave"  solutions  [10] . 

We  first  discuss  the  rarefaction  wave  solutions. 

We  note  that  a  smooth  solution  u(C),  ^  =  x/t,  must  satisfy 


[dF  -  51]  u(5)  =  0  . 
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I 

I 


Hence^  a  smooth  solution  u(C)  must  satisfy  u  {C)  ^  span{Rj^  (u (5 ) )  } 
and  C  =  Xj^(u(4))  for  I  =  1  or  i.  -  2.  An  £-rarefaction 
wave  is  a  continuous  solution,  u(x/t),  whose  values  lie 
on  an  integral  curve  of  the  eigenvector  The  functions 


s  = 


V  +  c  £n  P 


V  -  c  £n  P 

T  —  o  f 


are  Riemann  invariants;  i.e.. 


(2.4)  V^s-R^^O,  V^r-R2  =  0. 


Hence,  s  [resp.  r]  is  constant  on  an  integral  curve 
of  Rj^  [resp.  ^2^'  the  £ -rarefaction  curves  can 

be  defined  by 


(2.5a)  Rj^(u^) 


(2.5b) 


r(u^) 

t 

s(Uj^)  =  s(Uj^)}, 

{Ur  I 

V  —V 

L  R 

=  -cz 

for 

z  =  £n  P.  -  £n  P„ 

Lt  K 

>  0}  , 

^"rI 

'  r(u^) 

=  r(uL) 

1 

s  (Uj^)  ^  S  (Uj^)  }  , 

(UrI 

1 

=  -  cz 

for 

z  =  £n  P  -  £n  P^ 

K  L 

>  0} . 

A  1-shock  wave  [resp.  2-shock  wave]  of  speed  o  is  a 
weak  solution 


u (x, t)  =  ' 

f  "l  “ 

\ 

x/t  <  a 

[  if 

x/t  >  0 

(2.6) 


which  satisfies  the  Lax  entropy  condition  (31 


(2.7a)  >  a  > 

[resp. 

(2.7b)  ^  °  ^  ^  ' 

Since  u  is  a  weak  solution,  it  must  also  satisfy  the 
Rankine-Hugoniot  jump  condition 

(2.8)  o(Uj^  -  Uj^]  =  F(Uj^)  -  F{Uj^)  . 

By  eliminating  a  in  (2.8)  and  applying  the  Lax  entropy  condition 
we  obtain  the  following  i-shock  wave  curves 

(2.9a)  Sj_(Uj^)  =  -  e^^^) 

for  z  =  dn  Pj^  “  fn  Pp  OJ 

(2.9b)  S2(Uj^)  =  (uj^i  v^-Vj^  =  -  e^^^) 

for  z  =  J-n  Pj^  -  fn  <  0}  , 


for  a  2-shock. 


z  = 
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It  now  easily  follows  from  (2.8)  and  (2.9)  that 

2  *  £n  -  tn  (resp.  2  =  in  Pj^  -  Pj^J  is  a  regular 

2 

parametrization  of  the  C  curve  Tj^  (Uj^)  -  (^^l)  ®l 

[resp.  T2(Uj^)  =  R2(Uj^)  u  82(11^^)].  We  call  z  the 
"signed  strength"  of  a  given  wave  (so  that  the  signed 
strength  of  a  rarefaction  wave  is  positive  and  the  sicned 
strength  of  a  shock  wave  is  negative) ,  and  we  call  j  2 1  the 
strength  of  a  wave.  The  existence  theorem  for  Riemann 
problems  follows  directly  from  the  fact  that  given  any 
two  states  and  u^^  ,  there  exists  a  unique  state  Uj^  such 
that  and  u^^  €  T2(Uj^)  [10];  i.e.,  the 

Riemann  problem  for  (2.1)  can  always  be  uniquely  solved  by 
a  1-wave  that  connects  to  u„  and  a  2-wave  that  connects 

la  n 

“m  '=°  “r- 

Finally,  we  shall  need  to  construct  the  solutions  to 
certain  initial-boundary  value  problems.  When  the  boundary 
is  X  =  0,  we  consider  the  problem 

u^  +  F(u)^  =  0  ,  (x,t)  e  X  3rT 

(2.12)  u(x,0)  =  Uq{x)  =  Uj^  ,  X  € 

P(0,t)  =  Pj^  ,  t  e 

It  can  be  checked  that  there  exists  such  that 

Up  €  T2(Uj^).  But  the  2-wave  connecting  u^^  to  Up  will  take 

the  value  u  at  x  =  0  only  if  it  has  positive  speed. 

If  Up  e  necessary  that  12^*^)  =  Vj^  +  c  >  0 

to  guarantee  the  2-wave  has  positive  speed.  If 
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speed  if  Vj^  >  -c,  since 

o  >  =  Vj^  +  c  >  0  . 

When  the  boundary  is  x  =  1,  we  consider  the  problem 


+  F(u)j^  =  0  , 

(x,t) 

6  m~  : 

(2.13) 

u(x,0)  =  Uj^  , 

X 

e  m” 

G(0,t)  =  0 

t 

e  JR* 

In  this  case,  there  always  exists  such  that 
Uj^  =  (Pj^fO)  ^  Tj^(u^),  but  the  1-wave  connecting  u^^  to  Uj^ 

will  take  the  value  Uj^  at  x  =  1  only  if  it  has  negative 
speed.  This  is  true  if  v_  <  c .  Thus,  the  initial-boundary 
value  problems  (2.12)  and  (2.13)  can  be  solved  by  simple 
waves  if  all  the  velocities  occurring  in  the  solution  are 


/  then  the  corresponding  2-wave  has  positive 


svibsonic 
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3'.  Definition  and  Stability  of  the  Fractional  Step  Scheme 

In  this  sectionf  we  define  our  approximate  solution 
to  (1.1)-(1.3).  Let  h  =  1/N,  N  a  positive  integer* 

®  ih,  =  [Xj^_2,x^]*  I  =  [0*1]  and  let  k  >  0,  »  jk. 


Jj  =  [tj_j^,tjl.  Also*  let  a  *  (a^ 


),  “i  6  (0,1), 


be  a  sequence.  We  define  approximate  solutions 
Ujj  =  inductively.  Assume 

that  Uj^  and  Uj^  are  defined  for  t  <  t^ .  Then  Ujj  on  I  *  J 
is  the  solution  to 


j+1 


“ht  *  '■<“h>x 

«  0 

»  (x,t) 

^  ^  Jj+1 

(3.1) 

yt,o)  = 

^^j+1/2 

)  ,  t 

®  -^j+l  ' 

Gj,(t,l)  = 

0 

»  t 

®  -^j+l  ' 

Uh(x,tj+) 

s 

"h‘*i 

_l+«jh,t^-) 

,  X  s  , 

if 

j  >  0, 

Uj^(x,0+) 

s 

"O^^i. 

-1/2^  ' 

X  €  , 

if 

j  -  0 

where 

F(u)  =  (G,gVp 

+  1 

and  Up(x) 

(X)) 

tr 

• 

V  •  V  OOV  «• 

Next  define  the  functions  u(t,u)  «  (p(t,p,G)  G(t,p,G)) 
by 

(3.2)  =  ff(u)  ,  t  >  0 

u(0)  -  u 

where  H  (u)  »  (0,  -f  1g1g/2D  p)^’^  H  (0,  -H(G)/p)^. 

Then  we  set 


(3.3)  Ujj(x,t)  «=  u(t-t^,Uj^(x,t)) 


t  €  J 


j+1- 


0 
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Note  that  (3.1)  poses  an  Initial  value  Riemann  problem 
at  each  mesh  point  (Xj^.tj),  0  <  i  <  N,  and  a  boundary 
Riemann  problem  of  type  (2.12)  emd  (2. 13)  at  i  <■  0  and  i  »  N, 
respectively.  Therefore,  we  can  use  the  Riemann  problem 
solutions  of  Section  2  to  solve  (3.1)  in  long  as 

the  waves  in  these  solutions  do  not  intersect  in  -^j+i  • 
and  so  long  as  |v|  remains  less  than  c  in  the  boundary 
problems.  The  results  to  be  given  in  this  section  show  that 
if  (1.11)  holds  emd  if  h/k  ^  4c,  then  |v^|  <  c  in  (2  and 
the  approximate  solution  can  be  successively  constructed 
as  described  above  on  1^3^  for  j  =  1,2,...  . 

Note  that  if  |vj^|  <  c  in  I  x  ^j+l  *  then  |^£(Uj^)|  <  2c 
in  I  X  In  this  case,  the  waves  in  the  Riemann 

problem  solutions  do  not  interact  since  h/k  ^  4c.  We  shall 

always  assume  that  h/k  ^  4c  in  the  following. 

0 

We  let  Y^j  be  the  signed  strength  of  the  f-wave  in 

A 

the  construction  of  Uj^  which  leaves  (x^,tj)  .  Furthermore, 
define 


L(j) 


l  Iir‘  i 

i,£ 


« 


l^(j)  »  L  ^B^^n+l/2*  ■  ‘’B^^m-1/2^  I  • 


The  following  lemma  shows  that  bounds  on  L(j)  ■fLg(j)  imply 
bounds  on  the  pointwise  values  of  the  solution. 
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Lemma  3.1.  Suppose  that 


(3.4)  Lg(j)  +  L(j)  =  < 


3  +  /5 


Then 

(3.5) 


sup  I £n 


P.  (x,t) 


(x,t)6TxJ, 


sup  l-^-s —  5.  V  <  1 


where  =  lim  P^Ct). 
t-»-+“ 

Lemma  3.1  implies  that  the  waves  in  the  Riemann 
problem  solutions  to  (3.1)  do  not  interact  in 
if  Vj  <  £n  (3+/5)/2  since  k  <  h/4c.  The  next  result 
is  that  Vj  is  nonincreasing  for  j  =  1,2,...  .This 
implies  that  if  Vq  <  £n  (3+/5)/2,  then  the  approximate 
solutions  can  be  constructed  in  for  j  =  1,2,...  . 


Theorem  3.1.  Suppose  that  (1.11)  holds.  Then 


(3.7)  Vn  <  V  =  Var  £n  4  Var  £n  4-  var  < 

®  “  t>0  ®  xe[0,l]  ^  xe(0,ll  ° 

and 

(3.8)  =  L3(j4-1)  4-  L(j4-1)  <  Lg(j)  4-  L(j)  S 


for  j  =  0,1, .. . 
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4.  Regularity  and  Error  Estimates 

In  this  section,  we  first  give  regularity  results 

for  the  approximate  solution  which  show  that  u.  is 

n 

continuous  in  space  and  time  to  within  an  error  dominated 
by  the  mesh  length.  These  results  are  necessary  to  show 
that  Uj^  converges  to  a  solution  u  (after  passing  to  a 
subsequence)  that  actually  takes  on  the  appropriate 
boundary  values  in  the  sense. 

Lemma  4.1.  There  exists  a  constant,  C,  such  that 

1 

(4.1)  I  jujj(x,T2)  ~  ^  CIIT2  -  +  k]  . 

0 

Lemma  4.2.  Assume  that  a  *  equidistributed 

and  T  <  «.  Then  there  exists  a  constant,  C  =  C(T),  such 
that  for  YitY2  ^  t0,ll, 

T 

(4.2)  I  |uj^(y2,t)  -Uj^(yj^,t)|  dt<  Cllyj-y^l  +  hi 
0 

for  k  sufficiently  small. 

To  give  an  error  estimate  for  our  weak  solution,  we  define 
T  1 

0  0 

for  ♦6Cq((0,1)  X  (0,T)).  Note  that  a  weak  solution,  u, 
of  (1.1)  satisfies  E(u,^)  *  0  for  all  ♦  6  Cq({0,1)’‘  {0,T)). 


The  following  theorem  gives  a  probabilistic  measure  of 
how  much  varies  from  a  weak  solution. 

Theorem  4.1.  There  exists  a  constant,  C  =  C(T),  such 

that 

(4.3)  I  E^(Uj^,.l.)  da  <  Ch(|<flf  + 

The  proofs  of  the  estimates  in  this  section  and  the 
argument  giving  the  convergence  of  Uj^  to  a  weak  solution 
of  (1.1)  can  be  found  in  our  paper  [8] . 
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Sohaudtr  £atijiat«8  for  Finito  Eloaoat  Approxiaatioas 


OB  Saoead  Ordor  Elliptle  BeaadarF  Talae  Preblaao 


Joaohta  A*  Mitseha 

laatitat  far  angewaadta  Mathaaatik 

Oairoroitat  Fraiborg,  Daatooblaad 


0«  Introduetlon 


L*t  «  b*  tb*  aolntioa  of  a  aoooad  ordor  olliptie  boundary 
Taluo  probloB  and  lot  u^^  ■  V  ^  ?b  tbo  eerrospondlag 
Bite  roap.  fialto  oloBoat  approziBatloa  onto  tbo  apaoo  • 
Aakiag  for  L^-oatlaatoa  of  a^^  Itaolf  or  tbo  orror  a  •  Uj^ 
for  approziBatloa  apaeoa  of  ardor  at  loaat  3  t  i*** 
fiaite  oloBoata  vbiob  aro  at  loaat  piooowiao  qaadratieat  tbo 
following  roaalta  aro  to  bo  aoatloaodt 

(i)  In  Seott  for  N  ■  2  dlBoaaioaa  it  la  proroa 

(0.1)  ii- ?><.  f  /  e  i  I<h/ 

‘  «o  Xf=‘S(, 

Tbo  proof  la  baaod  oa  a  earofall  aaalyaia  of  tbo  appreziaa* 
bility  of  tbo  arooa*a  faaotion  ia  tbo  aom  of  V^» 

(ii)  la  Hitsebo  for  arbitrary  diaoaaioaa  tbo  a  priori 

oatiaato 


(0,2) 


waa  abovn,  Goaoralyeiag  oarlior  roaalta  of  Rattoror 

tbo  proof  ia  baaod  oa  tbo  oztoaairo  aao  of  eortaia  woigbtod 

aoraa  wbieb  aro  in  tbo  oaao  of  fiaito  oloaonta  atreagly 

eoaaoetod  with  -aoraa, 
p» 

(iii)  la  Sebata  -  Vablbia  tbo  oatiaato 


ia  proroa,  Tbo  aotbod  aaod  ia  aoBobow  botwooa  tbo  atbor  two 


■•ntioned  abOTe. 


The  first  aia  of  tho  prosont  paper  is  to  show  that  the  estiaate 
(0«3)  ean  be  derired  fireetly  following  the  lines  of  our  foraer 
paper  with  the  only  difference  that  whenerer  the  gradient  of  n 
enters  the  foraulae  then  partial  integration  has  to  be  applied* 
Aotnally  this  happens  only  in  3  places*  In  order  to  giro  a  self- 
contained  representation  we  repeat  the  arguaents  of  onr  paper « 
the  only  changes  are  explained  in  Seaark  5  and  6*  for  the  sake 
of  simplicity  resp.  clearness  we  give  the  analysis  in  the  section 
3  for  the  Laplaeian  serring  as  a  model  problem*  The  case  of  a 
general  second  order  equation  causes  no  additional  difficulties  * 
this  is  discussed  in  section  6*  The  proof  of  a  crucial  leaaa  was 
skipped  in  our  foraer  paper*  It  is  giren  in  detail  in  section  k* 

The  second  aim  of  this  paper  is  to  show  the  boundedness  of  the 
Ritz  operator  in  Hoelder-  resp*  Lipschitz  spaces*  These  spaces 
are  the  adequate  ones  in  treating  nonlinear  elliptic  problems* 

The  boundedness  of  the  Ritz  operator  in  the  eorresponding  noras 
at  least  siaplifies  the  analysis  of  finite  element  procedures | 
in  soae  eases  it  is  essential* 

Seeaingly  up  to  now  Hoelder  spaces  did  not  find  any  attention 
in  the  finite  element  literature*  Corresponding  to  this  a  priori 
estiaates  or  error  estimates  in  the  noras  of  these  spaces  do 
not  exist  in  the  literature* 
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1»  Rotations,  Rlnlta  Eleaonts 


In  tho  following  donotos  a  bonnded  denain  wftth 

boundary  0*^  sufficiently  snooth*  For  any  _/2  ^  ^  .Jl. 
let  \nJ(A)  be  the  Soboler  space  of  functions  haring 
integrable  deriratires  of  order  up  to  k  •  The  aoras  ara 
indicated  by  the  corresponding  subscripts*  In  the  ease 
we  also  adopt  The  aoraa  then  are  written 


aoras  then  are  written 


shortly 


(1.1) 


In  addition  we  will  use  the  abbreriation  for  boundary 


aoras: 


(1.2) 


/.  / 


i.A'  ^  ''y*  a  Jl') 


Moreorer  Si}  is  skipped  in  ease  of  j2'.j2  and  k  in 


ease  of  ksO. 


The  use  of  weighted  aoras  reap,  seai-noras  will  be  easoatial. 
They  are  defined  by 


.1 


(1.3) 


2  ,  1  ’’■'2- 


glren  by 


(1.4) 
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(  jtl  ^  0  Tk*  boundary  aonl-noras  / •  /  ^ ,  aro 

definad  in  the  eorrespoading  way* 

By  •  oubdirisloB  of  Ji  into  geaerallaed  oinplieea  < 

Is  aeant,  !•  e.  ^  is  a  aisplex  if  ^  intersects  ^ 
in  at  Bost  a  finite  nuaber  of  points  and  otherwise  one  of 


..  r. 


the  faces  say  be  warred*  i  y 


is  called  K  -regular  if 


to  any  ^  ^  there  are  two  spheres  of  diaseters 

and  ^  such  that  ^  contains  the  one  and  is  contained 
in  the  other* 

The  finite  elesent  spaoes  ^  ~  will  work  with 

hare  the  following  structure t  Let  a  being  an  integer  fixed* 


Any  eleaent  of  i>  dentinuoas  in  -LL  and  the  re¬ 
striction  to  J  i>  «  polynoaial  of  degree  less  than  a* 

In  carred  eleaents  we  use  isoparaaetrie  aodifi^ations  as  dis- 


Jl 


cussed  by  ClARLET  -  RAVIART 


ZLAMAL 


O 

is  the  intersection  of  0^  wa#  t  the  closure  in 


.  L 


of  the  functions  with  ceapact  support* 

By  constractioa  we  hare  C  bat  in  gedwral  ^ 

for  k  ^  2*  It  is  asefall  to  introduce  the  spaces  ^  4(^c  ) 

consisting  of  functions  the  restriction  of  which  to  any  ^ 

is  in  *  Obrioasly  ^ 


Parallel  to  abore  we  use  'broken*  oeainerBs 

hv^vH 


r  /  2. 

^  ^  6  6. 


(1*5) 


6  £pj 


0(-  6 


I 

r 


'f/z 


VZ 


) 
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2«  Appreziaatloa  Thtorp  la  v«ight*d  No; 


la  tbo  oatiaatos  of  tho  aoxt  soetioaa  e,  ote*  vill  doaoto 
goaorle  oonstoata  vhieh  aap  differ  at  dlfforoat  loeatioaa. 


Ualoaa  othonrlao  atatod  thop  dopoad  oalp  aa  (i)  tho  doaaia 
^  •  (li)  tho  diaoaaioa  (iii)  tho  rogularitp  para- 
aotor  ^  ,  aad  (la)  tho  order  a. 


Eaaontial  la  tho  foot  that  tho  fuaotloa 
ehango  too  faat  la  aap  ^  ^  if  ^ 


^  (1»V)  dooa  aot 

ia  aot  aaall  ooa- 


pared  with  h: 


Loaaa  Lot  f  •  Wi*a  for  aay  ^  g  p 


xc  a 


Proof?  Lot  4  4  ho  points  whore  ^  attaiaa  ita 


aazlana  aad  aiaiaua*  Thoa 


low  wo  have 


(2.?) 


2  12 /  4 


14  f  ^ 


(2» 


29B 


leading  to 


(2.5) 


n  "Vi  -  'f/z 

A.  ^  A  A 


-/  - 


^  "  /  A 


.6,  ll^'/y-V{  h'^  ^  h 


Next  let  y'  ^  be  giren  and  ^  ^  <5^  an  appro* 

prlate  interpolation.  Then  the  eatiaate 

for  any  4  ^  ^  and  ^  ^  itti.9  well  known.  Because 

of  Leama  1  we  derire  from  this 

A  2.  iv  /  4 )  ^  2. 

(2.7)  h^l'i-x)ll  ^  c  ^  i?  it 

W'.  4 

The  power  ^  will  be  within  the  range  ImU  /V-f-i.  .Thna 

r 

f 


we  drop  the  factor  ^  •  Snamation  erer  all  A  ^ 


Leaaa  2:  Let  ^  ^  it  •  S®  221  ^  ^  ^  there  U  a  ^  ^ ( 

according  to 

<2.*,  li9^(y-x)K  ^  ^ 


for  0^k<l^a. 
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/  ^ 

Htaark  1i  Siae*  (2«t)  !•  valid  alao  for  ^  ^  C  ^  /) 

”  O  f  “i 

with  y  6  tha  laaaa  vaaaiaa  valid  la  thla  sltwatioa* 

For  aaf  W  ^  (dj  tha  traea  thaoraa  fivaa 
A 

«•»)  //w/f,  ,  +/r//i7M/*  ? 


Usiag  tha  arguaaats  of  abora  wa  ^at 


Corrollary  2t  Uadar  tha  aasaaptlaao  of  Laaaa  2 


la  valid  In  addltloa« 


Tha  proof  of  tha  aaxt  laaaa  aad  eorrellary  folleva  tha  aaaa 
llaas  aad  is  oaittad  hara* 


Laaaa  For  ^  and  0  ^  k  ^  1  ^  a  iavarsa  ralatioaa 

of  tha  typa 


f  i  ^  ,  4  .  / 


(2.11) 


hold  trap. 


Corrollary  ^  addition  to  (2.11) 

(2.12) 

holds  traa.  Hara  k  ■  1  ^  aoeaptad. 


e  t 


£o 

^  e  !( 


1 
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iB  th«  subBBqQBBt  ■•etieaa  v«  will  apply  thaaa  approziaatlOB 
rasults  to  fBBctioaa  V  of  tho  otraetaro  )! x  ^ 
with  •  Than  a  oortaia  aapor-approziaability  pro- 

party  holda: 

^  -of 

Loaaa  kt  Lot  bo  airoB,  Tbo  faactioa  ^  ^  cm 

bo  approxiaatod  by  aa  oloaoBt  ^  £  S ^  aeeordlag  ^ 

4vV^' V-  ^  // V-^ ^ 

///!<'*„•  "l-i  ), 

Proofs  Vo  apply  Loaaa  2  aad  Corrollary  2  with  1  ■  ■  aad  got 
tho  boaad 


(2.14) 


for  tho  throo  toraa  oa  tho  loft  haad  aido  la  (2.13).  Siaeo  ^ 
la  pioeowiao  a  polyaoaial  of  dogroo  loaa  than  a  aad  booaaao  of 

(2.15)  /  ]) 

Loibaia*  ralo  glroa 

(2.16) 

^  ”•*  fi,0 

Mow  wo  apply  Loaaa  3  for  tho  toraa  with  a^  1  t 
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(2.17) 


i  t  j Itfl  t  i  {. 

(  ^  ^  x/ti-  hi-fi  j 

Using  finally  tha  obvious  inoquallty  for  O 


(2.18) 


wo  sad  up  with 


#.  * 


^  A.  k 


O’) 


(2.19) 


h^1  -/-H  yt-fn 

L 

Xl’k't  -f 


f  2  «f  f  [ 


and  tberoforo 


(2.20) 


i  c 


{ f  7f  M  i 


Tho  first  braekots  on  tbo  right  hand  sido  aro  boundtd  by  4k  ^ 
sines  ^  ^  ^  is  assusod. 

7  # 


As  was  pointed  out  in  the  introduetion  weighted  noras  are  strongly 

eonneeted  with  the  L  -nom.  First  we  shew 

so 
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L««b«  2*  ^  ^  ^  •  *h«P  for  any  V  ^  /  it  is 

(2.21) 

Proof:  I*  oan  ol^aato 


.  a  .  .1 

hh^  ^  ^  If 


(2.22) 


h/^  ^  hi] 


•ad  farther  with  r  denoting  the  distance  / 

(I  /  C  {  ^ b/-/- 

(2.23)  ‘A  ^  Q 

<r  f  \  (**<f)  <//  , 

For  elenents  in  the  space  there  is  the  counterpart/ 

hfWM  6 :  Lgt  «^>  £  SSl  ^  •  Then  for  the  ln~ 


■omigy 


,  .  :  ,  2< p-'*  ,  I 

(2.«)  i  j(t.  ^  e  ^  (  Ot  fi  / 

f4  " 


holds  true. 


Proof:  Let  t  cA  he  eheoea  such  that 
(2.25)  \  fXt)  =  t  1^  X  1^1 


sad  let  he  (one  of)  the  slaplioes  with  /Cp  ^ 
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r«atriet«d  to  ^  ^  is  a  pelTnosial  of  finit*  dsgrssf 
i.  s.  an  slaaaat  of  a  fiaita  diaaasioBal  spaea*  la  this  easa 
aay  two  aoras  ara  aquiralaat*  Siaea  is  of  sisa  ^ 

thara  is  a  eoastant  e  dapaadiag  ealj  ea  ,  N,  aad  a  saoh 


(2.26) 


^4; 


Because  of  the  ehoiea  of  w  it  is 


(2.27J 


Therefore  we  get  further 


/4bJ  ' 


(2.28) 


^  n/'J-  . 


Reaark  2:  The  last  two  laamata  show  that  tha  OC  -aora  aad  tha 

L  -nora  ara  aquiwalaat  in  the  spases  ^ ^  • 

Oo  K 
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B««ark  2,^  Througboat  this  ■•etion  th*  lattar  ^  4«aot*B 
the  Sits>«pproxlmtioB  ob  «  • 

Ib  th*  flrat  »t«p  of  our  BBaljais  wo  dariva  a  bound  for  tha 
gradiaat  of  ^  ia  a  waightad  aom*  It  la 

--  3  lf>,  />;  - 
=  *  i  Tr  </3 


-Ac' 


Baeauae  of 


(3.7) 


aa  gat 


6 


-  Af 


^  c 


& 


-  Af  -  / 


(5.8)  ^  ^  I  ^  ^  ' 


Nazt  va  uae  tha  idantitj 


(3.5) 


-  iliiif'f-)!)  t  h  A/>; 

valid  for  any  ^  ^  baeauaa  of  (3*3).  By  tha  aid  of  Sohwara* 
iaaqualitiy  in  tha  fora 


(3.10) 


/^/v,w)/^  //(>»> 


and  Laaaa  4  wa  find  for  tha  f irat  tara  on  tha  right  hand  aida  of 
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(3.11) 


Xi(f)U  ^ti?f/f 


// 

»c’ 


0«r  ala  ia  to  aroid  any  doriratlTos  of  a  la  tlio0Btiaatos. 
Thoraforo  wo  haw#  to  apply  partial  latogratien  in  ordor  to 
haadlo  tho  two  othor  toraa  ia  (3>9).  Wo  got 


(3.12) 


a 


.  L 

6ii(_  C 


\{  4.  a 


whieh  way  bo  oatiaatod  by 


(3.13) 


'h  Ifiilt  ^ 


If  ^  ia  ehoaoa  aeeording  to  Loaaa  4  thoa 

/■^  f c  ff  ? ' 

(3.14)  '  ^ 

‘  $1  AT  / 

la  ordor  to  abortoa  tbo  foraulao  wo  iatrodaeo 

M:  -'  ^  //U'  f  , 


(3.15) 


Then  v«  eoae  to  -  note  H  4  ^  ' 

\i>(u,  f  >- }U  <?////  I'f’  C,  f 

(5.16)  ^ 

Following  the  sane  line  bnt  this  tine  nsing  Leau  3  and 
Corrollary  3  we  get 

(5.17) 

Schwarz*  Inequality  in  the  fora 

(3.18}  //?3/  /  ^ 

for  0  <  <f<r  leada  to 
(3.19) 

■■  /  . 
How  we  eoabine  (3.9)*  (3.11),  (3.16)  and  (3.19)  with  (3.8), 

Thia  giTea 


3.2' 
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V*  choose  cf--  1/i  and  iapose  the  eondltion  on  ^ 


(3.21) 


Then  we  get 


2  j  ^  ,2 

(3.22)  /  e  l(fl/  i  c  /V  /I  ]  . 

^  ^  t/fi 

Benark  4:  In  (3.20)  we  used  for  the  constant  in  front  of  )l 
the  numbering  c^  since  this  special  constant  appeared 
in  the  condition  (3*21 )•  Siailarily  the  constant  c^ 
in  front  of  appears  in  a  further  condition. 


Remark  In  the  analysis  giren  in 


we  did  not  use 


partial  integration.  There  li?kl>  enters  instead  of 


In  the  second  step  we  introduce  the  auxiliary  function  w 


defined  by 


(3.23) 


-  p<  -  'f 


W 


Ofi  ^J2  , 


The  reason  is  obrious  since  then 


(3.24)  ^  f 

which  nay  be  rewritten  with  ^  arbitrary 
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(3.25) 


;r)  -J*  A/  -y) 


t  2>  /'4i^  w  j 


Using  the  deflntlon  of  w  we  get  at  enee  for  the  last  tera 


on  the  right  hand  side 


j)  A, --  A, 


(3.26) 


Using  (3.22)  we  get  for  the  first  tern  with 


D 


H//'' 

o(-ff 

<  <S  <  'T 


(3.27)  ^  —  //  r/k-v)  Z/’- 

'0/96  -et 

,  C,  S  ifZ  -  <• 

Finally  the  niddle  tern  on  the  right  hand  side  of  (3.25) 
has  to  he  treated  by  partial  integration.  Sinilar  to  abowe 
we  eone  to 

Ihl' I 

'  iC  -x 

,  1^  ,  /i- 

By  aeans  of  the  last  three  estinates  we  drire  fron  (3.25) 


(3.29) 


Th*  ehoiee 


(3.30) 


( 1  * c -i^)  J h tf //  * ^  ^  >' 

C  (  2 

^  [vi'\) If  ^  ^ I ^  ^ ^ 

leads  to 

h/u-^)!  f  f^y; -jf) // 1 


Remark  6t  The  eounterprart  of  the  last  inequality  in  oor  forae/^ 
analysis  was 

2 

(3.31)  i<f«  CchU  f(li?kt  t  c  /ir(vi-x)2/ 

f(fi  ^ 


The  third  step  eonsists  in  analysing  the  terms  with  ^  ^  /Y 
in  (3*30)  vhieh  still  depend  on  ^  since  w  dees.  Since  ^ 
and  hence  ^  is  in  H.|  the  shift  themeen  gaarantees 

^  2  *  ^  ^  t  ••  At  least 

quadratic  finite  elements  are  esed.  Therefore  may  ean  choose 
according  to  Lemma  2  and  Correllary  2  with  1*3  nnd  get 
from  (3.30) 


(3.32) 


The  B«zt  s«etios  i»  4*T0t*d  to  tho  proof  of 


Looma  7i  Mt  ^  bo  la  tho  rang#  n/2  ^  k  ^  (H+1)/2  . 

121  *£Z  •  <  *1  ^  H,  with  4^W  ^  ff  •  priori 

^  f  ’  " 

OBtlaato 


(3.33)  (  ll76ull  •»  W // 

-If  '  '•<-*7 


holda  truo* 


Booauao  of  tho  dofiaitloa  of  w  (?.23)  wo  fiad 


(5.34)  //  4  W  // 

-U-1 


and 


If?  A  U  ll 

(3.55) 

4 

e  f  lifii  -t  f  , 

Now  uoiag  (3.22)  wo  doriro  froa  (3.32) 

(3.36) 

lifll 

p(f  *f 

la  aaalogj  to  (3.21)  wo 

laposo  tho  aldo  eoaatraiat 

(3.37) 

<  W.Y/  4  /2<f 
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•  Thla  leads  to 


yiiooroB  8:  For  ^  ^  (M/2  «  (M*1)/2)  and  under  the  eondttion 
^ ^  “£2SI  ^  the  Rita-approxlsatlon  /? 

la  bounded  by  the  eeapoaed  (X  “Oor®  ^  t'*  ^  SL  ®  Itself 


(3.38) 


6(pli  ^  c  //  (^') 

'  l/// 


with  0  Independent  of  h  «  ^  and  the  point 
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4.  Proof  of  Loamo  7 

Tbo  goB^oral  shift  thooroa  in  tho  theory  of  olllptle  oquatioBs 

iaeludes  tha  two  atatoaonta 
o 

Lot  T  <  n  Hg  •  Than 

(4.1)  i  i  C  hc^'f  H 


Lot  r  ^  Hj  .  Than 

(4.2)  t!?^v  I/  ^  C  j  lt?^y  K  ^  li  av  I/  j  . 


A  dlract  eonaaquaaea  is 
o 


Lanaa  £:  l£t  r  ^  E^  H  E^  reap,  r  4  0  .  Tha  ^  waightad 

norma  for  ^  arbitrary 


ara  aalid. 


Proof  I  Ba  will  giro  tha  dataila  only  for  (4.3),  tha  aaoond 
eaaa  la  haadlad  in  tho  saaa  way.  Far  aoBTanianea  wa  naa  £  a 
Wa  ean  rawrita  tha  iatagraad  la 


I 


I 
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(4.5) 

//eS//.  *  2" 

^  If 

Jl  ^ 

S,;V- 

by 

■ - 

V,  //'A  - 

(4.6) 

'  ■ 

Tberofc 

(4.7) 

flivv>  * 

h  P 

la  th«  alailar  way  it  is 


laadiag  to 

(4.9)  ^  ^  lia'f  L  *  c  f 

(4*7)  tofokkor  with  (4,9)  firoa  (4«3)»  - 


Aftor  thoao  froparatioaa  wo  fo  kaok  to  tko  fuaetloo  w  Aofiaod 
by  (3*23)  aad  tko  a  priori  ootiaato  atatod  la  Losss  7.  By 


Iioaaa  9  wo  kawo 


f  t?y  h  ^ 

.  iff  2. 


^  + 
- 


(4.10) 
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^3 


V*  hay*  at  one# 

-I  , 

(4.11)  tl  H  U  ff  ^  ^  ^ 

“  0^  ^  'f 

la  order  to  ooapleto  the  proof  of  Leoma  7  w*  hare  to  show 
that  the  aaai^ 


<‘1.13  lt7U  i  *  i\»i  P 

-Xfl 

is  bounded  by  the  right  hand  aide  of  (3*33) •  Our  ohoiee  of  ^ 
leads  to 


(4.14)  X  I  • 

Therefore  the  wei  it  -e^f2  of  the  tern  ^  W  in  (4,13)  is 
positiTe  in  case  of  N  ■  2,  3  diaeasions  and  aegatiye  for 
N  ^  4  diaensions,  Moreerer  la  case  of  N  ■  3  diaonsioas 
we  hare 


(4.15) 


Q  <  -  oct2  <  2  '  ^ 


Aeeording  to  this  the  eases  of  2,  3  or  higher  diaeasloa  hare 
to  be  treated  ooperately.  This  will  be  oloaror  beoaase  of  the 
following 


(1)  for  ^<0  tho  aoras  ll^V  ll^  Md  f  eo«» 

parablo  aodalo  ^  Y  f  t  j;*  *  • 

(4.16)  r  f  ' 

(ii)  for  0^^  ^  both  teraa  Mto  boondod 


by  tho  laat.  i.  £• 


(4.17) 

K,»^ 

i.  e  II . 

Proof: 

Tho  idontitj 

(4.18) 

i 

-  (fv  V  '  7  A  ' 

loads  1 

to 

(4.19) 

- 

/v,-4v)^ 

+  £ 

diroet 

difforoatiatios 

glTOS  t  S 

M-  »,  / 

y''*  -  -  y ^  7 ' 


(4.a) 


r 


Thus  la  esse  (i)  ^  A  ^  is  bouadsd  froa  abers  sad  bslew 
.  X-/f  » 
by  '  giTlag 


(4.21) 


2  .  _  Z 

A7vA^  ^  ) 


This  prorss  (4.16)  siaes 


>.22)  Ih^-0S'I,I^  A/  ■ 


la  east  (ii)  we  bars 


(4.23) 


/  T  (f 


with  a  positirs  constant  e*  giTlag 


(4.24) 


2  ^ 


Vs  arc  aov  able  to  giTc  a  short  proof  of  Loam  7  for  M  ■  3 
diasasioas.  Because  of  (4.15)  aad  the  soeoad  part  of  LoaaalO 


wc  haTS 


(4.25) 


if  7w  //  f  >  M/  //  ^  c  h  h 

-Kfi  -*^^3 

-2  . 


/  ^  ^  k  //  ^ 


Nev  let  ms  eonsieder  the  eaae  of  M  ■  2  diaenaioBB.  Ve  will 
gire  aa  ezplieite  proof  of 

CorrollarT  Under  the  nasuaptlona  of  Leaaa  £  the  teraa  ‘Jl  V  If 


cage 


In  (4,3)  reap,  fii  ll  a  3  ia  (4,4)  ean  be  dropped  la 

r  ^  ^ 

af_  If  -  2  diaenaiona,  pporided  A  V  H  . 

- 

Beaark  The  reatrietion  to  N  «  2  diaenaiona  ia  aaaeoeaaary, 
Bnt  ve  will  need  it  only  in  thia  oaae. 


ft 


Before  we  give  the  proof  let  na  finiah  the  proof  of  Leaoa  7, 
Ve  need  now  •  aee  (4,13)  •  a  bound  of  ^ tJ  only.  In 
the  preaent  eaae  we  hawe  /^  <  — /  ,  Let  ^ 

be  fixed.  Then  ^  1  / ^2.  •  *•  Hoelder»a  in¬ 
equality  with  p  «  and  get 

H7U  h  ^  r  ff  ^ 


(<>.26 ) 


72. 

with  1/q  ■  1  -  1/p  ,  Direct  oaleulation  -  aee  the  proof  of 
Loama  3  -  leada  to 

(6.27)  li^wli  (  ef  ^  ipul/ 


-  fl. 


n 


with 


A  y)- 


(4,28) 
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Next  let  be  Nefiaed  by 


(4.29) 


1/P-,  ■  ^/2  ♦  I/P2 


By  the  aid  of  ataaderd  a  priori  oatiaatea  -  aeo  Morroy 
pp.  80  and  157  ••  we  gat 

(4.30)  ^  ^ 

*■  r-»  Lb 


and 


(4.31) 


h,  Vf 


la  onr  eaae  we  have  1  ^  ^  2  .  Therefore  we  aay  apply 

aore  Hoelder'e  inequality  to 

...»  »««('''.•  r ('/" ..f'V 

Vi 

thia  tine  with  p  ■  2/-p^  .  Siailar  to  abore  we  get 

Itovj  ll,  ^  e  f  //jw  // 

La-'  -  a-' f 


(4.33) 


"A 


with 


(4.35) 


oaee 


The  eoabiaatioB  of  (4.27),  (4.30),  (4.31),  and  (4.33)  leada  to 
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(4.35) 


hw  k 

-otft 


vhat  fiBiahas  tha  proof  af  Laama  7  for  II  ■  2  AiaaaaleiiB. 


Va  will  latar  an  naad  tha  traea  thaoraa  in  waightad  aoras 
la  tha  fora 

Laaaa  11 1  Lat  T  ^  .  Than  for  ^  O 

(4.56)  /v/. 

p-tl/L  p 


Proof:  (4.36)  la  shown  bp  applying  tha  standard  trg^ea  thaoraa 


(4.37) 


Wl^  (  ^  I  hVi^f  hhh\ii  J 

~  f»h  -  //^ 


Proof  of  Corrollary  9:  la  M  ■  2  dlaaasloas  -  va  danota  tha 
Tarlablas  by  z«y  -  It  Is 

/JV/*  =  ) 


(4.58) 


=  ('>y\X-  (''y 


and  tharafora 


(4.39) 
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r«ap» 

* 

(4.40) 


la  order  to  analyse  the  boundary  integral  ve  latreduee  the 
aro  length  ■  and  the  angle  jj  sr 
and  the  z-azis.  Further  •  t  denote  the  tangential  and 

9  O 

noraal  differentiation.  Beeause  of  r  ■  0  oa'^  we  hare 


\(i) 


between  the  tangent 


(4.M)  V  =  \  ,  y.  ‘  y  V 

and  with  Ks  ^  ^  being  the  enrrature  od 

(4.42)  'k  ’'h  ''xs  I 

We  insert  this  in  the  boundary  integral  and  apply  partial  in¬ 
tegration  because  of  •  ^4en  we  get 

I  9  6  L  ty  //v  !  ^  C  f  7  V  I 

with  the  help  of  Leama  11  then  (4.4^0)  leads  to 


(4.44) 


2b  ?  2 

//?^r//  -  li&'ili.i  iSh^'ih  *  7 

/»  /  r  ^ 


This  proT«8  (4.3)  without  tho  loot  ton  on  the  right  hand 
aide. 

la  proTing  the  second  part  of  Corrollary  9  we  will  skip 
soae  of  the  details.  In  the  corresponding  way  to  abore  we 
get  the  counterpart  of  (4,40) 

IIV^V  liVCvL  i  2  ^ 

(4.45)  '  f 

On  lA  we  hare  for  t  arbitrary  with  the  abbreriations 

--  ec6^ 


%s 

- 

T  ♦  Zee 

XX 

V 

*  r 

77 

*  K'^n  * 

(4.46)  ^ns 

•  -sc 

.  (c2-s2) 

V 

♦  sc  T 

77 

-K'T,  . 

^nn 

-  .2 

T _  -  28C 

XX 

* 

• 

The  oondition 

T  ■  0 

iaplies  * 

^ss 

*  0  •  In  addition 

^  T  -  0  inplies  ^  Therefore  wo  d.riwe 

V  .yf  s  .  2i{Co^2r  y  f  ^  ^MS 

yy  u  V  n 


(4.47) 


IV  -  2l!‘S'*2lj\  fiCoiij 


Slailar  to  abowe  wo  then  got 
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aad  th*r«for«  with  Ltsaa  11 

Ii<7^vL  -  /  £<$ h?^v Jk 

r  p  r 

(4.49) 

r«8p. 

(4.50)  hey/t^t 

Now  wo  bar#  to  apply  the  first  part  of  Corrollary  9  to  tho 
second  tors  on  the  right  hand  side  of  (4.50).  ^ 

Remark  8t  Above  we  derived  the  a  priori  sstiaates  needed  for 
fonetions  suffi^ciently  smooth  only.  For  instanoe  (4.38) 
holds  only  for  fnnotions  having  third  derivatives.  By 
eonpactness  argnments  the  validity  of  theri^^mates 
for  faaetions  with  the  stated  regularity  is  shown. 

The  ease  of  H  ^  4  dimensions  hardly  is  of  praetieal  la- 

portanoe.  Therefore  we  give  only  an  outline  of  the  proof 

for  these  oases.  In  view  of  Lemma  10  and  beeause  of  (4.44) 

it  is  only  seeessary  to  bound  II  Wt  .  in  terms  of  ll  /i  W  ^ 

'9tfS  -  er  -  <r 

i.  e.  to  find  an  upper  bound  of 

2  /  2- 

\  fJl)  =  hw II  / // J W  // 

/  'Kf 3  / 


X _ 


(4.51) 
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vh«r«  the  •vprMua  im  to  bo  takoa  oror  all  V  ^  ^  ^^2.  « 

Obriottoly  tbo  aaproaua  ia  attalaod  for  aa  olgaafaaetioa  of 
tho  probloB 

4  v)  =  ^  /•* 


(4,M) 


^  V  y  -  A  ^ 
V  r  ^  V  s  t> 


/ 


la  tbla  way  wo  ask  for  a  lowor  boaad  of  tbo  aaallost  oigoa- 
Talao  of  probloB  (b.32)«  By  standard  argtaaaata  tbo  Boaotoai- 
sity  of  ^  wltb  rospoet  to  tbo  doaaia,  i*  o. 

ia  oaao  of  -ft,  ^  -fti  ,  is  sbowa*  Tboroforo  an  appor  boaad 
for  ^  ^ JVj  la  giroa  by  tbo  eorrospondiag  ^  for  tbo 
ball  with  eonter  in  z.  and  radios  d  ■  diaaetor  (  </2  )• 

Tbo  oigoafanktloa  eorrospron|/iBg  to  tbo  lowost  oigonralao 
tboB  dopoads  only  on  fx-  Xq  I  (or  at  loast  oao  doos)» 

Using  tbo  roprosontation 


(4.5J)  V  V  ^ 


I  f  N-i  , 

V  st  ]-S 


wo  got  withoat  diffiealtios 


(%.54) 


-  2 

4  ^  II  a  V  /I 


11^^  h 

wbiob  ia  Tiow  of  Loaaa  10  boaads  K/; 

3 


ia  tbo  aaao  way* 


3»  The  Beundediieas  of  the  Rita  Approziaatioa  la  Eoelder  SpaoM 


The  Laplaoietn  like  aay  elliptic  operator  is  aot  one  to  o&e 
with  respect  to  the  spaces  ■  C^(  Jl  0  consisting  of 


fonotions  having  continuous  derivatiTes  up  to  order  k  in 

Q  o 

We  will  also  abbreviate  C  >  g  and  denote  by  C  the  spaee 
of  continous  functions  vanishing  on  the  boundary  .  Of 

course  the  isage  ^  it  of  any  a  ^  C  /)  (k  ^  0) 


V  _k 

is  in  C  but  to  f  ^  (;  there  say  not  be  an  original 

u  d  0  /)  C  as  is  denonstrated  in  two  disensions  by  the 


counterexample 

(5.1)  ii  =  {x^  y^}  I ! 


with  the  unit  sphere. 

The  situation  is  changed  in  case  of  Hoelder-  (resp.  Lipschita-) 
spaces.  These  spaces,  denoted  by  ^  »  C*'"  ^  ^  )  with 

according  to  0  ^  ^  ^  ,  consist  of  all  functions  k  •> 

tines  continuously  differentiable  such  that  the  highest  deri¬ 
vatives  are  Hoelder-contlnuous  to  the  exponent  .In  C^* 

a  norm  is  given  by 

(5.2) 2  +f  [M. 

C*-^  ‘■eo  ^ 


with 


(5.3) 
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I  K-y  1^ 


"  jr,;  y 

tfify 

Equipped  with  this  non  C^*  ^  is  a  Banaeh  spaos*  Tha 

•  k42  X 

Laplaeian  is  a  oas  to  oas  aappiag  of  C  * 

C^*  ^  ,  Espoo ially 


iato 


Sneh  aa  a  priori  sstiaats  is  rsfsrrsd  to  'Sehauder  sstiaats'* 

Ths  ala  of  this  seetioa  is  the  proof  of  oorrespoadiag  sstiaates 
with  a  replaced  by  ^ fi  ^  Rita  approxiaatioa. 

k  first  resalt  ia  this  direetioa  is  aore  or  loss  a  direct  eoa* 
sequeaee  of  Theorea  8  v  fos  the  proof  of  Lsaaa  5  ■>  the  right 
haad  side  of  (3.38)  is  bouaded  by 


(5.5) 


By  Lsaaa  6  we  know 


(5.7) 


ef''  . 

Besides  (3.37)  ^  is  arbitrary.  Now  we  fix  ^ 


••t 
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(5.8)  ^4©  ^  ^ 


This  girea 

Thsorsm  12|  Ths  Bits  opTator  la  bouadsd  mm  Mapping  of  C  into 
itaslfa 

k  A 

Th«  spaess  C  *  ara  eonpaetly  enbaddad  on  C  •  Thar*  ia 
a  ganaral  prlnelpla  to  bound  tha  norn  in  of  a  linaar 

projection  oparator  by  naans  of  the  nom  in  C  whioh  va  will 
discuss  now*  The  situation  is  that  we  hawa  two  Banach  spacas 
•  *2  norms  j  ^  2^  ^  with  Xg  aonpaetly 

onbaddad  in  •  Further  wa  hawa  a  collaetion  /  ^  ^  ^ 

of  snbspaces  of  X^  •  Lat  approziaatlon-  and  InTarsa-quantltias 
5^^  and  ba  introducad  according  to 

€  S. 


(a)  To  any  y  ^  X2  thara  is  a  ^ 


such  that  siaulta- 


neously 


(5.^) 


is  ralid  with  0^  Indapandant  of  h  • 

(I)  For  any  a  Barnstain  typa  inaquality  holds 


hlh^  /  'Tf. 


(5.10) 


$ 


W«  will  'say*  the  ••llaetloa  fnlfilla  th«  Al-aondltion 

if 

(5.11)  ^  ‘  I  ^  ^ 

B«marl?t  Under  *renaeanble'  anatuiptioae  (T ^  vill  tend  to 

sero  with  b  •  For  finite  dinenaionei  spnees  Sj^  the 
quantities  are  finite  since  then  any  two  noma 

are  eqaiwalent*  Wit  b^O  rasp*  din(  Sj^  then  ^ 

will  also  tend  to  infinity.  Tbe  Al-eondition  just  balanees 
this. 

Tbs  nentioned  principle  is 


Lenina  13:  Let  ,  Xg  •£  described  aboTe  and  |  a 
oollection  of  subspaces  01X2*  Farther  let  ^  *  *1  ®h 

be  a  eollectton  of  linear  projection  operators  of  X^  onto 
which  are  nnifomly  bounded  as  nappings  of  X^  into  itself, 
i.  o. 


(5.12) 

with  p^  independent  of  b  • 
then  f  £S  napping  ef 


If  ^  fulfills  the  Al-eondition 

^2  ^te  itself  is  unifomly  bounded 


with 


i?f.  f 


I'yli 


(5.13) 
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Proof:  Boeauso  of  Z2  ^  and  £  Z2  of  ooorso  is  a 
llaaar  projoetion  of  X2  into  itsolf*  Lot  7  ^  Z^  Bo  firoa 
Sad  ^  ^  aoeordiag  to  (5*9)*  Thoa 


Siaee 
gottlag 


(5.15) 


^  Is  an  oloBont  of  wo  aaj  applj  (5*10) 

I  ?^y  li^  ^  li  r  if,  hyr  4 


Now  wo  aso  tbo  iaoqualitj 


(5.16) 


ly-  4 yll,^/ llPall,)  ll/-f 


tho  proof  of  which  -  in  order  to  giro  a  selfoontainod  prosoa- 


tatloa  -  is  as  follows:  Lot 


of 


be  arbitrarp.  Boeauso 


wo  hSTO 


(5.17) 


ty-f.y),-  llr^-^lrV, 

I  [4i  If’ilJ  hf-ft,  . 

^  —  A 

la  (5*16)  rosp.  (5.17)  «o  aaj  use  ea  tbo  right  haad  side  J  ^  f 


y 
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Because  of  tBe  aasuatloa  (5*12:)  we  get  trea  (5*15) 

(5.i«)  ^ y '  \y  K  ' 

and 

(5.19)  lfP{iylli-  - 

Tinally  using  (5*9)  we  eoae  to 

(5.20)  I  p^y  .2  j  /2*  hy  ^T.  . 

The  aorn  of  any  project ioa  operator  is  bounded  froa  below 
by  1  •  Therefore  we  eaa  also  bound 

(5.21)  ^  ^  ^  ‘f’  l^i 

which  is  aore  eoBTeaieat* 

Reaark  10;  Leans  13  first  was  stated  in  Nitsche 
It  reaains  to  prore 

k  ®  k  ^ 

Leaaa  14;  Assuae  S|,  ^  C  •  Then  with  Z.^  ■  C  and  Z2  ■ 

o 

the  finite  eleaent  spaces  fulfill  the  AI«»oeadition« 


The  seasequeace  is  the  final  result: 
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Th»or«a  15 i  Aaauae  S^£  ^  Than  tha  Ritn  aparator  is  bonndad 

k  \ 

aa  napping  of  C  into  itaalf« 


Proof  of  Laama  14:  Tha  flnita  alaaants  diaenaaad  in  aaetion  2 
ara  only  in  C  •  Wa  will  gira  tha  proof  only  for  tha  easa  k  ■  0 
Tha  aasa  k  ^  1  follows  tha  aana  linaa  and  is  enittad  hara  in 
erdar  to  aroid  tha  introduction  of  finita  alaaants  with  highar 
aaoothnass.  Va  will  show  that  tha  standard  intarpolation  will 
hara  tha  propartias  naadad.  Eapaeially  wa  will  show 

(5.22)  ^  c  I  ^  ^  ^ 


first  wa  prora  tha  stiaata  for  •  Siailar  to  Lanaa  5  wa 

hara  for  Y  ^  ^  C, 

(5.23)  //l^X -  IrnCt'* 

Llo) 


How  lat  X^y  ha 

hara  trivially 


’90  4  6  /'^  ^ 

givan.  In  easa  of  /  ^  ^  ^ 


wo 


(5.24) 


/  2  ^  i  ){t  I 


Zn  easa  of  fx^yj  (  wa  aoaa  frea 

(5.25)  lx-)'  I  If 


_A 
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to 


h-y  I  X 


^  c 


■'  h> 


4. 


(5.26) 


^  e  hill 


Now  wo  torn  OTor  to  the  •stiaation  of  (T^  •  Soforrlag  for 
dotailo  to  Ciarlot  ,  pp.  thoro  arista  to  any 

4  ^  a  sot  of  points  /  ^  ~  ^  ^  ‘ ^  ^ 

^ tho  spaoo  of  polynoaials  of  dogroa  loss 
than  a  )  with  tho  following  propertiost 


(i)  tho  conditions 


(5.27) 


dofino  nniqnaly  a  polynoaial 
than  a  . 


t 


of  dogrso  Isas 


6  t 

(ii)  if  Fj  *  Fj  ooiaoido  with  tho  walass  la  of  a 

fnnetion  ▼  coatinuons  in  Jl  than  tho  fvaotloa  ^ 

dofinod  by 

d 


(5.28) 


is  oontlanons  in 


fixad  of  the 


Now  lot  p  bo  tho  rostriotlon  to  a  A  ^ 
intorpolation  of  a  funetioa  ,  Pop  eonronioneo 

lot  -  poaaibly  aftor  a  tranalation  -  tho  origin  ooineido 
with  ono  of  the  eorners  of  ^  sap  •  Then  p  boa 


the  atructnro 


(5.29) 


f  fi)  -  h  /v)  / 

'  me 'hi  f 


(5.30) 


f  .  .h 


(5.31)  Cj  l^)  c  Z  ^  ' 

The  K*  -regularity  of  the  oubdiTioion  loads  to  the 

uniform  boundedness  of  the  ct  independent  of  h  . 

Since  the  function  t  •  1  is  reproduced  by  tho  intorpolation 


we  hare 


(5.32) 


-r-/  5 


^  If 

(P  fPr  i 


This  gives  on  tho  ono  hand 


(5.33) 


n 


(v)  = 

and  on  the  other  hand  for  C ^  with  a  representa- 


tion 


(5.34) 


with  floae  C  ^  *  alao  aniforalj  bounded.  With  4  we 

f 


g«t 


JL 

(5.35)  y/V)-/i/V)  -  V  A)- v//^)  -  Z 

'  iiqwh  ’ 


1/  /■ 

For  r  c  4  we  hare 


(5.3«)  I )/ Ik)- V  (R,)/  4  [vj^  / 


Because  of 


Kli  ( 


in  4  we  get  with  (5.34) 


(5.37) 


I  Z  /.,,?/z  c  h IR- )-'f  ft)l 

'  '  h'  i‘ 


/  . 


This  proTea  the  first  part  of  the  approziaation  propertj 
(5.9)  with  ^  a  . 
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Ib  ardar  to  proT#  tha  saeond  part  va  aoaaidar  firstly  two 
points  X,  7  eoBtainad  in  ona  of  tha  sinplioas  •  Than 

with  i-  l^-yl  wa  hare  ^  fi  and 

(5.58)  -  Z  i  ^  I 

I  '  i 


Bacauaa  of 


(5.39) 


wa  gat 


/^,  /  /  f  /fVV^ 


(s.-'D  4;- fly)U  c  /'f'//  . 

In  aaae  of 

^  sagmant  oonnaeting  x  and  7  intarsaets  only 

i  ^  77 

a  finita  noabar  of  ^  ^  ^  baeausa  of  tha  K  -ragnlarity. 

By  astinatas  sisilar  to  abowa  wa  gat  for  tha  intarpolation 
^  a  /^  !/■  also  thatl 

(5.4a,  ]y(^)-x(y)U  • 


1b  eas*  of  h-y  and  X  €i  &  ^  *  y  ^  ^2.  **  aaloot 

two  eornors  ^  of  ^  ^  •  Than  wo  liawo 


>  -^/)r)  --  fX  ff,  )) 

^  fx /P;r) ^ 

Aecordiag  to  the  oh*ice  of  ^  P  we  hawe  ! ^  ^  ^ 

and  j y  -  p^  j^C  therefore 

{3M)  '  n  X  \  ^ 

Ix^r^-x/ppi  ^  ^  ^  ■ 

Since  ^  is  the  interpolation  on  t  we  hare 

h(P,)-x(pph  )! 


{5M) 


(5.45) 


Ve  have 


J  '^‘C.  nnd  i  f  ^  d/'f  2 /(/•  In  thio  way 

also  the  aooond  part  of  (^.9)  is  proren* 


r 


6.  a«n*r«l  Sceond  Ord«r  Elliptic  EquAtiou 

In  sections  3  uid  4  vs  prsssntsd  the  ^-snalysis  of  the  Sits 
procedure  in  ease  of  the  Laplaeiaa  being  the  prototype  of  an 
elliptic  differential  operator*  The  SaBS  results  hold  in  the 
general  ease  with  replaced  by 

(6.1)  flu.  s  -  f  a/ k  , 


Remark  11 :  Throughout  this  section  we  adopt  the  summation 
oonTention.  Lower  inises  indicate  differentiation  with 
respect  to  the  corresponding  wariable* 


The  assumptions  regarding  the  eoeffieients  aret 

(a*1)  Ellipticity:  There  is  a  constant  ±'>  0  such  that  for 
all  ^  ^  and  r  ^ 

(  a> 


(6.2) 


fi » // 


holds  true. 


ik  1 

(a. 2)  Regularity:  The  eoeffieients  a  t  ^  t  d  fulfill 


(6.3)  ^  €  c'*’*'  ,  AS  0®*“*  , 

The  letter  i  is  used  as  an  upper  bound  of  all  the  eer» 
responding  norms* 


336 


U 


B«»ark  12 t  Assuaption  (a.2}  guaraataM  that  tha  eoaffiaiaats 
of  tha  foraal  adjolat  eparator  A* 

(6.4)  \/)-  f 

fulfills  also  (a.2). 


The  waak  fomlation  of  tha  bouadary  ualua  problaa 


(6.5) 

Pu  -  f 

4t  =  0 

» fi  i  M. 

is 

0 

2iSd  4  6// 

7 

such  that 

(6.6) 

A 

V)  ^ 

holds  for  all 

Vi*’. 

with 

a(.,.)  dafiaad  by 

(6.7) 

a 

Corraspoadlagly  tha  (gaaarallsad)  Rita  approziaatioa  ^  ^ d 

is  aharaatarisad  bjr  tha  ralatioa 

^  (f,  X)  ’  x)  ’ 


(6.8) 


la  thia  faaarality  th*  foaetloa  a  dafiaad  by  (6*6)  rasp*  ^ 
dafiaad  by  (6*8)  aay  aot  axiat  or  aay  not  ba  naiqaa*  Tbara- 
fora  aaeaaaarily  va  aaatuBa 

(a*3)  Exlataaeat  Tba  problaa  (6*5)  rasp*  (6*6)  possassas  a 
uniqua  aolution  for  f  baiag  arbitrary* 

By  an  arguaant  due  to  Schatc  tbara  la  a  ^  0  sueh 

that  for  h  ^  tha  Rita  approxiaatioa  (6*8)  la  alsd 

uniqua* 

Nov  ve  rapaat  the  arguaents  of  seotions  3  *ad  4*  Tha  counter¬ 
part  of  (3*8)  in  the  fom 

(6.9,  iiffi  ^  fa  (f,  ^  v;  ^  ^  ^ 

is  a  direct  eonsequenee  of  oSrding'a  inequality 

(6.10)  (y,  i/?v  /(  -  A  h  yh 

for  any  S  C  If ^  with  ^  A  depending  only  on  £  »  q  * 

Reaark  13»  The  constants  o  -  see  the  beginning  of  section  2 
nay  depend  in  addition  on  (t)  the  bounds  £  f  q  of  the 
assuaptiona  (a*1)  ,  (a.2)  * 

Followiasx  the  lines  of  section  3  we  get  froa  (6*9)  also  now 
the  final  eatiaate  (3*22)  of  step  1* 
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1 


Til*  •ulllary  funotloB  v  -  •••  (3*23)  •  !•  this  tiae  defiasd 

hy 


(6.11) 


P*  w 
w 


-  f 

0 


/  '-0. 

t 


Ths  sstlnates  Isadlng  to  (3.32)  ar»  deriTSd  la  the  saae  way 
as  before. 

Since  the  shift  theorems  (4.1),  (4.2)  are  ralid  with 
the  Laplaclan  •  replaced  by  the  eperator  A  Lemma  9  is 
walid  with  replaced  by  A  on  the  right  hand  sides. 

As  before  it  remains  to  find  bounds  of  the  terms  in  (4*13). 


Following  the  lines  of  section  4  we  consider  the  case  of  N  ■  3 
diaensioBs  firstly.  In  the  general  case  the  second  assertion  of 
Lemma  10  has  to  be  changed  by  the  estimate 


(6.12) 


hH,  /  C(  ^  t  /fVif.  J 

(>  />t1  I 


T^e  last  term  on  the  right  hand  side  may  be  treated  am  was 
done  in  the  sequence  (4.26)  to  (4.33)t  the  details  are  emit¬ 
ted.  la  this  way  the  ease  of  H  >  3  diaensions  is  settled. 


la  aooordanee  to  (6.12)  the  a  priori  estimates  stated  in 
Cerrellary  9  hSTo  to  be  modified t 


339 


0 

CoTTollmrr  9^t  L«t  V£  ^  ^  ^  £•■£•  V  ^  Af  Md  la 
addition  £  ff^  •  Then  in  wight od  noraa  for  ^  arbitrary 


and  H  s  2  dtaenaione 


(6.13)  ^/>u  ?  I 


Earing  thoso  shift  thsorsaa  the  final  proof  of  Lsama  7  in 
sas«  of  a  general  second  order  elliptic  differential  equation 
follows  the  lines  of  section  4* 

Ve  rill  not  giro  all  the  details  in  order  to  prore  Leaoa  9^ 
but  concentrate  euraelres  on  the  essential  point*  Vhat  is 
needed  are  the  counterparts  of  (4*38)  resp*  (4*40)  and  of 
(4*43)*  By  (4*38)  the  square  sua  of  the  second  deriratlres 
Is  bounded  by  the  square  of  the  Laplacian  nodule  lower  order 
terns  and  a  dirergenee  term  of  products  of  first  and  second 
deriratires*  In  order  to  get  the  counterparts  we  nake  use  of 


Ik 

Lenma  l6t  Let  (a  )  ^  *  coeitire  definite  andriynnetric 
natrix  according  to  (6*2)  and  let  (  b^  ^  4*  *  second  order 
tensor*  Then 


li 


0 


(6*15) 


340 


Proof t  Lot  {  I  ! bo  oa  orthoBoraal  oot  of 
oigoB-Toetors  of  the  aotrix  (  )  aad  bo  the 
eorroopoBdlBg  oot  of  olgoa>TBl«os,  i.  o. 


(6.16) 


‘•if  -  >‘if  /« 


The  orthogonality  eonditiona 


(6.17) 


giro  rise  to 


(6.18) 


yrj.. 


if  if  - 


denotiBg  the  Kroaocker  syabol 


RoBark  14;  la  the  following  the  oaBaation  ooaTentloa  la  aot 
to  be  applied  with  reapeet  to  groek  lettora. 


The  aatriz  (  a^  )  adaita  the  ropreaeatatioa 


(6.19) 


Then  we  get 


^  ^  i-  ^  ii  ^  ik  ■ 

- 1  <1  //v/ "" 


(6.20) 
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With 


(6.21) 


Bceatia*  of 


'/• . 


A, 


(6.22) 


/{  ^  ^  **  tharaf  ora 

4i  V 

-  i  ^  <5  - 


With  tha  halp  of  (6.18)  wa  eoaa  froa  tha  last  iaaquality  to 
(6.15).  - 


How  wa  apply  (6,15)  with  hj^^  •  .  Thaa  wa  gat 

(6.3„  /V/r 

Basidas  of  lowar  ordar  tarns  tha  right  hand  side  differs 
frow  J\  f^sh  by  tha  weighted  integral  of  tha  diffaranoa 


(6.24) 


-  y.  t 
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\ 


This  Isads  to  an  laaqaality  of  tho  atraotoro 


(6.25) 


e  f  liv\ 


oJl 

La  la  to  bo  oxpoetod  in  riow  of  (4»40)  tho  bonadary  latogral 
giros  aftor  oTaluation  of  the  saaa 

(«.26)  ^  ^  [o  T 

h/L  ^ 

Bj  tho  way  (4.44)  vaa  doriTod  ia  tho  proaoat  ease  vo  eoao  to 
(6.13). 


Tho  proof  o.  <6,14}  fellows  tho  saao  llaos.  Of  eearao  tho 
foranlao  boeoao  soaohov  lengthy  bat  there  are  ao  additioaal 


dlffienltios. 
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ANALYSIS  OF  SOME  CONTACT  PROBLEMS  IN  NONLINEAR  ELASTICITY 

J.T,  ODEN 

Texas  Institute  for  Computational  Mechanics 
The  University  of  Texas 


1.  INTRODUCTION 

In  this  communication,  I  shall  outline  some  results  recently  obtained 
on  the  analysis  of  certain  classes  of  contact  problems  in  ejistlclty  as 
well  as  some  work  in  progress  on  this  subject.  Complete  results  can  be 
found  in  some  forthcoming  papers  (e.g.,  [l,2]). 

The  Slgnorlni  problem  with  Coulomb  friction  is  characterized  by  the 
variational  Inequality 


where 


a(u,v-u)  +  J(v,u)  -  J(u,u)  ^  f (v-u) 

V  V  f  K  . 


(1.1) 


a(u,v)  = 


J(u,v)  = 


f(v)  = 


^^pl^nCu)!  Iv^l  ds 


f'v  dx  + 


t*v  ds 


(1.2) 


r 


Here  the  usual  notations  of  elasticity  theory  are  employed: 


are  the  elasticities, 

V  the  coefficient  of 
r 

the  surface  tractions, 
and  the  normal  stress 


components  of  admissible  displacements, 
friction,  ^  ^  body  forces,  and  t 

The  stress  tensor  has  components  £ 

:omponent  on  the  boundary  is  Op,(u)  =  (u)n^n^ 


n^  being  the  components  of  a  unit  normal  to  F  .  In  (1.2),  denotes 

N 

the  tangential  components  of  v  on  body  fi  cr  IR  is  open  and 

bounded  with  smooth  boundary  F  and  F  is  composed  of  three  parts:  F^ 

on  which  displacements  are  prescribed,  F„  which  forces  are  prescribed, 

and  the  candidate  contact  area  F  .  Here  K  is  a  subset  of  a  Hilbert 
space  V, 


V  =  {v  (H^(n)^  I  V  =  0  a.e.  on  F^} 

' 

K  =  {v  -  V  I  vn  <  s  on  F„ 

“  ^  .1 


(1.3) 


In  (1.3),  v’n  denotes  the  normal  trace  of  on  F  (vn  =  Y(v^)n^ 

1/2 

n  being  a  unit  outward  normal  to  F  ,  v*n  €  H  ® 

"initial  gap"  between  the  body  and  the  foundation.  The  space  V  is 
equipped  with  the  norm. 


(l.A) 


and  the  bilinear  form  a:  Vxv  -*■  IR  is  symmetric,  V-elliptic,  and  continuous 
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i.e.  constants  M.m  >  0  exist  such  that 

a(u,v)  <  M  liull^llvll^  ;  a(v,v)  >  m  |lv|l^ 

for  all  u,v  €  V. 

For  a  more  elaborate  description  of  conventions  and  notations  for 
these  classes  of  problems,  see  Kikuchi  and  Oden  [3].  My  aim  here  is  to 
outline  some  results  on  an  analysis  of  (1.1)  and  certain  alternative  formula¬ 
tions  of  contact  problems. 

2.  SPECIAL  CASES 

Minimizers  of  the  energy  functional 

F;  K  ]R  ;  F(v)  =»  |a(v,v)  -  f(v)  -  J(v,v)  (2.1) 

are  also  solutions  of  (1.1)  The  functional  F  is  non-convex  and  non-dif ferentiable 
on  K  .  In  general,  no  existence  theory  is  available  for  this  class  of  problems 
and  it  is  felt  by  some  mechanicians  that  Coulomb's  law  is  not  a  good  model  for 
general  frictional  phenomena.  Because  of  these  mathematical  and  physical 
difficulties,  alternative  formulations  have  been  sought.  These  take  the  form 
of  special  cases  of  (1.1)  which  are  more  mathematically  tractable  and  on  completely 
different  formulations  based  on  alternatives  to  Coulomb's  law. 

As  special  cases  of  (1.1),  we  mention: 

I.  The  Signor ini  Problem  -  in  which  friction  is  Ignored.  Then 


we  have  the  problem 


(2.2) 


/■ 
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a(u,v-u)  ^  f(v~u)  V  V  C  K 
II.  The  Friction  Problem  with  Prescribed  Normal  Stress.  Here 

I  ^ 

we  set  la^(u)l  =  g  ^  0,  g  t  h  (r^)  and  consider  the  variational  inequality, 

a(u,v-u)  +  j  (v)  -  j  (u)  >  f(v-u)  V  V  K  (2.3) 


where 


i(v) 


g|v^,l  ds 


(2.4) 


and  f(v)  =  f  (v)  +  ®  prescribed  normal  force. 


HI.  Perturbed  Problems.  Since  j  of  (2.4)  is  non-differentiable, 
we  Introduce 


|v^|  -  C/Z  if  |v^i  >  c 


,(v)  =  .■ 


'  —  V  •V  I  I 

i  2e  T  T  if  jv  I  <  e 


(2.5) 


and 


jj.(v)  =  ]  (t>j,(v)  ds 

’’c 


(2.6) 


as  a  differentiable  perturbation  of  j  ; 


<D.1^(u),v^ 


3<p  (u+6v) 
E _ 

90 


ds 


0=0 


(2.7) 


A 


We  then  consider  the  perturbed  problem 


a(u^,v)  +  <(Dj^(u^),v^  =  f(v)  V  V  f  V  (2.8) 

It  is  easily  shown  that  problems  (2.1),  (2.4),  and  (2.8)  have 
unique  solutions.  In  the  case  of  (2.8)  ,  a  solution  u^  exists  for  all 
e  >  D  and,  if  u  is  the  solution  of  (2.4),  then 

II  u-u^  111  1  C  (2.9) 

3.  FINITE  ELEMENT  APPROXIMATIONS 

If  is  a  family  of  finite-dimensional  subspaces  of  V 

constructed  using  standard  conforming  piecewise  polynomial  approxima¬ 
tions  of  V  ,  and  endowed  with  the  usual  interpolation  properties  for 

quasi-uniform  mesh  refinements,  and  if  the  solution  to  (2.3)  is  in 
2  N 

(H  (Q) )  flV  ,  then  one  can  show  that 


II  uJllllCi.^  (3.1) 

and 

II  u  -  ^  11^  <  C^h  (3.2) 


where  and  are  independent  of  C  and  h  and 

are  solutions  of  tlie  discrete  problems. 


and 


r 


.?  S'  0 


-  r(v,^)  V  V,,.  v,^  > 


a|v. 


-  1“,,  1  ^ 

T 


(  '.  » 


'  ''  ^’h  '  S> 


Wo  h.ivi'  solvi'il  ((.  i),  tor  .1  luimbor  of  illltoront  otioioi's  of  liat;!, 
polviiomi.i  1  iipprox i mot  ions  ,  ;mci  oomputoil  riitos  of  oonvornouoo  aro 

ooitsistoiu  wltlt  ft.n  -mil  (t..’). 


•'*  •  non- 1  ,_OCAl f'K  I  f  ■  n  ON 

As  an  altornatlvo  t  o  Oonlomij's  law,  wo  oonsiilor  ttio  non- local  law. 


I  (x>  V  V  S[o  (,i!)](x)  .  ^  u  -  0 

I  r  11  (  ^ 

I'',,, f")  ”  \’,,S[o  (u)l(x)  >  jf  ^  0  s.t.  ('i.l) 

I  r  U  I 

n.|.  ■"  -^0,j.(n)  .  X  f  r^,  1 


wh»To  S  is  a  oompli'toly  continuous  nvip  from  H 


1/2 


into 


such  that  1  ''  0  -^Slt)  ''  0  .  For  instance,  S  oouUl  ho  taken  as  an 
oxtonsion  of  the  map. 


Slo  (n)) 
n 


-io  (jx-v|)  o  (u)  (v)  ilv 
j.  n 


(A.  2) 


wlioro 
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CO 

(i)p  £  Cq  (D  ,  Wp  0,  Wp(r)  •=  0  for  r  ^  P 

Then  p  C  e"*"  Is  a  material  property  of  the  contact  surfaces. 

The  variational  principle  for  the  nonlocal  problem  assumes 
the  form. 


u  6  K:  a(u,v-u)  + 


V  S(a^(u))  (jv^l  -  |u^l  ds  (4.2) 


>  f(v-u)  V  V  6  K 


We  summarize  some  results  on  this  problem  due  to  Duvant  [4]; 
see  also  Demkowlcz  and  Oden  [5]: 


1.  V  T  f  L  (fi) ,  T  >  0,  3  3  unique  u^  €  V  such 

—  T 


that 


a(u  ,v-u  )  +  t(|v  I  -  |u  |)  ds  ^  f(v-u  )  v  f  K 

TTJp  1  T 


2.  The  correspondence  B:  L  (T^)  ■*  V  given  by 


B(t)  =  u^ 


Is  continuous,  and  the  normal  stress 


O  (u  )  =  o„(b(t)) 
n  T  n 


is  well  defined  in  H 
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2  2 

3.  The  map  T:  L  (P  )  -*■  L  (r„)  defined  by  the  composition 

C  Vi* 

T  =  VSo(-C!  )oB 
n 

is  weakly  sequentially  continuous  and  has  at  least  one  fixed  point. 

2 

4.  Let  [p*  ^  0,  ijj*  L  (fg)  be  a  fixed  point  of  T  .  The.  it 
is  trivial  to  show  that  the  function 

u*  = 

is,  in  fact  a  solution  to  (4.2). 


5 .  ALGORITHM 


The  above  steps  lead  to  an  obvious  algorithm  for  the  numerical 
solution  of  (4.2): 

1.  Solve  (a  finite  element  approximation)  of  Signorini's  problem 

without  friction  for  the  contact  pressure  • 

2.  Set  3*'*^  solve  (3.3)^^  for 

the  choice  g  =  . 

h 


3.  Compute  x 


(2) 
h  ’ 


.(2) 


where  T,  is  a  finite  element  approximation  of  T. 
h 
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4.  Continue  this  process  until 


II 


is  less  than  a  preassigned  tolerance. 


We  are  coding  this  algorithm  at  present  and  should  have  results 
soon  since  steps  1  and  2  can  be  handled  using  existing  codes. 
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SINGLE  STEP  METHODS  FOR  LINEAR  DIFFERENTIAL  EQUATIONS 

IN  BANACH  SPACES 

Vidar  Thomee 

Chalmers  University  of  Technology 
Goteborg,  Sweden 

Our  purpose  in  this  paper  is  to  present  some  results  obtained 
in  Brenner  and  Thomee  [7],  [8],  and  Brenner,  Crouzeix,  and  Thomee 
[5]  for  time  discretization  of  the  initial  value  problem 

(1)  ^  =  Au+f(t)  for  t^O,  u(0)  =  V, 

in  a  Banach  space  X  where  A  is  a  closed  linear  operator  which 
generates  a  strongly  continuous  semigroup  E(t)  =  e  on  X. 

In  Section  1,  which  is  a  summary  of  [7],  we  are  concerned 
with  the  homogeneous  equation  and  study  approximations  of  the  semi¬ 
group  at  t  =  nk  of  the  form  e|^  =  r(kA)^  where  r  is  an  A- 
acceptable  rational  approximation  of  .  In  Section  2  we  examine 
some  consequences  for  time  discretization  of  equations  which  are 
already  discret ized  with  respect  to  a  space  variable;  the  material 
in  this  section  is  not  contained  in  the  above  references.  In 
Section  3,  which  corresponds  to  [8],  we  discuss,  with  applications 
to  hyperbolic  problems  in  mind,  some  modifications  in  the  case 
that  A  generates  a  group  on  X.  In  Section  4,  based  on  [5], 
finally,  we  attend  to  the  full  inhomogeneous  equation  in  (1). 


Let  X  be  a  Banach  space  with  norm  11*11.  Consider  the 
initial  value  problem 

(1.1)  ^  =  Au  for  t  2  0,  u(0)  =  V, 

which  we  assume  correctly  posed  in  the  sense  that  the  closed  linear 

"t  A 

operator  A  generates  a  strongly  continuous  semigroup  E(t)  =  e 
on  X  with,  for  some  and  co  ;  0 , 

(1.2)  l|E(t)||  S  C^e*^^  for  t  ?  0. 

We  shall  be  interested  in  approximating  the  solution 
u(t)  =  E(t)v  of  (1.1)  by  a  single  step  discrete  method  so  that 
with  k  the  time  step,  u(t)  is  approximated  at  t  =  nk  by 
u^,  defined  recursively  by 

u  =  E  u  =  r(kA)u  ,  n  =  0,1,...,  u„  =  v, 

n+1  k  n  n  ’  ’  ’  0 

where  r(z)  is  a  rational  function  approximating  the  exponential 
z 

e  .  We  have  then 

u  =  eJ^v  =  r(kA)^v  for  n  >  0, 
n  k  ’ 

and  we  shall  therefore  be  concerned  with  the  stability  and  con¬ 
vergence  properties  of  the  operator  Ej^. 

We  shall  assume  below,  for  E  to  be  well  defined  for  any 

K 

operator  A  of  the  type  considered,  that  r(z)  has  no  poles  in 
Re  z  S  0.  More  precisely,  we  shall  assume  that  r  is  A- 


acceptable,  or 
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(i) 

lr(z)  1  -J  1 

(ii) 

r( z)  =  e 

for  Re  z  s  0, 

+  0(z)  as  z->0. 


Oui'  first  aim  is  to  present  the  following  result  which  was 
conjectured  by  R.  Hersh  and  T.  Kato  [13]. 

Theorem  1.1.  Under  the  above  assumptions  there  are  constants 

and  H  depending  only  on  the  rational  function  r  such  that 
for  any  A  with  (1.2), 

.iLr]  :  ®  't  =  nk  >  0 . 

It  is  possible  to  show  that  this  result  is  best  possible. 

For  extr.ple,  with  X  =  L  (R)  and  A  =  d/dx  we  have  (E(t)v)(x)  = 
v(x  +  t)  and  l'F(t)j  =  1.  For  the  Crank-Nicolson  scheme  defined 
by  r(z)  =  ( 1  +  yz ) / ( 1  -  ^z)  one  may  then  show  that 

!Ie!^!I  2  cn^^"”  with  c  >  0. 
k 

Under  additional  liypotheses  on  r,  however,  it  is  possible 
to  show  improvements  of  the  above  result.  We  shall  assume  that 
the  A-acceptable  function  r  satisfies  the  following  more  pre¬ 
cise  condition,  namely 

(*)  |r(iC),'  ''1  for  0  ^  F  f  and  |r(“>)|  <"  1; 

there  exist  positive  integers  p,q  with  p  even, 
p  2  q  +  1  and  a  positive  number  y  such  that  for  ^  €  R, 

=  0(5^"^^)  as  ^  -  0 


r(iC)  =  exp(  iF  +  iJj(  C ) )  with  ip(^) 
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and 

Re  \p(^)  5  -  for  5  1. 

Note  that  if  r  approximates  e  to  order  q  so  that 

r(z)  =  e^  +  0(z^  =  exp(  z+0(  z^^  ^ ) )  as  z  -*•  0  , 

then  the  above  order  estimate  for  near  zero  holds.  Then 

also,  by  analyticity,  Re  (1+o(1))  as  C  '*•  0  for 

some  p  ?  q  +  1.  Assuming  that  [rCi^)]  <  1  for  0  ^  ^  €  R  we 
conclude  that  Yq  0  ^^id  that  p  is  even  so  that  the  above 
estimate  for  Re  ip(^)  holds  for  a  suitable  y.  We  may  refer  to 
p  as  the  order  of  dissipation. 

Our  improvement  of  Theorem  1.1  is  then  the  following. 

Theorem  1.2.  For  each  A-acceptable  function  r  satisfying 
(*)  there  are  constants  and  such  that  for  each  A 

with  (1.1), 

1  - 

llEk^l  S  Cj^C^n  ^  for  t  -  nk  ?  0 . 

Note  in  particular  that  if  (*)  hold'  itr.  -  ’  q  +  1  we 
have  stability,  independently  of  X  and  A.  For  instance,  for 
the  backward  Euler  method  we  have 

r(z)  =  l/(l-z)  =  e^  +  O(z^)  as  z  -*■  0 , 

so  that  q  =  1  and 

|r(iC)|^  =  l/(l+f,^) 


359 


so  that  Re  for  small  and  p  =  2  = 

q  +  1. 


As  further  examples, 
Pad€  approximants  j  j,  ~ 


degree  =  3  , 


for  which 


let  us  consider  more  generally 
of  e^  with  degree  P^^^  = 


the 
i  and 


P.(z)/Q.(z) 
^  3 


as 


0, 


so  that  q  =  j  +  Z.  It  is  known  (cf.  [12]  and  [18])  that  r. 

3  t 

is  A-acceptable  if  and  only  if  0sj-)ls2.  For  k  =  j  we 

have  (r..(iF)(  =  1  and  we  conclude  from  Theorem  1.1  for 
'33  ' 

E,  =r..(kA)  (if  (o=0) 
k  33 

IIeJJiI  <  for  n  ?  0. 


For  £  =  j  -  1  and  j  -  2  we  may  use  Theorem  1.2  to  show 
stronger  results.  In  fact,  it  is  shown  in  [1]  and  [12]  that  in 
these  cases 

iQ.CiOl^  -  |P^(iC)|^  +  with  q.j^  >  0, 

which  implies  that  (*)  holds  with  p  =  2] .  We  conclude  in 
particular  stability  for  £  =  j  -  1,  and  for  £  =  j  -  2  we  have 
(if  oj  =  0) 

||e"|1  ^  for  n  ?  0. 

In  applications  it  is  sometimes  convenient  to  use  approxi- 
mants  with  denominators  of  the  form  (l-yz)^.  Rational  functions 
of  this  tvpe  are  the  so-called  restricted  Fade  approximants 


R.  (z) 
] 


m=  0 


(-l)J(l-Yz) 


-3  f  r  ( 3-m) ,  -1, ,  .m 

L  L.-"  (y  )(yz)  , 

m-  n  J 


where  denotes  the  Laguerre  polynomial  of  degree  j .  With 

suitable  choice  of  Y,  these  approximations  are  of  order  j  +  1, 
are  A-acceptable  for  j  =  1,2,3,  and  5  (cf.  [15],  [18],  and 
|Rj(°°)(  <  1  for  j  =  2,3,  and  5.  For  j  =  2,  (*)  is  satis¬ 

fied  with  q  =  3,  p  =  4,  and  for  j  =  3  with  q  =  4,  p  =  6. 

In  particular,  E  =  R  (kA)  (the  Calahan  scheme)  is  stable,  and 

K  21 

the  norm  of  =  R^(kA)'^  may  grow  as 

We  shall  briefly  indicate  the  technique  of  proof  by  sketching 
the  proof  of  Theorem  1.1  for  o)  =  0.  The  main  idea  is  to  use  the 
possibility  of  representing  certain  functions  of  A  as  integrals 
of  the  form 


(1.3) 


f(A) 


e^^du ( t ) , 


where  n  is  a  bounded  measure.  Once  this  is  done  we  may  conclude 
from  (1.2)  that 


l|f(A)i|  -  Cp 


d  |u  |(  t)  , 


so  that  in  order  to  estimate  the  norm  it  remains  to  bound  the 

total  variation  of  the  measure  u. 

Let  M  be  the  set  of  bounded  measures  u  on  R  with 
f  ,  , 

lluil  =  d|p|(t)  and  let  M  denote  the  set  of  Fourier  trans- 

5  r  itr  .  , 

forms  u(^)  =  e  ^  dy(t)  of  u  t  M  with  norm  m(u)  =  |lu  II  • 
•'R 


Further 
u  (  z )  = 


let 

I  . 


denote  the  set 
^^dij(t)  of  u  €  M 


R 


+ 


of  Laplace  transforms 
with  supp  u  c  R^ .  From  a 
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lemma  by  Paley  and  Wiener  (cf.  [17]  p.  10-11)  it  follows  that  if 
f  is  bounded  and  analytic  for  Re  z  S  0  and  if  f(i^)  =  jj  €  M 
then  f  €  M  and  f(z)  =  u(z)  for  Re  z  S  0 .  For  such  a  function 
f  we  then  have  the  representation  (1.3)  as  is  shown  in  Hille- 
Phillips  [14], 

It  follows  in  particular  from  the  above  that 

!|e|^|(  =  ||r(kA)’^||  S  CQm(r(ikC)'^)  , 

and  since  it  is  easy  to  see  that  an  affine  transformation  does 
not  change  m(f)  we  have 

IIeJJII  <  C^roCrCiS)’^)  . 

In  order  to  estimate  the  latter  quantity  we  need  the 
following  inequality  by  Carlson  [10];  if  f,f'  €  L2(R) 
then  f  €  L^(R)  and 

Jlfll^  <  2/2TT||f||^^2||f  ' 

Since  f  is  the  inverse  Fourier  transform  of  f  we  conclude 

m(f)  -  ^ 

^Tr  ± 

In  order  to  show  our  desired  estimates  we  shall  not  apply 
this  inequality  directly  to  r(iF)^.  Instead,  we  first  introduce 

oo  ,  ^2. 

a  partition  of  unity:  Let  cf  i  ^0^^^  with  supp  y  < 

I  [  I  <-  ?  )  and 

CO 

I  =  1  for  K|  >  2- 

1  =  1 


Set 


.(C)  =  <t>(2  ^C)  for  i  >  0, 

oo 

.(c)  =  1-1  ‘p(2~h). 


J=1 


Then  with  r  =  r(®), 


m(r(iC)'^)  -  ra(r'^)  +  J  m(  (j) .  (  r  (  i  C )  )  )  . 

j  =  0  ) 

The  first  term  is  directly  seen  to  be  bounded  by  1  and  it 
remains  to  estimate  tlie  general  term  in  the  sum.  Since 


|r(iC)  -  r^l  < 


C 


r^TcT 


and  I r ( iC ) 1  5  1 , 


we  have 


and  hence 


Similarly 


IrdC)*^  -  "'■  C  mind, 


l|4ij(r(iC)'^  -  r^)!!  -  C  min(2^^^,n2 


1  + 


implies 


and  hence 


|;^((J).  (r(iC)"  -  r”))||  ''  C(2"^^^  +  n2"'^^''d  , 
dC  j  °° 


,  ^  ,  I  .  .n  n..  1/2  „-i/2 

m  (  d)  •  (  r  ( 1 1 )  -  r '  ) )  ^  C  n  2 

: 


It  follows  that 
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I  I 

f 


S  1  +  I  2"^^^  S 

3=0 

which  completes  the  proof. 

We  shall  now  consider  the  convergence  of  =  r(kA)^''  =  E 

to  u(t)  =  E(t)v  as  k  =  t/n  tends  to  zero,  in  the  same  general 
circumstances  as  above.  We  have 

Theorem  1.3.  For  each  A-acceptable  rational  approximation 
r(z)  of  e  of  order  q  there  are  constants  and  x  such 

that  for  any  A  satisfying  (1.2), 

llE^v  -  E(t)v||  S  CgC^tk^^e'^’^^llA^'^^vll  for  t  =  nk,  v  €  DCa'^^^). 

Notice  in  particular  that  there  is  no  loss  of  accuracy  in 
the  case  of  non-stabixity . 

The  proof  of  this  result  consists  in  noting  that  with 
fj^^(z)  =  z~^"^(r(kz)^  -  e^^) 

we  have 

!|L:|^v  -  E(t)vi|  -  ||r(kA)^v  -  e^^v|| 

=  Ijf,  (A)a''^^^vI|  s  C„m(f,  (iU)llA'^^^vll, 

KH  U  kn 

an-i  then  estimatinv’  m(l  (i^))  by  our  above  methods. 

kri 

For  less  regular  doLa  we  have  the  following 


c  X 


Theorem  1.4. 


Under  the  assumptions  of  Theorem  1.3  there  are 


constants  and  x  such  that  tor  anv  A  with  (1.2),  and  for 

s  =  0,...,q  +  1,  s  ^  i(q+l), 

llE^v  -  E(t)vt|  C-C  for  t  =  nk,  v  €  D(A^), 

K  U  1 

where 

If  in  addition  r  satisfies  (*)  the  result  holds  with  3(s) 
replaced  by 

Svc^s)  =  s  ^  +  min(0,(s  -  i(q+l))(^- i)). 

Mote  in  particular  that  in  the  stable  case  of  (*)  with 
r  =  q  +  1  we  have  6,.,  (s)  =  s  q/(q  +  l).  For  s  =  0  we  recoi’nize 
the  growth  factor  of  Theorems  1.1  and  1.2. 

The  above  technique  for  estimating  m(r(iC)'^)  was  applied 
in  the  analysis  of  difference  schemes  in  [6]  (of.  also  [9]). 

Remark.  For  the  case  that  A  generates  a  holomorphic  semigroup, 
sharper  results  than  the  above  can  be  obtained  (cf.  the  dis¬ 
cussion  in  [ 7  ] )  . 
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2 .  Totally  discrete  schemes. 

In  application  to  the  numerical  solution  of  initial-boundary 
value  problems  for  partial  differential  equations  one  has  to  con¬ 
sider  the  combined  effect  of  discretization  in  space  and  time. 

Our  above  convergence  results  will  therefore,  in  general,  have  to 
be  applied  to  an  approximating  semidiscrete  problem 

(2.1)  ^  =  A^u^  for  t  2  0,  u^(0)  =  v^, 

depending  on  the  small  positive  parameter  h. 

We  shall  consider  below  the  application  of  the  smooth  data 
result  of  Theorem  1.3  in  two  such  situations.  In  the  first  case, 
which  might  be  encountered  when  one  is  concerned  with  a  pure 
initial-value  problem  and  the  differential  operator  A  is  approx¬ 
imated  by  a  finite  differende  operator,  A^  ^v  will  be  bounded 
for  smooth  v  and  the  analysis  is  straight-forward.  In  the 
::,econd  case,  which  is  typical  in  the  finite  element  situation, 

the  boundedness  of  A^'''^v  cannot  be  taken  for  granted,  and  we 

h 

v.'ili  have  to  proceed  differently. 

In  botl'i  cases  we  shall  assume  that  the  general  assumptions 
of  Section  1  are  satisfied.  In  particular,  we  assume  that  (1.2) 
h'l is,  for  simplioitv  with  w  -  0,  and  that  r(z)  is  an  A- 

'7 

ji.  oi'ptable  rational  ap^p’roxirnation  of  e“  wltich  is  accurate  of 
cu'dcr  q. 
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The  finite  difference  type  case . 

We  assume  here  that  we  are  given  an  approximation  :  X  ■*  X 
of  A  depending  on  the  small  positive  parameter  h,  and  sub¬ 
spaces,  Y,  Z  of  X  with  Y  n  Z  dense  in  X  such  that 

(a)  llA^v  -  Avl|  t  Cy^llvdy  tfv  €  Y; 

(b)  E(t)Y  c  Y  and 

||E(t)vl|^  d  C^llvl!^  Vv  €  Y-, 

(c)  llA^’^^vlj  C^ltvll^; 

tA 

(d)  A^  generates  a  bounded  semigroup  E^^Ct)  =  e  "  on  X  with 

||E^(t)||  <  for  t  >  0. 

With  tending  to  zero  with  h,  we  may  think  of  these  as 

consistency  and  stability  conditions  for  the  semidiscrete  problem 
(2.1).  We  can  now  infer  results  about  the  completely  discrete 
solution  defined  by 

u  (t)  =  "  r(kA,  )'^v  for  t  =  nk. 

kh  kh  h 

Theorem  2.1.  Under  the  present  assumptions  we  have  for  t  =  nk, 

Proof .  We  have  for  the  error  between  the  semidiscrete  and  con¬ 
tinuous  problems 

E,(t)v  -  E(t)v  =  f  E.  (t-s  )  ( A,  -A)E(  s)v  ds  , 
h  h  h 


so  that  for  vtY,  by  (d),(a),  and  (b), 
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li  ,  <■  t -  v  L(t)vl|  ,  II  v||^, 

rht  other  hand,  for  the  error  between  the  completely  dis¬ 
crete  and  semidiscrete  solutions,  we  have  by  Theorem  1.3  and  (c), 

I!eJ^v  -  E^(t)v||  <  CpC^tk'lllAj^^vil  £  CQC^C3tk'l||v||2. 

Together  these  estimates  show  our  result. 

Note  that  in  the  present  situation  our  error  estimate  is  of 
order  0(E^+k‘^)  for  v  sufficiently  smooth,  even  without  assuming 
the  discrete  operator  Ej^^  to  be  stable  in  X. 

The  finite  element  type  case. 

Here  we  shall  assume  that  we  are  given  a  family  of  subspaces 

of  X,  depending  on  the  small  positive  parameter  h,  and  for 

each  h  a  projection  operator  :  X  -»•  X^^  and  a  semigroup 

"t  A 

Ej^(t)  on  X^  which  is  known  to  approximate  E(t)  =  e  in  the 
sense  that  with  Y  a  subspace  of  X  such  that  fl  Y  is 

dense  in  X,  we  have 

l|E^(t)Pj^v  -  E(t)v(|  £  e^(  l  +  yt)  II  vlly  Vv  €  Y. 

Note  in  particular  that  for  t  =  0  this  shows  that  Xj.^  approxi¬ 
mates  X,  or  more  precisely, 

llPj^v  -  v||  £  Vv  6  Y. 

vyith  the  generator  of  assumptions  mean  that 

u.  (t)  =  E,(t)v.  is  the  solution  of  the  "semi-discrete"  problem 
p.  h  n 

'  .  whicii  is  now  posed  in  X,,  and  that  vjith  v,  =  P.v, 

h  h  h 


||u^(t)  -  u(t)||  S  e.  (1+Yt)l|  v!|  \/v  f  Y. 

n  n  Y 


Defining  in  this  case  the  completely  discrete  solution  at 

t  =  nk  by  u,  ,  (t)  =  e[',v,  where  E,  ,  =  r(kA,  )  and  v,  =  P,v 

kh  kh  h  kh  h  h  h 

we  have  now 


Theorem  2.2.  Under  the  present  assumptions  we  have  for  t  =  nk, 

II e!^,  P,  V  -  E ( t )  v||  s  c  (p  +p  Y t ) II  v!l +  C  C  tk^l)  ^v||  Vv  f  D(A*^  ^)r 
kh  h  n  n  n-1  ' r  u  1  ‘ 


where  p  =  m(  r ( iO  )  • 
n 


Proof .  Consider  the  representation 


r(  kz) 


<■  t7 

e^^  du,,_(t). 

J  R 


kn 


Then 


e"  P^v  -  E^v  =  r(kA,  )’^P,  v-r(kA)'^v 
kh  h  k  h  h 


(E^(t)P^  -  E(t))vdUj^^(t)  , 


and  hence  for  v  €  Y, 


Here 


dip  I  =  m(r(iC)  ) 
kn 


n 


and  since 


e^^tdu  (t)  =  ^(rCkz)"^)  =  nkrCkz)”^ 

kn  dz 


we  have 


369 


td|vj  (t)|  =  nkm(r(  =  tp  ,, 

Kn  n—J. 

so  that 

"^kh  h''  -  ^''11  = 

Since  Theorem  1.3, 

||e|Jv  -  E(t)v||  S  CQC^tk'^llA'1'’^vll, 
the  proof  is  complete. 

For  example,  for  r  corresponding  to  the  backward  Euler  or 

Calahan  methods,  is  bounded  and  the  convergence  rate  is  then 

0(Cj,^  +  k'^)  as  k,h  -*■  0.  For  the  Crank-Nicolson  method,  the  above 

result  only  shows  a  convergence  rate  of  OCe^^k  ^  +  k^)  as 

k,h  •+  0  since  in  this  case  p  =  0(n^^^)  =  0(k~^^^)  for  fixed 

n 

t . 

We  shall  see  now,  however,  that  even  when  p  is  unbounded 

n 

it  is  always  possible  to  attain  a  convergence  rate  of  0(ej^  +  k^) 
by  a  suitable  choice  of  discrete  initial-values ,  provided  the 
given  initial  data  are  sufficiently  regular.  For  this  purpose 
we  first  define  another'  projection  ;  X  -+  by 

Q  =  P.d-A)^"^^. 

h  h  h 

Lemma  2.1.  With  7,  =  {v;v  (  D(A^^^),  (I-A)'^^^  v  €  Y}  we  have 
l|(Q^-T)vl|  <-.  Cc^||(I-A)^^^v|Iy  Vv  6  Z. 
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Proof .  From 

=  f  dt 

Jo 

we  conclude 

Q,  -  I  =  C(I-A,  P,  - 

n  n  h 

-t  n  +  1 

=  ^  e  (E,  (t)P,  -  E(t))(I-A)^  ^  dt, 

Jq  q!  h  h 

and  hence  for  v  6  Z, 

l»oD  q 

IKQ  -r)v(j  S  I  ^  e"'^(l+Yt)dt  .  e-  ||(I-A)'^^^v|L, 
n  J  0  ^ 

which  shows  the  lemma. 

We  are  now  ready  to  prove 

Theorem  2.3.  Under  the  present  assumptions,  and  with  Pj^ 
uniformly  bounded  for  small  h  and  foi'  small  h  and 

t  2  0 ,  we  have  for  t  =  nk  and  v  €  Z, 

llEjJh  Q,.''  -  E(t)v|i 

0  Ct|^(|l(:-A)‘’*'-v||y  *  (l*Yt)llv||  )  +  Ctk'’lKl-A)'’*'-vl|. 

Proof .  We  have  by  Theorem  1.3, 

«hh  V  - 

"  CQC^tk'^||(Aj^(I-Aj^)"^)^'^^P^^(I-A)^^^v|!  -  Ctk'^l|(I-A)^'^^v||  . 

where  we  have  used  in  the  last  step  the  boundedness  of  P^  and  of 
A^(I-A^)  the  latter  of  which  follows  from  the  boundedness  of  Ej^(t)  and 
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E^(t)e"'^  dt. 

Further,  using  the  boundedness  of  once  more,  and  our 

approximation  assumptions  and  Lemma  2.1, 

||E^(t)Qj^v  -  E(t)v||  S  ||Ej^(t)(Qj^-P^)v||  +  ||E^(t)Pj^v  -  E(t)v|| 

<  C{lt(Qj^-I)vl|  +  l|(Pj^-I)v||}  +  Sj^d+Yt)  llvlly 

<  C  e^{ll(I-A)‘’^lv||  +  (I+yDIIvII^), 

which  comple.es  the  proof. 

In  the  case  that  Ej^^  is  stable,  which  can  happen  in 
specific  cases  even  with  unbounded,  we  may  of  course  also 

choose  other  discrete  initial  data,  so  that  for  instance 

P,v  -  E(t)v||  =  0(c,+k'^)  Vv  €  Z. 
kh  h  h 


A,  =  -I  +  (I-A^)"^  =  _I  + 

n  n  n 


!|EjJh(Ph-Qh)^ll  -  C(|lP^^-I)v||  +  IKQ^-Dvll) 
C  Cj^Cllvlly  +  |!(I-A)^^^Vl|  y)  . 


For  then 


3 .  Discretization  of  reversable  initial-value  problems. 

In  Section  1  we  studied  a  correctly  posed  initial-value 
problem 

^  =  Au  for  t?0,  u(0)=v, 

which  was  assumed  correctly  posed  in  the  sense  that  A  generates 
a  strongly  continuous  semigroup  E(t).  We  then  considered  dis¬ 
crete  approximations  of  this  problem  at  t  -  nk  of  the  form 


,,n 

=  L,  V 

n  k 


r(kA)  V, 


where  r(z)  is  a  rational  function  with  |r(z)]  S  1  for 
Re  z  S  0 • 

When  applied  to  hyperbolic  problems,  for  instance  to  a  first 

order  symmetric  hvperbolic  systeiii  in  ,  d  ?  2 ,  which  corres- 
d 

ponds  to  A  =  y  A.  9/9x-  (wit!!  A.  hermitian  matrices)  the 

i  =  l  ^  '  ■' 

assumptions  made  in  Section  1  are  not  entirely  natural.  On  one 

hand,  considered  as  an  operator  in  L^,  say,  this  A  has  its 

spectrum  on  the  imaginary  axis  and  it  should  therefore  suffice 

to  assume  |r(z)i  ^  1  on  Re  z  =  0 .  On  the  other  hand,  although 

in  this  particular  instance  A  generates  not  only  a  semigroup  but 

a  group  of  operators  on  L^,  our  results  do  not  permit  estimates 

in  L  for  p  ^  2,  since  E.  A.  9/9x.  does  not  generate  a 

semigroup  on  such  spaces  unless  the  A^  commute  (cf.  [3]).  It 

is  known,  however,  (cf.  f 'O )  ,  that  the  problem  is  now  well-posed 

into  L  if  s>d|i--|. 

P  '  2  p ' 


from 

P 


■^7  J 


Our  purpose  in  this  section  is  to  extend  the  results  of 
Section  1  to  a  situation  which  takes  into  account  the  above 

remarls.  It  then  appears  natural  to  assume  that  X,  X^ ,  and  X^ 

are  Banach  spaces,  with  X  fl  X^  dense  in  X^ ,  and  that  A 

t  A 

generates  a  strongly  continuous  group  of  operators  E(t)  =  e 
on  X  with  E(t)(xnx^)  c  X^  and  such  that 

(  )  !|E(t)v||^  5  Ce^^^hlvl!,^  for  t  €  R,  v  €  X; 

(ii)  ||E(t)vl|  £  C_e^^^hlv||  for  t  €  R,  v  e  X  H  X,. 

Xq  U  X^  1 

(In  the  above  discussion  we  would  set  X  -  and 

X,  =  ) 

1  P 

We  shall  first  consider  the  general  case  of  a  rational 
function  r  mapping  tlie  imaginary  axis  into  the  unit  disc.  Such 
a  functi.n,  satlsfving,  in  addition  r(z)  =  e  +  o(z)  as  z  -►  0 
is  ret  erred  to  as  I-acceptable  in  [16].  We  shall  then  consider 
an  I-aca.'eiuable  function  r  satisfying  the  more  precise 
assumption  ( ’-• )  of  Section  1. 

We  t'nen  have  the  following  stability  result. 


Theorem  rational  function  such  that 

|r(i?;)|  1  for  K  t  R.  Then  there  are  constants  C^, 

A  •  • 

and  such  that  for-  A  with  E(t)  =  e  satisfying 

I 

aniJ  (ii),  and  L,  -  r(lA), 

K 

IiE%||  ■  C  C  e“"'^n^^  ‘  i' v'l  ,  for  t  =  nk  ?  0 ,  k  £ 

k  Xg  1)  1 

If  in  a  Id)  !  ’.on  t  sat  is.t  ic-s  ( ;'•■ )  we  liave 

u  ■  -  k 


H  , 

(i  ) 


0  • 


I 


U  n-'  t 


nk 


0,  k  5  k 


The  proofs  of  these  results  use  the  techniques  of  Section 
1.  In  the  present  case,  if  |r(2)  |  1  for  Re  z  =  0,  it  is 

possible  to  factor  r  into  ’"'(z)  =  r_(z)r^(z)  with  |r(z)|  5  1 
for  Re  z  t  0  and  |r_|_(z)|  1  foi'  Re  z  ?  0  (or  |r_^(-z)|  <  1 

for  Re  z  t  0)  and  we  may  write  r(A)  =  r  (A) r^ (- (-AJ ) .  Noting 
that  now  both  A  and  -A  genei'ate  bounded  semigroups  (if  w  =  0), 
one  may  again  sho'w  a  representation ,  now  with  integration  over  all 
of  R,  of  the  form 


I'  (  kA )  =  E  ( t )  d  u  ,  ( t )  , 

Jp  nk 


with  u  ,  the  convolution  of  the  measures  associated  with  the 
nk 

factors  r  'and  r^  of  r  and  the  estimate 


l[r(kA)''v:|  C,  J  a|u„yt)||lvl 


CQm(r(iC)  )l|v||^  , 


frtr.  wl!  led;  the  analysis  proceeds  as  before. 

One  may  also  prove  the  following  convergence  result. 

Theorem  3.2.  For  each  I-accep^able  rational  approximation  r 
of  e^  of  order  q  there  are  constants  ,  h,  and  ,  such 

that  for  A  witl.  E(t)  =  satisfying  (i)  and  (ii),  and  for 

s  =  0,l,...,q+l,  s  ^  ■|(q+l),  we  liave  for  v  €  D(A^)  with 
A^v  €  X^, 


||F%-  E(t)v|,  C  C  t^  V.*^^^^e‘^‘‘^||A^v||  for  t  =  nk ,  k  k  , 
R  ' '  Q  U  J.  ^ 


where 


■575 


If  in  addition  r  satisries  (•■)  the  result  holds  with  6(s) 
replaced  by 

t:-...  (s)  s  — +  min  (  0  ,  (  s  -  ^(q  +  l ) )  . 

■  l+l  2  ^  q-i-l  P 

Note  that  B(q+1)  =  q  so  that  the  convergence  rate  is 
always  of  optimal  oi'der  for  appropriately  regular  initial 

data . 

As  in  example  we  final ly  consider  the  following  special 
approxi  mat  ion  '.'t  e“  whicli  was  proposed  by  Baker  and  Bramble 
[ ]  an!  fur'tiior  studied  in  N(f>r3ett  and  Wanner  [16],  namely,  for 
m  a  posit  i,y<,'  integer 


7'tiis  .‘■■in  t  ion  as  ao-.'u.'-.it e  oi  order  2m  and  I-acceptable  for 

suital'ie  chk.di;.:  -'i  y,  .at  least  lor  y  y the  largest  zero 

or  p  (>).  T.ne  1.0  this  latter  fact  (Theorem  15  of  [16]) 

is  easily  nioil!  i-  to  vi-.-ld  that  for  such  y,  r  satisfies  (*) 

wiMi  i'  -  ,  ,  -  '2m.  T11U.-J,  if  y  ^  Y  ,  we  haye  for  A 

m 

s.i  t  i.d  V  ;  no  (  i  )  a:i  ;  (  i  i  )  , 


iiTm+lT 

ii 


nk 


0, 


anO  tlir  ■■  ti::;at'-  ;  Tr.'-'a- 3.2  holds  with 


4.  'JiGcret  illation  o:  t-he  1  nao^'!CG^J;lcc;-^-  e,.  ;a  l  ion  . 

Let  again  X  be  a  Banach  c.  -.ce  ^n,,  ansur".e  that  A  generates 
a  boundec  ce-uigroup  E(t)  =  e  c-n  X.  rcr.sider  now  the  problerr. 

(4.1)  =  Au  +  r  foi'  t  ■  ,  11  (1)  =  V, 

where  b  =  f(t).  Let  r,  be  rational  functions  which 

are  boundea  for  Re  ■-  e,  an-.;  ,o.  :  ; an  .opr^’oximate  sclution  cf 
(4.1)  by  u„  =  V  -an..;  '  or  n  ^  C- , 


AD-AllO  966  MARYLAND  UNIV  COLLEGE  PARK  DEPT  OF  MATHEMATICS  F/6  12/1 

LECTURES  ON  THE  NUMERICAL  SOLUTION  OF  PARTIAL  DIFFERENTIAL  EQUA— >ETC(U} 
DEC  81  I  BABUSKA*  T  -  LIU*  J  OSBORN  AF05R-80-0251 

AFOSR-TR-a2-0047  NL 


UNCLASSIFIED 


377 


E(k)u(t_)  +  k  I  E(k(l-s))f(t  +ks)ds 


n 


0 


n 


E(k)u(t„)  +  k(I,f)(t  ), 
n  k  n 


we  may  write 


(4.3)  p  (k;A)  =  (E(k)-E,  )u(t^)  +  k( (I, -Q,  )f ) (t„) . 

n  X  n  K  X  n 


In  order  to  determine  conditions  on  the  rational  functions 
in  (4.2)  for  the  scheme  to  be  of  order  p  and  to  find  a  con¬ 
venient  representation  for  we  shall  develop  p^  in  Taylor 

series  with  respect  to  k.  dince  u  and  f  are  tied  together 
by  (4.1)  we  shall  want  to  express  p^  in  terms  of  only  one  of 
them.  We  shall  prefer  here  to  use  the  data  of  (4.1)  rather  than 
its  .-aoLution. 

We  begin  by  considex''ing  the  case  that  (4.1)  is  a  scalar 
ordinary  differential  equation,  with  A  denoting  multiplication 
by  a  complex  number  z  with  Re  z  s  0 .  We  have  then  the  follow' 
ing  result. 


Lemma  4.1.  With  p  defined  by  (4.3)  we  have 
- n 


p  (k;z)  =  k  )  k  y„(Ez 
^  jj.  =  0  ^ 


(p+1) 

=  u^P'^^^(O)  =  z^’^^v  + 

t' 

1 

a=o 

a(z) 

=  z"^P^^^e^-r(z))  , 

=  z“^^^^\r(z)-  I  4  ) 

i  =  o  J  • 

1 

■  U 

(k 


where 
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and  where 


R  ,(k;z)  =  kP'^^o(kz){-f^P^(0)  +  f  "^(e^  ^  ^  ^  ^-l)f  ^  (s)ds}  , 

J  n 


R  „(k;z) 
n,  2 


k| 

j  0 


rks 


f'P’(VT)dt)dS, 


R  o(k;z) 
n ,  3 


m 


k  I  q.(kz) 
:  =  i  ^ 


kx  .  sP-1 

(  3  (kT.-T)^ 


For  the  proof  one  notes  that  in  the  present  situation, 


kz 


E(k)  -  E,  =  e""-  -  r(kz)  =  o(k2)k^  -"z 


P+1, P+1 


and 


u(t)  =  e^^v  +  [  e^^  ^^^f(s)ds, 

J  0 

so  that  for  the  first  term  in  p  (k;z), 

n  ’ 

t  z  ,  f^n  (t  -s)z 

(E(k)-E,  )u(t  )=k^  a(kz){e  z^  e  z^  ■*'f(s)ds}. 

k  n  Jp 

Integration  by  parts  P  +  1  times  in  the  last  integral,  Taylor 
expansions  of  Ij^f  and  Qj^f  with  respect  to  k,  and  simple 
calculations  then  complete  the  proof- 

We  can  now  immediately  show  the  necessity  of  the  conditions 


of  the  next  lemma. 
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Lemma  4.2.  Necessary  and  sufficient  for  the  scheme  (4.2)  to  be 
of  order  p  is  that  as  z  0 , 

(a)  r(z)  =  e^  +  0(z^^^) 


and 


(b)  Y£(z)  =  0(z^  for  *.  =  0,...,p  -  1. 


In  fact,  if  (4.2)  is  of  order  p  we  find  first  by  taking 

f  =  0  that  a(z)  has  to  be  bounded  for  small  z,  which  shows 

(a),  and  then,  since  for  a  sufficiently  smooth  f, 

R  .(k;z)  =  0(kP^^)  for  i  =  1,2,3  and  small  k,  and  since 

n,3  ’ 

the  f^^^(t^)  are  arbitrary,  that  (b)  holds. 

We  now  turn  to  the  sufficiency  of  the  conditions  of  Lenuna 
4.2.  Recall  that  M  is  the  set  of  Laplace-transforms  of  bounded 
measures  on  R^  ,  and  that  for  A  the  generator  of  a  bounded 
semigroup  E(t)  on  X  and  g  =  y  €  M,  g(A)  may  be  represented 
as 


g(A) 


E(t)dy(t)  , 


with 


l|g(kA)|| 


d  I  M(t) 


CQm(g(iO)  if  llE(t)|l  <  Cg. 


Any  rational  function,  bounded  for  Re  z  SO,  belongs  to 

,  -(d-S,) 

M.  In  particular,  if  (b)  holds  we  have  Yj^  =  z  ^  Yj^  (  M  so 

that  we  may  write  for  f^^^(t^)  €  D(A^  *■), 
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(4.M)  IIy,  (kA)f^^\t„)||  =  kP’*'iiY«  (kA)Ap“''f^P^(t  )||  <  CkP‘*'||  ^(t  )|| 

x»  n  A*  ji  li 

Since  under  our  assumptions  also  o  f  M  we  have 


E(t^)o (kA)v 


(p+1)' 


(p+1) 


II  ) 


and 


,(kiA)ll  <  CkP‘^^{|tf^P\o)l!  + 

n }  X 


t 

f  n 


f^P'^^^(s)llds}  , 


and  similarly 


r,  f  n+1 

+  ||R^^3(k;A)||  <  Ck^ 


f  ^^\s)||ds. 


We  may  thus  write 


p„(k;A)  =  I  Yo  (kA)AP"^f ^^\t^)+E(t„)a(kA)v,  I  R  •(k;A), 

n  n - n  ^  n  n  VP^X^  •«!  “»J 


J,  =  0 


j=l 


where  under  the  appropriate  regularity  assumptions,  each  of  the 

terms  is  for  small  k.  This  shows  the  sufficiency  of 

our  conditions  and  thus  completes  the  proof  of  Lemma  4.2. 

( £ ) 

Theabove  estimates  (4.4)  for  Yjj^(kA)f  (t)  require  that 
f^*'^(t)  €  DCA^"*")  for  J,  =  0 , . . .  ,p  -  1.  In  applications  to 
partial  differential  equations  this  generally  demands  not  only 
smoothness  of  f  (t)  but  also  that  these  functions  satisfy 
certain  boundary  conditions  which  are  not  necessary  in  existence 
and  regularity  results  for  (4.1)  and  thus  not  natural  to  impose 
for  t  >  0.  These  requirements,  however,  disappear  if  the 
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coefficients  vanish,  which  will  happen  for  some  methods. 

To  include  this  possibility  in  our  considerations  we  say  that  the 
scheme  (4.2)  is  strictly  accurate  of  order  p^  5  p  if  (a)  holds 
together  with 

Yjj^(z)  =  0  for  i  =  0,...,Pq-1. 

The  case  Pq  =  p  is,  of  course,  of  particular  interest  in  that 
the  above  restrictions  then  all  disappear. 

We  may  now  state  our  first  global  error  estimate  which  is 
a  simple  consequence  of  the  above  considerations. 

Theorem  4.1.  Assume  that  the  scheme  (4.2)  is  stable  in  X, 
accurate  of  order  p,  and  strictly  accurate  of  order  p^  . 

Then 


||u(t  )-u  II  <  CkP{t  I  sup  ||AP"*'f ^^\s)|| 

Pq  S_t^ 

t 

+  t^||V(p^l)||  +  tJf^P^O)!!  +  1^"  (t^-s)||f^P^^\s)||ds}. 

The  term  replaced  by  ||o(kA)v^p_^^ j|| . 

Observe  again  that  if  the  scheme  is  strictly  of  order  p 
then  the  error  is  of  optimal  order  p  without  any  regularity 
conditions  of  the  type  f^*'^(t)  €  D(A^”*')  for  t  >  0.  In  our 
next  result  we  shall  see  that  this  conclusion  holds  even  if  the 
scheme  is  strictly  accurate  only  of  order  p  -  1,  if  we  make 
the  additional  assumption 


3C2 


Y  (z) 

(4-5)  x(z)  =  is  bounded  for  Re  2  s  0, 

Since  rCz)  =  1  +  z  +  o(z)  for  small  z,  it  follows  easily 
chat  (4.5)  holds  if  r(i5)  ^  1  for  0  ^  g  €  R,  and  if 
(r(z)-l)  ^  =  0(|z|)  and  q^Cz)  =  0(|z|  for  large  z. 


Theorem  4.2.  Assume  that  the  scheme  (4.2)  is  stable  in  X, 
accurate  of  order  p,  strictly  accurate  of  order  p  -  1,  and 
that  (4.5)  holds.  Then 

llu(tn)-u^||  <  CkP{t^||V(p^^j||  +  )|f^P-1^0)||  +  t^||f^P^0)|l 

+  1^"  (t^-s)||f^P^^\s)l|ds}. 

0 

The  term  ll'''(p+i)ll  replaced  by  ||cr(kA)v^p^^ ^  || . 

In  the  proof  of  this  theorem  one  notes  that  the  error  e 

n 

now  contains  the  additional  term 


Setting  S  . 

^  »  J 


I  E,  one  finds  by  partial  summation 
1=0 


n-1 


j  =  0  k,n-l 


(0) 


n-1 


If  (4.5)  holds  we  have  X  €  M  and 


P  =  kPx(kA){  (E5J-I)f^P"^\o)  +  I  ^  f^P\s)ds}  , 

n  K 

3  J- 


from  which  the  result  easily  follows. 

We  shall  briefly  consider  application  to  the  case  when  dis¬ 
cretization  also  takes  place  in  the  space  X  as  would  be  the 
case  when  finite  element  approximations  are  used  in  X.  Thus  1 


let  Xj^  be  a  family  of  subspaces  of  X  and  assume  that  for  each 
h  we  are  given  a  projection  :  X  -»■  X^  with 

llPj^vll  <  Cllvll. 

Assume  also  that  we  are  given  a  uniformly  bounded  family  of 
semigroups  ori  X^  which  approximates  E(t)  in  the 

sense  that  (cf.  Section  2) 

||Eh(t)PhV  -  E(t)v||  <  e^(l+Yt)||v||Y. 

With  Aj^  the  generator  of  shall  now  study  the 

semidiscrete  problem  in  Sj^  defined  by 

du, 

St  =  Vh  *  ’’h*’  ^  “h"”  =  V ' 

and  its  discretization  with  respect  to  time, 


h,n+l 


r(kA,  )u,  ^ 

h  h  ,n 


I  q .  (kA,  )P,  f  (t‘  +kT  .  ) 
h  h  n  3 


kh  h,n  'kh  h  n 
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We  shall  consider  the  ei-ror  between  the  solution  of  the 
semidiscrete  and  completely  discrete  solutions.  Combined  with 
an  ei  i-r  estimate  for  the  semidiscrete  problem  this  would  show 
a  complete  error  bound.  We  shall  only  present  the  discretized 
version  of  Theorem  4.2;  obviously  an  analogue  of  Theorem  4.1  can 
be  similarly  obtained.  We  denote  by  Yq  the  interpolation  space 
Y„  =  (X,Y)q  between  our  basic  space  X  and  its  subspace  Y. 

U  D  5®® 

We  have  then: 


Theorem  4.3.  In  the  present  situation,  assume  that  the  scheme 

(4.2)  is  accurate  of  order  p,  strictly  accurate  of  order 

p  -  1,  that  (4.5)  holds,  and  let  be  uniformly  stable  in 

X,  .  Then 
h 


|u,  (t  )-u  I 

h  n  h  ,n 


+  |(f^P"^^(0)|(  +  f  "  (t  -s)||f^P“^^s)||ds 

J  0 


+  Ctj^dlvlly  +  IIAvHy  +  ||f^*'^0)||Y 


1-il/p 


To  sketch  the  proof,  we  note  that  application  of  Theorem 
1.3  at  once  implies 


4  IIP  4  t  ||P^f*'’’(0)||  4  (t  -s)||P.f‘'’*^’(s)i|ds) 

Di  fi  Q  ii  n 
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where 


''h,(p+l) 


aP+I 


f 

1=0 


since  is  bounded,  the  terms  containing  f  are  bounded  as 

stated.  In  order  to  estimate  the  first  term  on  the  right  it 
suffices  to  bound 


or,  with  a  Az)  =  z^a(z). 


a  (kA)Av 
P 


k  (a 


)!.  =  0 


■a^  .  (kA))f^^^0) 

p-«. 


This  is  done  using  a  technique  similar  to  the  one  used  in  Section 

2. 

We  shall  make  some  brief  comments  on  how  to  construct 
schemes  which  satisfy  our  above  assumptions.  We  first  have 
the  following  alternative  conditions  for  accuracy  of  order  p. 


Lemma  4.3.  Let  m  <  p.  Then  the  approximation  scheme  (4.2) 
is  of  order  p  if  and  only  if 

I 

(a)  r(z)  =  e^  +  OCz^^^)  as  z  -*■  0 ,  | 

(b) ’  Tj^(z)  =  0(z^  )  as  z  -*■  0,  for  I  =  0,...,m  -  1,  i 

i 

and  there  are  constants  bT,...,b  such  that 

i  m 


fl  m 

(.:)  ({)(T)di  =  I  b..p(T.)  €  n  1 

Jo  j  =  l  3  3  P--^ 


386 


m 


Note  in  particular  by  applying  (c)  to  ip(t)  =  TT 

j=i  ^ 

that  the  number  m  of  quadrature  points  cannot  be  chosen 


m 


smaller  than  p/2.  On  the  other  hand,  given  r(z)  and 
such  that  (a)  and  (c)  hold,  we  may  determine  the  such 

that  (b)'  is  satisfied,  for  instance  by  solving  the  system 


Y^(z)  =  0  for  I  -  0 , . . . ,m  -1, 

which  may  be  written 

r?  J.  2.  '  7^ 

(b) "  \  T.  q-(z)  =  -Q-zf  (r(2)-  I  — ),  I  =  0,...,m-l. 

j=l^^  z  j=0j! 

Here  the  right  hand  side  is  a  rational  function  which  is  regular 
for  Re  z  <  0  by  (a) ,  and  the  matrix  of  the  system  is  of  Vander¬ 
monde's  type  and  thus  nonsingular.  If  2m  >  p  we  may  always 
choose  the  tj  to  be  the  Gauss  points  of  order  m  to  satisfy 

(c) ;  if  2m  =  p  this  is  the  only  possible  choice. 

It  is  now  natural  to  ask  if  the  conditions  (b)"  and  (c) 
will  in  fact  imply  strict  accuracy  of  order  higher  than  m. 

In  this  regard  we  have  the  following: 


Lemma  4.4.  Let  m  <  p  and  assume  that  (b)"  and  (c)  hold.  Then 
the  scheme  (4.2)  is  accurate  of  order  p,  strictly  of  order 
m  +  1  if  and  only  if 


m 


r  „m-)l  <«.),,  X 
I  z  U)  (1) 


Jl  =  0 


m 


I  z  u)  ( 0 ) 
2  =  0 


Tf  (t-T.). 

3  =  1  ^ 


(d)  r(z) 


where  u(t) 
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Let  now  m  =  2  and  p 

[  (p(T)dt 

J  0 

The  equations  for 


=  3  and  choose  the  quadrature  rule 

=  ^(0)  +  <p(|)  V(p  e  . 

and  q^  are  then 
+  qj  =  |(r(z)-l), 

|q2  =  '^(r(z)-l-z) , 


which  gives  the  scheme 

(I-(i+-!^)kA)^u  =  (I-!!jkA-J(/3  +  l)k^A^)u^ 

2  6  n+1  36  n 

+  k(i-gkA)f(t^)  +  k  (J-(i+^)kA)f(tj^+ 


Again  (4.5)  holds  and  Theorems  4.2  and  4.3  apply. 


cmIco 
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°  1 

First  Lecture:  Quas i -opt ima 1 i ty  of  the  H  projection  into  finite 
element  spaces:  a  brief  survey  with  emphasis  on  the  maximum  norm. 

N 

Let  R  be  a  bounded  domain  in  R  ,  N  ^  2,  with  ^  suffi- 

cently  smooth .  The  case  of  R  polygonal  or  polyhedral  will  be 

commented  on  later.  Let  u  denote  a  given  function  on  R. 

With  0  <  h  <  1/2  a  parameter,  let  R^  =  ^  be  mesh- 

domains  partitioned  into  finite  elements  t  =  x ,  and  assume  for 

simplicity  that  R^  ^  R.  Isoparametric  modifications  may  be  used 

at  the  boundary.  We  assume  a  quas i - un i f orm  family  of  partitions; 

the  case  of  a  non -quas i -un i form  family  will  be  discussed  later. 

Demand  furthermore  that  9R^  is  a  uniformly  Lipschitz  family  of 

2 

curves  with  dist  (x,3R,)  <  Ch  . 
xedR 

Let  0  <  h  <  1/2,  be  finite  dimensional  subspaces  of 

W^(R^)  consisting  of  functions  x  that  vanish  on  9R^,  and  are  such 
that  X I  .j.  ^  C  (x).  Such  functions  can,  after  extension  by  zero,  be 
regarded  as  belonging  to  W^(R).  Typically,  (xL)  includes  all 
polynomials  of  degree  r-1,  r  >  2  (or  isoparametric  modifications 
thereof) . 

°  1 

Define  u^  =  P^u  e  as  the  H  projection  of  u,  i.e., 
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/  ^  ^  VU‘Vx 

'^h  '^h 

1(h) 

=  I  (-  /  uAX  +  0  u  1^).  for  all  x  e  S.  . 

xf 

The  question  we  consider  is  whether,  giving  a  Banach  space 
B,  the  following  estimate  holds, 

(2)  11  P^ullg  <  C(h)llullg, 

with  C(h)  independent  of  u.  If  (2)  holds  it  follows,  upon  writing 
u-P^u  =  u-x-P^(u-x)  for  X  e  S^,  that 

(3)  ||u-Pj^ullg  <  (1+C(h))min  Hu-xllg  • 

XeSh 

If  C(h)  =  0(1)  we  call  P^u  a  "quasi -optimal "  approximation,  or 
P^  "stable".  If  C(h)  =  C^0(h'^)  for  any  e  >  0,  we  say  that  Pj^u 
is  "almost  quas  i -optimal " ,  or  that  Pj^  is  "almost  stable". 

1 .  B  =  (R) . 

(To  be  exact,  consider  the  quasi-norm  ||f||g  =||Vf|||^  (R)’^  Here 
we  have  stability  with  C(h)  =  1,  and  the  factor  (1+C(h))  in  (3) 
can  be  replaced  by  1.  Similarly,  we  have  stability  in  H  (R^^). 

These  results  are  trivial. 

2.  B  =  L2(r). 

If  the  functions  in  are  merely  continuous  on  R^  but  not 

continuously  differentiable,  we  cannot  in  general  expect  stability  or 


■1 
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almost  stability.  A  simple  counterexample  (in  one  dimension)  is 
given  in  [2,  p.58]. 

then  (for  u  continuous)  the  boundary  terms 
in  the  definition  of  (1)  drop  out  so  that 

1(h) 

/  vu.  -Vx  =  -  1  /  uAx  ,  for  all  x  e  S.  . 

R.  "  i  =  l  h  " 

h  t, 

Hence  (by  density)  the  definition  of  the  H  projection  makes  sense 
for  u  £  L2(R).  Correspondingly  it  was  shown  in  [1,  Theorem  6.3.8] 
that  if  ^  H^(R),  then  is  stable  in  L2(R). 

For  elements,  two  lines  of  investigation  have  been  proposed 

in  order  to  remedy  the  situation.  In  one  dimension,  it  is  well  known 
that  (for  u  continuous), 

X  =  u  at  meshpoints 

In  [3]  this  result  was  extended  to  more  general  projections.  In  a 
related  idea,  [2],  the  L2-norm  is  replaced  by  a  certain  mesh  dependent 
norm.  In  one  dimension, 

l|f||  K  -  (/  Ifl''  *  I  1  1  p  <  -. 

R  x^  meshpoint 

P  J 

Then  P.  in  one  dimension  is  stable  in  these  norms.  In  more  than 
n 

one  dimension,  one  knows  stability  for  p  =  2. 


i; 
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3.  B  =  L„(R^). 

Note  that  the  definition  (1)  makes  sense  for  u  continuous. 
Correspondingly  one  has,  [12],  that  is  stable  for  r  ^  3,  and 

almost  stable  (with  C(h)  =  C  iln  1/h)  for  r  =  2. 

A  self-contained  proof  of  this  when  N  =  2  and  piecewise  linear 
functions  are  employed  will  be  given  in  my  second  lecture. 

4.  B  =  wi(R). 

Assume  here  that  =  R  .  Then  is  stable  for  r  >  2. 

For  r  >  3,  cf.  [4],  [5],  [6],  [14],  and  for  r  =  2,  see  [7]. 

We  now  turn  to  listing  some  results  in  the  maximum  norm  when 

o  1 

3R  is  not  smooth.  The  cases  of  H  and  L2  are  fairly  simple  and 
left  to  the  audience.  Except  partially  for  iv.  below,  the  case  of 
wj,  is  also  left  out.  We  start  with  two  results  for  quasi-uniform 
meshes. 

2 

(i)  Polygonal  domain  in  R  ,  quasi -uni  form  mesh ,  R^  =  R. 

It  is  proved  in  [8]  that  P^  is  stable  in  for  r  >  3,  and 

almost  stable  in  for  r  =  2. 

00 

3 

(ii)  Convex  polyhedral  domain  in  R  ,  quas i -un i f orm  mesh,  R^  =  R. 
By  a  recent  result,  [13],  it  is  known  that  P^  is  almost  stable  in 

for  r  >  2. 

We  proceed  to  display  what  little  is  known  in  the  maximum  norm 
in  the  case  of  non-quas i -uni form  meshes.  For  the  case  of  L2  or 
cf.  [1]. 
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2 

(iii)  Polygonal  domain  in  R  ,  "orderly"  refined  mesh,  =  R. 

In  [10]  a  guideline  for  constructing  refined  meshes  is  given.  For 
the  type  of  meshes  considered  there  it  is  possible  to  show,  [13], 
that  is  almost  stable. 

2 

(iv)  Convex  polygonal  domain  in  R  ,  "wilder"  mesh,  R^  =  R. 

The  result  described,  which  is  not  a  true  "stability"  result,  will 
appear  in  [13].  The  kind  of  less  orderly  meshes  considered  may  be 
of  interest  in  connection  with  automatic,  adaptive  mesh-refinements. 
To  describe  typical  conditions  on  the  mesh  family,  assume  for  simpli¬ 
city  that  the  elements  are  triangular.  Assume  either 

A:  Piecewise  linear  functions,  maximum  angle  condition,  and 

(4)  h„.  >  h^,^  for  some  fixed  y  >  1* 

'  '  min  —  max  — 

Or  assume 

B:  Piecewise  polynomials  of  degree  f  >  3 ,  minimum  angle  condition, 

and  (4) 

In  (4),  h^^^  denotes  the  minimal  side  of  any  triangle  in  the 
mesh,  and  h„.„  the  maximal  side  of  any  triangle. 

niQ  X 

If  either  A  or  B  holds,  then,  [13],  for  any  e  >  0, 

h 

We  conclude  this  lecture  by  mentioning  a  local  estimate  in  the 
maximum  norm: 

Let  B(d)  and  B(2d)  be  concentric  balls  in  R  centered  at 
a  point  in  R.  Assume  that  with  a  positive  constant  c,  d  ^  ^^^loc 
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where  denotes  a  local  meshsize  prevailing,  in  a  quasi -uniform 

fashion,  in  B(2d)<OR^.  If  B(2d)  intersects  the  boundary  3R  , 
assume  that  B{2d)  0  3R  is  a  smooth  curve.  Then,  [9], 


“■‘^hl>L^(B(d)flR^) 


<  C(£n(l/h^Q^))%in  ||u-x||  L^(B(2d)/)Rj^) 


H"^(B(2d)0Rf,) 


Here  s  >  -1,  and  r  =  0  for  r  ^  3,  r  =  1  for  r  =  2. 

Thus,  the  local  error  in  the  finite  element  solution  is  esti¬ 
mated  by  two  terms:  The  first  term  involves  the  local  approxi- 
mability  of  u.  The  second  term  takes  global  effects  into  account; 
however,  it  measures  these  effects  in  an  arbitrarily  "weak"  way. 

For  an  application  of  this  result  to  calculation  of  stress 
intensity  factors,  see  [llj. 

* 
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Second  Lecture:  The  quasi -optimal ity  in  the  maximum  norm  of  the 

o  1 

H  projection  into  piecewise  linear  functions  in  the  plane:  a 
complete  proof. 

Orientation : 

°  1 

The  H  projection  P^u  of  a  function  u  into  piecewise 

linear  functions  on  a  quasi -uni  form  family  of  tri a ngul ati ons 

2 

of  sizes  h  of  a  basic  convex  bounded  domain  R  in  R  with  smooth 
boundary  satisfies 

11“  ‘  ^h“  IIl  fR  )  -  ^  ^n(l/h)  min  II  t*'  "  X  H  l  (r  )■ 
h'  ^^^h 

Here  ^  ^  is  the  meshdomain,  and  the  constant  C  is  independent 
of  h  and  u. 

The  purpose  of  the  present  lecture  is  to  give  a  self-contained 
proof  of  the  result  above.  Note  in  particular  that  ^  ^nd 

that  this  fact  is  not  assumed  away;  a  certain  amount  of  technical 
detail  ensues. 

The  Set-up: 

2 

Let  R  be  a  bounded  convex  domain  in  R  ,  with  smooth  boundary 
3R .  Let  0  <  h  <  1/2  denote  a  parameter,  and 


1(h) 
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^G9 


3  family  of  edge-to-edge  tri  angul  ati  ons  "ofR",  with  R^CR  . 
Assume  that  the  family  of  triangulations  is  qua s i -un i form ,  i.e., 

■Ur  h 

that  there  exist  positive  constants  c  and  C  so  that^0^  any 
1  h 

angle  in  , 

t-  u 

0  <  c  £6^,  ch  £  diameter  Ch. 

Assume  also  that  the  boundary  nodes  of  3R^  are  placed  on  9R. 
Then  we  have 

(1)  the  number  of  boundary  nodes  is  _<  Ch"\ 

2 

(2)  dist  (x,3R^)  £  Ch  ,  for  some  constant  C. 


Let  be  the  space  of  continuous  piecewise  linear  functions 

on  R^,  which  furthermore  vani sh  on  3  R^ .  After  extension  by  zero, 

1 

such  functions  can  be  considered  as  being  in  W^(  R  ).  ] 

°  1  ’ 

Let  u  be  a  given  function  on  R  ,  and  define  its  H  projection  * 

u,  =P.ucS.via 
h  h  h 

(3)  /  Vu  .  Vx=  /  Vu.Vx  =  IDS  u  for  all  xeS.. 

h  h  1=  1  3  T 

Here  Green's  formula  and  the  fact  that  Ax  =  0  on  each  triangle 
were  used. 

Note  that  u^  is  well  defined  for  any  function  u  which 
i  s  conti nuous  o n  R  ^ . 

The  Main  Result ; 

Under  the  hypotheses  above,  there  exists  a  constant  C 
independent  of  u  and  h  such  that 

!!"  -  %  IIl  (RJ  -  ^  L  (RJ  • 

«>'  h'  X^S,  “  h' 
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Remark : 

The  main  result  is  a  special  case  of  a  more  general  result 
by  A.H.  Schatz  and  myself,  see  Lecture  1,  point  3.,  in  particular. 
In  the  case  under  consideration  the  proof  is  much  simpler  than  in 
the  general  case,  and,  it  is  hoped,  the  main  ideas  can  be  discerned 
uncluttered  by  much  technical  detail.  However,  some  trouble  is 
unavoidable  since  • 

The  Proof: 

Writing  u  -  u^  =  (u-  x  )-  ^  ^  ^^^h  that  it 

suffices  to  show 

(^)  II  u^ll  L  1  C  iln(l/h)  ||u  11^  . 

Let  Xq  be  such  that 

hh(xo)  I  =  11‘^hll  L  (R.  )• 

oo'  h 

Denote  by  t  a  triangle  such  that  Xq  c  T.  If  t  is  a  boundary 
triangle  we  define  x'  by  "quartering"  the  triangle;  this  is 
described  most  conveniently  by  a  figure  of  the  two  cases  that 
can  occur.  (x'  is  shadowed.) 


or 


T.  We  collect  here 


mOI 

If  T  is  not  at  the  boundary,  let  t'= 
two  facts  that  will  be  used  later. 

(i)  There  is  a  positive  constant  c'  such  that 


(5)  dist  >c'h. 

This  is  easily  seen  from  the  geometry  of  the  situation. 


There  exists  a  constant  C  such  that  for  any  x  ■  S.  , 


Hxll  L  (t)  1C  h'l  llxll  , 


The  proof  of  this  is  the  same  as  the  usual  proof  of  an  inverse 
property.  (Equivalence  of  any  norms  on  a  space  of  polynomials  of 
fixed  degree,  and  scaling) 


Comment . 

The  introduction  of  x'  is  made  for  our  proof  of  Lemma  1 
below. 

We  now  have  ,  by  (6 )  , 

II  “hllL2(T') 

and  it  thus  remains  to  show 


I.  n  J 


Regard  as  zero  outside  x'.  For  each  such  fixed  f,  let  v 

be  the  solution  of 


(9)  -;\v  =  o  inR,  v=0on^K. 

We  note  that  then  by  elliptic  regularity. 


vlO  ) 

Further, 

(11  ) 

where 


(12) 


i;v|.  p 

H^(R) 


<  C . 


v(x)  =  /  G  (y)  (y)dy 

T  ' 


D^G"(y)!  < 


C(1  +  I  vn  Ix-y  I!  )  ,  ;  H  =  0  , 
C  ix-y!‘l'*i  ,  lu|=  1,2. 


°1 

Now  with  V,  =  P,  V  the  H  projection  of  v. 


(13) 


=  /  Vu.Vv,  -  I  ^  ,  u  3v.  -  I  ^  h  ^  - 


^  /  Y  ^  u  U  y 

'^h  i  iuT  '  ’'i 


Here  the  definition  of  the  H  projection  and  Green  s  formula  were 
used,  and  also  the  fact  that  AVj^  s  0  over  each  element.  Note 
that  we  may  assume  that  ueC^(R),  by  a  density  argument.  The  first 
sum  on  the  right  of  (13)  simplifies  to 


(J  u  ^ 

(3  9  n 


and  so 


Therefore,  by  scaling  and  by  the  qua s i -un i formi ty  of  the  mesh 
family,  since  second  derivatives  of  v^^  vanish, 

^  hi— MlV(v-v.)||  +  max  i|  D'"‘v  ||  ,  (  ,  hs  ). 

u  ^  '  i  '  1,1=2  ^  r  ‘  i  ^ 

Hence  , 

: I2I  "  I!  L  I  ^  h"’ ii  ''(v-v,) I! ,  ). 

].x|=2  h  “-I 

We  now  use  another  lemma,  the  proof  of  which  will  also  be  postponed. 
LEMMA  2. 

max  |i  O'^v  III  /  ■  C  h  f  n  (  1  /  h  )  . 

l  x  I  =2  ' 

Using  this, 

!  I2I  ■-  !1  "!i  L  '"(l/h)  ^  h-^  ilv  (v-v^)il  ) 

Upon  combining  this  estimate  and  (15)  into  (14),  and  (8),  we 
find  that  in  order  to  prove  (7),  it  remains  to  show  that 

(1.6)  11  li  Lp  ^  ^n(l/h), 

where  -Vv  =  ^  in  K’ ,  v  =  0  on  ;ik’,  c"'  (i’),  il  fli  ,  =1. 

‘-2 

(Of  course,  it  also  remains  to  verify  Lemmas  1  and  2.) 

Comment . 

The  inequality  (16)  can  be  viewed  as  an  w|  estimate  for  a 
smoothed  out  and  scaled  Green's  function.  For  higher  order 

2 

subspaces,  one  also  need  to  estimate  i  the  piecewise  W.|-norm 

in  our  particular  case  this  reduced  to  Lemma  2. 

We  next  need  to  introduce  some  notation.  Set 


I 


A,  =  ix:  2‘j'^  <  :x-x 


-  .  =  A  .  n  , 
J  J  h  ’ 

d  .  =  2  ■  J  . 


,-J 


0  '  - 


We  have  S=  ^ 

j=0 

for  convenience.  Set 


;  the  lower  index  is  assumed  to  be  zero 


j 

i  0 

where  with  C*  a  positive  constant  (more  about  it  in  a  moment) 
f  is  defined  by  the  requirement 

2'^'^  C*  h  -2"^. 

Note  that  }  *  to  O'h).  Let  also 

''r  Vi  1  •  L'i  •  ‘j  ' = 

Assume  tiiat  r*  is  so  'ar.je  that  with  a  positive  constant  c. 


d  1  s  t  (  A  1  ,  :  )  2  c  h  . 

Th  e  n  with  a  positive  constant  c  , 


(17)  dist(  t,i)  1^,  for 

Cominen  t . 

We  stiall  on  OLcasion,  Lemma  3  et  seq  .  ,  need  to  enlarge 
Die  role  of  bavin j  larqe  is  dual:  one  reason  is  to  satisfy  (17). 

The  other  is  to  tiave  a  certain  separation  between  the  circular 
boundary  pieces  ot  j,  and  ,  ' V  Basically  we  need  that  for 

,1=0  ,1 . ^  , 


i 


6 


U 

n.  u{t.  which  intersect  P  }cP', 

J  1  j  ~  J 

0{t^  which  intersect  p.}cp':  . 

J  1  j  j 

It  is  realized  that  this  will  be  fulfilled  if  C*  is  large  enough. 

A  similar  state  of  affairs  occurs  in  the  proof  of  Lemma  3. 

The  following  figure,  which  is  not  to  scale,  depicts  the  situa¬ 
tion. 


1 


1 

1 


e  =  V  -  V. 


and  recall  that  we  are  hunting  for  Q61.  We  have 


j.o  '  j 

o* 

Here  by  Cauchy's  inequality,  by  a  well-known  result  for  the  H 
projection,  and  by  (10), 


i'-'  el!  {  )  '■  C  h  j|  eii  , 


H  (R) 


C  h^  ||vH  o  ••  C  h^ 
H^(R) 


so  that 


2  ^ 
t  +  ' 


Next,  again  by  Cauchy’s  inequality. 


We  shall  use  the  following  local  H  -estimate;  as  usual,  we  wait 
a  while  before  giving  the  proof. 


LLMMA  3. 


Assuiie  thif  is  large  enough.  There  exists  a  constant 

C  such  that  the  following  holds;  For  j=0,l,...,^. 


r,  »nn(  .  d-  ilv-,"  ) 


C  d;'  e  !| 


■ 


li  "  o 


Taking  x  in  Lemma  3  to  be  the  interpolant  of  v,  and  remembering 
that  dj>ch,  we  obtain  from  (19)  and  elementary  a pnrox i mat i on 
theory,  and  using  also  the  well  known  result  that 


L2(R) 


C  h‘ 


hUr) 


C  h”^  (by  (10)), 


II'’  <''-><'llL,(!i;)  *  ‘'ll''->ll 

^  J  ^  J  ^  J 


^  ^  '■  ®  'iL,(R) 


Cd 


V  -  1 1  I  I  .  -1  ^  !  i  ®  1 1  L  2  (  R  ) 


<  Cd^h  Tv,'  +  C  h^ 

^  w^(n':) 

®  J 


(For  the  last  step,  cf.  the  comment  after  (17).) 

By  the  Green's  function  representation  (11),  and  using 
(12)  and  (17), 


^  2  i 

) 

'  j 


<  Cd. 


max  sup  f  iDG(y)!  -T(y)idy 

'  <2  X  . T ' 

-  J 

i"  i  r '  ^  C  h  d  7  ^  . 

.  »  J 


Therefore, 


L,  (a  J- 


<  C  h‘ 


Inserting  this  into  (13),  and  recalling  that  ^  '  t:n(l/h). 


•  ell,  C  h”"  en(l/h)  . 
1 


This  is  the  desired  inequality  (16). 
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To  complete  the  proof  of  our  main  result  it  remains  now  to 
verify  Lemmas  1,2  and  3. 

Proof  of  L  emma  1 . 

Recall  that  -Av  =  4>  in  R,  v  =0  on  dR,  where 

lull 

We  first  consider 

lVvl=  ^1^1  =  sup  ^  ^ 

3R  3R  3n  I  I  1  9R  9n 

l^'L^OR)-^ 

ncC  (9R) 

For  each  fixed  n ,  let  w  denote  the  harmonic  extension  of  n  into 
R.  Then  Green's  second  formula  and  Cauchy's  inequality  give 

OR  —  /(Av)w  =  /^  ^w  <  C  h  IUIIl^  II  wii 

<  C  h  , 

where  the  maximum  principle  was  used  in  the  last  step. 

Hence , 

(20)  ^  iVvl  V  Ch. 

<R 

We  need  to  prove  the  corresponding  estimate  with  9R  replaced 
by  'R^.  Let  'R^  =  describing  the  linear  segments 

making  up  -R,  .  Consider  ^  jDvl  where  D  is  a  generic  first 

derivative. 

Introduce  (by  rotation  and  translation)  a  new  coordinate  system 


locally  so  that 


I.  1  0 
-L  U 


Sj  =  {  (x^.x^);  0<x^;<Ch,  X2  =  0.} 


Then  ,  the  corresponding  piece  of  is  given  by 


^2  -  b(x^),  0<  x^<Ch. 


We  have 


b(x^  ) 

(21)  (Dv)(x^,0)  =  ( Dv  )  ( x^  ,b( x^ ) )  -  /  (_J_  Dv  )  ( x^ , x^ ) dx^ 

0  "^^2 

Here,  by  (11)  and  (12),  and  Cauchy’s  inequality, 

I  -i-  (D,)(x|,X2)  1  .  D^G’'(,)  1.  (y)dy| 


I  \t\  ■  C  h  li  t 


,  .  ,  ?  "  II  II  I  <• 

d]st(T  .Sj)^  ]'  _  ^2  -  h 

dist(T'  ,Sj)' 


in  the  last  step  we  used  (5).  Hence  from  (21),  since  by  (2)  we  have 
I  b(x^  )  I  <  C  h^ 

|(Dv)(x^,0)l  <  I (Dv)(x^  ,b(x^ ))  1  +  Ch. 

Integrating  over  we  obtain  (since  b(x^)  is  smooth). 


i 


0  I  Dv 
S.. 


!|ilDv 

L.. 


+  C  h‘ 


Summing  over  j  gives,  by  (1)  and  (20), 

^  lvv|  <  C  5i  |Vvl  +  C  <  Ch. 

h 

This  proves  the  Lemma.  (Actually,  the  difference  in  the  two  integrals 
over  and  is  0(h^).) 

P r 0 o_f  of  Lemma  2. 

2 

With  D  a  generic  second  derivative,  we  estimate 

2 

D  V  ^  ^  .  Let  B  denote  a  disc  around  Xq  of  size  Ch  and 
such  that 


d}st(R\B,  t‘ )>  ch 
for  some  positive  c.  We  have 


n2 

D  V 


Li  (R) 


/' D^vl 

B 


+  JlD^ 

R\B 


Here,  by  Cauchy's  inequality  and  (10), 


/i'D^vi  <  Ch)|v)i  p  <  Ch. 

B  H'^(R) 

For  X-  R\B,  the  Green's  function  representation  (11)  and  (12) 
give,  together  with  Cauchy's  inequality. 


D%(x)|  •:  - 2  /l^^i  1  ^ _ 

diSt(x.T')  T-  dist(x.T')^ 


I 


By  the  manner  in  which  the  radius  of  B  was  chosen. 


/lD^v|  Ch  /  dist(x,T')  ^dx£Ch  )ln(l/h). 
R\B  ”\B 


Hence , 


1’  V  j;  j  ^  <  Ch  «,n  ( 1  /  h  ) 


This  completes  the  proof  of  the  lemma. 

Proof  of  Lemma  3. 

We  start  by  noting  a  preliminary  result,  often  referred  to 
as  "superapproximation".  Let  w  be  a  smooth  function  with 

2 

Im]  £  1,  let  X  and  let  ^  f  be  the  interpolant  of  x  ^ 

Then  for  any  triangle  x,  it  is  well  known  that 

V  -  I  II  ,  <  Ch  max  |!  D''(  II 

h'(t)-  1(1=2  L^It) 

If  a  =  c(^+  fX2,  then  since  x  is  linear, 

d“(u)^x)  -  (D‘,..^)  X  +  2((d‘\0'  +  (D  D‘^.). 

Consequent! y , 


(22) 


v-I 


H^x) 


<  C  h  (  I  m 


W^  ( X  ) 


^"L2(x) 


^11  u^ll  ,  II  '^Vxll  L  (,))• 

W'  (t)  *-2^^^ 


J 


Let  now  j  be  fixed  for  the  rest  of  our  argument,  and 

set  ,  n  '  =A  '  .  ;  d  =  d..  Introduce  the  auxiliary  domains 

j  J  J  J  J 


A*"  =  {x:  ^  (1  -  1^)  <  |x-Xq|  <  d(1  +  i  )}  ,  k  =  2,3,4 
and 

-  A*"  k’  ,  so  that  c  ,2 

h 

Consider  first  functions  w^c  which  are  "discrete  harmonic"  in 
^  ,  i .  e .  .  s;.ch  tha  t 

2 

(23)  .  ‘■'h'  '''  ^h  support  in  A  . 

k' 

h 

We  shall  shi...  that  then 


(24) 


^h^  L,(m)  1 


C  d 


Comment . 

For  our  proof  to  work,  we  need  that  d  is  so  large  that  every  triangle 
intersects  at  siost  one  of  the  yjicuj^  boundary  pieces  of  9.,  :  ,  k  =  2,  1,4,  and 
Chi  .  can  be  arranged  by  taking  C*  large  enough,  (cf.  the  comment  after  (17' 

2 

so  a  smooth  cut-off  function  ;o(x),  xeR  ,  0  <  <  1,  such  that 


1  on  A,  supp  a)  C  A 


and  sues 


W  ( 


-.2, 


<  Cd  ,  C  =  0,1,2  . 


(25) 


Such  a  f;i' i  tion  is  easily  constructed  by  change  of  variables  in  one  valid 
for  d  - 1  . 


(26) 

Here , 

With  ^ 
large)  .. 
(25) 

Using  n 

h  /  ^ 

over  ' 

Fur  t  iir 

( 0  1  1  e '  t 


■call  our  notational  convention  following  (11)), 


'h'  iM) 


.  .w 


h  I 


,  w 


h’'  L. 


'^h 


/■  '"h  Wh)  -  2  ^  '  'y 


2  3 

Interpol  ant  of  .  (I  is  supported  in  51  for  C* 

rg  the  discrete  ha  ruion  i  c  i  ty  of  w,  we  have  by  (22)  and 


/  Vwj^-  ,  (  '-w,  -  i  )  : 


Ci!  VwJI  h  (d 


-2  ,, 


w 


h'' 


,3^+  d"'  II  .rVw^ll  L 


ov,  ‘re  well  known  inverse  property  that 

.  ^  c  ' :  / 


L^(t 


‘  '’o:  ents  T  intersecting 


,  we  have  upon  squaring  and  summing 
3 


f  h  1;  w.  il  .  ,  ,3^  <  C  1!  Wu''  ,  /  .2,  (C*  large  enough). 


"  'i  •  '"hi'  L2(.w")  - 


'h  L2(..  ) 


f^\  <  Cd 


h"  ' 


4  3  2 

'  ui  ttie  above  estimates,  since  s?  Q.  P  c.  P 
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<  C 


•'hllL2(fi^)  *  f  li“'“hllL3 


whereupon,  by  (26),  the  desired  estimate  (24)  obtains. 

We  proceed  in  pursuit  of  Lemma  3.  We  now  employ  a  cut-off 
function  n(x)  such  that 


2 

n-lonA,  suppn^A', 
and  satisfying  the  estimate  of  (25)  .  Then 


,,v  v^i!  <  !|7  (Pf,(nv))||L^  +  1|V  (P^(nv)  -v 


h^  'l2(f!) 


<  !!v  (nv)  II  ,  +  ||v  (P.(nv)-v 


h^'l,(f2)  ’ 


since  the  projection  obviously  is  stable  in  the  energy  (quasi)  norm 


over  R^.  Hence, 


L2(a')"'' 


h'  L. 


For  the  third  term  on  the  right  o^  (27)  ,  since  n  =  1  on  A"  , 

2 


P,  (r)v)-v,  is  discrete  harmonic  on 
h  h 


Q 


Therefore  from  (24)  , 


(%(nv)-v^)',  L,(s;)  i  Cd-’il  P|,(n«)-vJI 
1  Cd-'  ,1  P|,(nv)-r,vi!  ,^^,^2,  +  ' 

Combining  this  with  (27)  ,  using  also  the  triangle  inequality. 


I 

I 


4  If 


1 


I  ve 


(28) 


+  Cd"''  lleil 


L2(i^'  ) 


+  Cd 


-1 


II  P^(nv)-nv!| 


To  handle  the  last  term  on  the  right  we  use  a  duality 
a  rg  umen  t : 


(29) 


P^(nv)-  nv|l|_  (Q')"  /(P^(nv)-nv)(i)  . 

^  «Co(a') 


L^-l 


For  each  such  let  i|j  be  the  solution  of 


-AT)  =  iT  in  R  ,  ijr  =  0  on  9R. 


Then  since  P^(riv)  =  0  on  3R^, Green's  formula  gives 

(30)  /(P^(riv)-  nv)0  = /y(Pj^(nv)-  nv).  Vi|;  -  ^  nv  • 

’^h  ^’^h 

F_or_I^:  By  well  known  properties, 

illi  =  1  /v(Ph(nv)-  nv).v(  ij)  -P^4^)|-  =  I  /v(nv).v  (<}>  -P^^p  )1 


^1) 


c  !1  V  (nv)  II 


h  1 1  ij' 


H^R) 


Fo  r  ^2  • 
supp( n) . 


Note  that  the  term  enters  only  if  9R^  intersects 


We  have 
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' '^''1  L2(3R^)  ■ 

Since  8R^  is  uniformly  Lipschitz  (easily  checked), 


nv 


(.)RJ  1  Cdinvil  linvil  ) 


1/2 


(32) 


)  . 


Further, 

(33)  i’S'lLjOR,)  i  C(||v,||^^  • 

where 

(34)  2  - 

H 

For  the  other  factor  in  (33).  we  have,  taking  the  norm  over  the 
whole  of  R, 


(35) 


2 

L2(R) 


/  14'  < 


L2(f^' 


)• 


We  next  want  to  show  that 


(36)  II  )  -  ^'^II'^''''IIl,(R)  • 

Since  3R^  and  supp(n)  intersect  we  have  the  following  picture, 
after  straightening  the  boundary  9R  in  a  neighborhood,  assumed 
greater  than  d. 


Here  the  domain  S  is  a  square  of  side  length  £  Cd  that  contains 
Q' .  By  Poincares  inequality  then,  since  vanishes  on  3R,  we  obtain 

There  are  only  finitely  many  d  (=d.)  not  covered  by  the  above 
and  for  these  we  obtain  (36)  from  Poincare's  inequality  over  the 
whole  of  R  (possibly  increasing  the  constant). 


From  (35)  and  (36),  ||Vil^||,  <  Cd,  and  reporting  this  and 

'-z 


( 34)  into  ( 33) ,  we  get 


1/2 


I 
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Usi ng  thi s  and  (32  ) , 

i'zl  i  *  ll''llL2(a')>  • 

By  this  and  (31)  in  (30)  and  (29),  since  d^ch, 

whereupon  inserting  into  (28),  we  obtain 

This  estimate  depends  only  on  the  fact  that  ''h”^h'^'  Therefore 
we  may  write  v- v^  =  v-y-Pj^ ( v-y)  for  any  y  in  and  obtain 

xes, 

X  Cd-'  l|v-v^|||_^,„,, 

This  proves  the  lemma,  and  ends  the  lecture. 


Lars  B.  Wahlbin,  Cornell  University. 


Third  Lecture:  A  brief  survey  of  parabolic  smoothing  and  how  i^t  affects 
a  numerical  solution:  finite  differences  and  finite  elements. 


Finite  Differences . 

As  a  suitable  model  problem  we  take  the  pure  Cauchy  problem  for 
the  heat  equation  in  one  space  variable,  i.e.,  the  problem  of  finding 
u  =  u(t,x)  such  that 

rut  =  u^^  .  ■  X  ^  ,  t  ■  0, 


(1)  i 


u(O.x)  =  v(x) 


Here  v  is  a  given  function. 

Define  the  solution  operator  E(t)  by 


(2)  u(t,x)  =  E(t)v(x)  =  I  e'  ^  . 

For  numerical  solution  of  (1)  we  choose  a  regular  mesh.  With 
h  a  spatial  steplength  and  k  a  temporal  one  we  introduce  notation 
according  to  the  following  figure. 


^  t,n 


t-i- 


x  =  j  h 
t  =  n  k 

— i — 


- 5* 

X  ,  j 


Wp  demand  that,  as  k  and  h  vary,  they  obey 
'  =  k/h^  is  fixed. 

As  a  model  example,  consider  the  forward  time,  centered  space 

Lecture  in  the  Department  of  Mathematics  at  University  of  Maryland, 
College  Park,  during  their  Special  Year  i  n  NUmer i ca 1  Analysis,  1980-81. 
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approximation  (FTCS).  With  the  approximate  solution, 

-  u"  u"  ,  -  2u"  +  u"  , 

_J _ i  =  3  +  1  3  J-1  . 

k  h^ 


.  (I-2»)uJ  *  Au".,  =  (E^u").  . 

For  the  moment,  set  u9  =  v .  =  v{jh)  ;  we  shall  return  to  the  question 

3  3 

of  how  to  choose  the  discrete  initial  data.  Then,  corresponding  to 
(2),  we  have  the  discrete  solution  operator 

“j  -  '‘h  ■ 

We  shall  describe  some  results  for  this  set-up.  Sharp  theorems 
for  the  rate  of  convergence  in  terms  of  smoothness  of  initial  data 
V  are  obtained  by  use  of  the  Fourier  transform,  and  of  Besov  spaces. 


We  have 


E  ( t )  V  ( r, )  =  e '  V  ( rj  , 


e"  V  (>,)  =  a(h‘)%(0  , 


where,  in  the  FTCS  case. 


a(0)  =  l-2\+2X  cos(o)  . 

In  general,  a(o)  is  2:T-periodic ,  and  we  demand 


in  the 


sense  of  John,  [1],  i.e.,  that  there  exists  a  positive  constant  c 
such  that 


la(0)  ly  e‘ 


,  for  I Q I  1  ^  . 


In  the  FTCS  approximation,  this  is  the  case  if  X  <  1/2  ;  it  is 
well  known  that  the  approximation  is  useless  for  X  >  1/2  . 

We  also  introduce  the  order  of  accuracy,  u  ,  of  the  approximation 


a  ( ■:> )  -  e”  ’ '  =  0{  “  ■  )  as  0  j  -  0  . 

In  the  FfCS  scheme,  u  =  2  . 

We  next  briefly  describe  the  Pesov  5j)  a  c  e  s  B  ^  ^  ^  ^  p  ’  (  R  M  ) 

to  the  extent  that  che  audience  can  appreciate  that  they  m ight  come  in 
handy  in  a  Fourier  based  investigation.  Loosely  sp(!akiti9,  a  function 
in  Bp  has  (almost)  s  derivatives  in  .  A  convenient  character¬ 

isation  for  the  present  purposes  is  the  following;  cf.  [2]  and 
references  there  for  details. 

Let 

1  ;  Q  (■)  +  't  j  ^  . 

where 

i})q  is  a  smooth  cha  racteri  st  i  c  function  of  the  interval  [-1,1]* 

(j) .  ,  i  1,  is  a  smooth  characteristic  function  of 
(2’'"'  1  ICi  1  2^"^^  1  • 

Then 

i|v||  ^  =  sup  2^’  1!  F-^(<J>  v)l|  ,  . 

Bp  i^O  '-p 

For  p  =  oo  we  have, 

s  non-integral,  =  Lip(s),  the  Holder  class, 

s  integral,  =  Zyg(s),  the  Zygmund  class. 

The  following  result  characterises  the  rate  of  convergence  in 
terms  of  the  smoothness  of  initial  data  v.  It  takes  into  account 
all  possible  translations  of  the  spatial  mesh,  and  the  error  at  all 


time-levels  nk  . 
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THEOREM  1 .[3], 

For  0  <  s  £  y  , 

li  Ejv-E(nk)v||  L  1  Ch^  (|  v||  5.0  =  1,2,... 

CO  B 

00 

Conversely,  if  for  a  fixed  >  0  , 

sup  II  E%-E(nk)v||  ,  <  Ch^  as  h,k  ->■  0  , 

0<nk<t^  '■00 

then  V  e  . 

00 

This  result  should  be  compared  with  classical  results 
for  trigonometric  approximation,  cf.  [3]  and  references 
there,  and  results  for  spline  approximation,  [4]. 

A  generalization  of  the  first  part  of  Theorem  1  to  more 
complicated  problems  can  be  found  in  [5]. 

Exampl e . 

Let  a  be  a  small  positive  number  and  v^  the  function 

C  0,  X  <  0  , 

(3)  V  (x)  =  { 

X  U){x)  ,  X  >  0  , 

where  a)(x)  is  smooth  function  with  compact  support  on  r\  with 
0)  '  1  in  a  neighborhood  of  the  origin.  Then,  see  e.g.  [2, Prop  2.4.2], 

V  t  B'  but  V  ?!B^  for  s  >  o  .  Here  we  have  by  a  simple 

ij  <x>  0 

calculation, 

E(k)v.(0)  =  h 

and,  for  the  FTCS  scheme, 

v,(0)  =  Ah'"  . 

Rightfully  then.  Theorem  1  predicts  only  h*^  convergence  close 


i 


to  initial  time  (unless  the  mesh  parameter  '  is  luckily 
chosen;  then  shift  the  mesh). 

However,  let  us  now  take  into  account  the  smoothing  property 
of  (1),  i.e.,  the  fact  that  even  if  v  is  rough.  E(t)v  is  smooth 
for  t  ■  0.  Will  ttie  numerical  solution  take  advantage  of  that? 

Let  us  therefore  study  convergence  at  a  fixed  positive  time 
Lq  -  nk  .  Our  first  theorem  may  come  as  a  disappointment. 

IdJ OJI  1^2  .  • 

Let  0  >  s  '■  i.  ,  and  let  tQ  =  nk  0  be  fixed.  There  exists 
£ 

a  function  v  c  such  that 

lim  sup  h"^  II  E?v-E(nk)vli  .  >  0  . 

h,k-^0 
nk  =  tc 

A  specific  such  function  was  exhibited  in  [7];  it  is, 

essentially,  a  lacunary  Fourier  series.  It  is  not  particularly 

likely  to  come  up  in  many  applications.  E.g.,  it  has  the  property, 

s- 1  s - 1 

for  s  a  non-zero  integer,  d  v/dx  is  continuous,  but 

d^v/dx^  is  non-existent  a.e. 

An  attempt  at  an  inverse  theorem  for  convergence  at  a  fixed 
time  leads  to  the  following. 

THEOREM  3.  [7] . 

Let  1  <  s  <  p,  and  let  t^  =  nk  >  0  be  fixed.  Then  if 

II  eJv  -  E(nk)v|l  L  <  Ch^,  as  h,k  -  0  , 

ix> 

we  have  v  c  ^  . 

oo 

A  positive  counterpart  to  the  above  is  as  follows. 
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THEOREM  4.  [7]. 

Let  1  <  s  <  p  .  Then 

||  eJ^v  -E(nk)vi!|_  <  Ch^(nk)'^^^  llv]l  ^  . 

B, 

E  X 1  in  p  1  e  . 

Consider  the  function  of  (3).  It  belongs  to  and 

to  ,  but  no  better.  Theorem  4  predicts  0(h^^°)  convergence 

CO 

(0  ^  a  IP-  1)  for  positive  time,  and  Theorem  3  tells  us  that  this 
is  sharp. 

Hence,  the  comhi nation  of  Theorem  3  and  Theorem  4  is  sharp  for 
this  type  of  isolated  roughness. 

The  fact  that  the  numerical  approximation  takes  advantage  of  the 
smoothing  property  was  noted  in  [8]. 

Still  better  rate  of  convergence  for  positive  time  than  predicted 
by  Theorem  4  can  be  accomplished  if  one  employs  a  preliminary  smoothing 
of  initial  data  ,  [ 7 ] ,  [ 9 ] . 


Example. 

We  define  a  mean-value  operator  , 

^  1  ,  X  .  .-1,2  sin(hC/2) 

=  h  /  v(x-y)dy  =  F  ( - .  ■  - - 

n  ^.h/2  ^ 

We  have,  e.g.,  the  following  picture  for  v^ 


v(C))(x)  . 
of  (3)  . 


A 

1 


h 

a 


-Ji 

a. 


X 


Here 


0,  X  <  -h/2 

(4)  M^v,(x)  =  ■/  ^  (x  +  h/2)''^^  ,  -h/2  <  X  <  h/2 

-  h/2)‘^''’^  -  (x  -  h/2)  ’^^),  h/2  ■  x  , 

a  s  1 0  n  g  a  s  (o  1  . 


THEOREM  5.  [7J. 

ro(  1  <  s  2:_  ii,  0  <  Iq  <  fixed  , 


r^^|M^V'E(nk)v;l|^  iCh^ 

'*v> 


for  0  <  Iq  nk  <  t-j 


App'/ing  this  result  to  ,  while  taking  the  difference  scheme 

directly  on  v.  gives  a  rate  of  0(h^^')  ,  using  it  on  results 

in  an  n  ■  h  )  rate.  Thus,  for  a  small,  we  gain  almost  a  full  order. 

Th;  simple  mean-value  operator  considered  fits  nicely  with  the 
FTCS  n  ;ip  r  0  X  i  ma  t  i  on  ;  the  inherent  second  order  in  the  scheme  is  re¬ 
stored  as  long  as  initial  data  has  somewhat  more  than  one  derivative, 
the  dor  itive  being  measured  in  the  weakest  possible  Lp-class,  viz., 
in  Similar  results  hold  for  higher  order  schemes  by  use  of 

higher  jriet  smoothing  operators. 

NnLc  that  if  it  is  possible  to  decompose  initial  data  v  as 
V  =  ,  then  it  is  sufficient  to  apply  the  smoothing 

operator  to  ''rough'  lucky  one  might  choose  ''rough 

that  the  smoothing  operator  on  it  is  easily  evaluated,  cf.  (4), 
where  "r  ^ould  use  a  smooth  spline  cut-off  for  lo  in  (3). 

Thonrem  5  holds  also  for  more  complicated  problems,  [7], 

We  conclude  our  survey  of  results  in  the  finite  difference  theory 
by  giving  a  very  rough  indication  of  why  a  smoothing  operator  works: 
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Split  V  as  V  =  into  "low"  and  "high"  frequency 

components.  For  rough  v,  ^high  "small".  With 

2 

tg  =  nk  =  \nh 


(eJ^v  -  E(nk)v)  (c) 


(a(hr,)"  - 


1  ow 


-  e 


high 


^  "high  =  'l  *  '2  +  >3  • 

Here,  I.^  is  "small"  by  the  order  of  accuracy  condition.  Clearly, 

is  "small"  for  tg  fixed  positive;  this  reflects  the  smoothing 
property  of  (1).  However,  since  a(h5)  =  1  for  h^  =  Ziir  ,  i 
integer,  will  not  be  small. 

Considering  next  what  happens  when  applying  ,  in  the  same 
sloppy  manner  we  have 

(eJ  M^v  -  E(nk)v)'(fJ 


Here 


(h-)"  -  n 


1  ow 


.  (ad  'l"  - 


)« 


1  OW 


-t 


.2 


-  e 


1)  ' 


high 

^n  s  i  n  (  h  F  /  2  )  ^ 


1 


+  a  (  h 
i s  " sma 11"  since 


h ' / 2  high 

s  i  n  0 


+  J3  +  j,  , 


1  for  6  small 


and  Jg 


are  "small"  for  the  same  reason  I 


J 


and 


I2  were.  Finally,  for 


^  ,  the  role  of  the  smoothing  operator  in  damping  high  frequency 
components  is  easily  discerned. 


Finite  Elements. 


As  a  suitable  model  problem,  this  time  we  consider  the  mixed 
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initial  boundary  value  problem 


(5) 


t  XX 

u(t,0)  =  u(t,l)  =  0, 
L  u{0,x)  =  v{x). 


0  <  X  <  1  ,  t  >  0  , 


Let  u(t)  =  E(t)v  . 

For  the  numerical  set-up,  let  N  be  a  sequence  of  integers, 
h  =  1/N,  I.  =  [jh,(j+l)h],  j=0,...,N-l;  let  r  and  s  be  integers 

sj 

with  r>2,  0<s  <r-2  and  set 


=  {xeC^[0,l],  x(0)  =  xCl)  =  0»xli  polynomial  of  degree  r-l). 

For  simplicity  we  only  consider  a  semi-discrete  approximation  to  (5). 

We  seek  e  such  that 

((u^)^,x)  +  ^x^  ^  ^  ^  ^h  ’ 

O 

Uh{0)  =  given  in  . 

Here  (f,g)  =  /q  ^9  •  Set  Ej^(t)Vj^  =  u^(t)  . 

In  this  situation,  let  us  not  review  results  of  a  general  nature 
(cf.  [10],  [11],  [12])  but  move  directly  to  the  problem  of  how  the 
choice  of  v^  influences  the  "smoothing  advantage".  Furthermore, 
the  precise  results  we  state  shall  only  be  quoted  for  (maximal) 

y- 

0(h  )  convergence. 

The  following  very  loose  indication  can  he  given.  Let 

2  2 

t  (x)  =  v2  sin(TTjx),  A.  =  TT  j  ,  j  =  1,2,...  be  the  eigenfunctions 
J  J 

2  2 

and  eigenvalues  of  the  operator  -d  /dx  on  [0,1]  with  zero  endpoint 

h  h 

conditions;  let  (p .  and  A.,  j  =  1,...,=^  N  ,  be  their  discrete 

0  J 

counterparts.  They  are  "close"  for  "low"  j,  but  unrelated  for 
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"hi<|h"  j,  although  for  j 

.t 

E(t)v  =  y  k.e  (J). 
j 


large. 


-  h  .  , 

Aj  IS  large. 


Now , 


a  ri  d 


E,(t)v 


V 

J  J 


k'’ 

J 


(Vh,^?) 


T  h  e  r  e  f  0  r  e  , 


E^(t)v^  -  E(t)v 


j  low 


(kj 


j  1  cw 


l<i(e  ^ 


-  A  .  t 

e  ^ 


.t 


1  ^ 
high  ^ 


- ' 


k ,  e 


i  h  i  'i  h 


J 


1^+13+13+  I4 


tlor.a  It  is  "siaall"  because  .  ■.  and  0^  '  for  low  j.  Fo'' 

2  J  J  J  J 

■i-u'  pn.itivr  t,  1,  and  I,  are  "small"  since  and  A.  are  large. 

>4  J  J 

To  have  1,  saiall,  we  need  that  klj  -  k.  is  small  for  low  j. 

'  J  J 

Ar  >vrite 


kj  -  kj  --  (v^-v,;'^)  -  low  j, 

whe.'-e  the  second  r.ember  on  the  right  is  'small".  Thus,  loosely 
s  n e a  k i n g  ,  we  need 


( f' )  (7^  -  V.  ■  )  small,  for  low 

!t  wf  take  to  be  the  interpolant  of  v,  then  (6)  would  hold 

h 

[■■''vided  V  was  smooth;  for  rough  v,  systematic  sign  errors  of  large 
a:'iir ucle  could  occur,  destroying  (6)  . 

ThM e  is,  however,  the  obvious  choice  of  setting  to  be  the 

I  p  r  0  j  e’  c  t  i  0  n  of  v  . 
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The  above  can  be  made  exact.  Let  P^v  denote  the  - pro j ec t i on  , 

O 

defined  by  (P^v,x)  =  (v,x)  for  all  ' 

THEOREM  6.  [13] . 

Let  tn  >  0  and  v,  =  P.  v  .  Then 
0  h  h 

II  E^(t)P^v  -  E(t)vl|  <  Ch’"ji  v|!  ,  0  tp  <  t. 

A  similar  result  holds  in  the  presence  of  a  suitable  time  discreti¬ 
zation,  [11],  [13]. 

The  smoothing  property  in  parabolic  finite  element  equations  was 
investigated  in  [14]  and  [15]. 

In  the  case  of  smoothest  splines  (s=r-2)  there  is  a  connection 
between  the  Galerkin  method  and  certain  "finite  difference"  operators, 
see  [16].  Then  taking  v^  =  P^v  corresponds  to  a  smoothing  operator 
in  the  finite  difference  theory. 

In  general,  numerical  integration  is  needed  to  evaluate  P^v  . 

Let,  cf.  [17]  for  details,  P^v  denote  the  approximate  L^-projection 
given  by  applying  an  integration  method  which  is  exact,  on  each 
subinterval,  for  polynomials  of  degree  2r-2. 


THEOREM  7.  [17]. 


Let  to  >  0  and  v.  =  P. v  .  Then 
u  h  h 

II  L 


N-1 


<  Ch  i||  v||  /  n)in(x,1-x)iD’^(x)|d) 

N-1 


j=0  Ij 


+  [  /  I  o'"' ^  V  (  X  )  I  dx  }  ,  for  0  <  t„  <  t  . 

j  =  0  I, 


A  similar  result  holds  if  v, 


is  the  interpolant  of  v;  the 
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result  also  carries  over  to  time-discretizations,  [17]. 

Applying  Theorem  7  to  functions  behaving  like  (x-Xq)^  locally 
we  have  for  ’  non-integral  and  Xq  interior,  that  a  >  r-1  is 


needed  for  0(h)  convergence.  This  corresponds  to  Theorem  4  in  the 
finite  difference  situation.  For  Xp,  =  0  or  1  ,  or  for  a  integer 


and  X 


0 


leshpoint  we  have  more  advantageous  estimates  in  the  finite 


element  situation;  this  is  because  the  analysis  does  not  have  to  include 
all  possible  m  e  s  h - s  h i f  t  s . 

As  in  the  case  of  preliminary  smoothing  in  the  finite  difference 

it  would 

niuu  L\]  T'uuy  u 

office  to  evaluate  '^rough  exactly. 


setting,  if  v  canbesplitas  v  =  v  +  v  . 

^  smooth  rough 


>ie  conclude  this  lecture  with  the  following  five  brief  remarks. 


1  ) 


Take  e , g  .  v 

r 


The 
da  ',pc 
I  ike 


to  be  the  step  function 

0,  0  -  X  <  1/4  , 

1  ,  1/4  1  x  <  3/4  , 

0,  3/4  <  X  1  1  . 

(nojection  has  then  an  oscillatory  error,  which  gets  heavily 
d  in  the  approximate  solution,  which  in  this  respect  behaves 
the  true  solution. 

ii)  Connected  with  i)  is  the  fact  that 


V-  P,  V  , ' 

h  ^-r 


Ch  !|  V  I! 


ill)  A  smoothing  property  in  the  Na v i e r- Sto kes  equations  has 

[’lit  to  a  somewhat  similar  use  in  [18]. 

i.)  For  the  Fuler-Poisson-Darboux  equation, 

“tt  *  t  “t  ' 


t  n  V  f 


i'.  a  snioothinq  property,  which  depends  on  the  size  of  K.  The 


finite  element  solution  takes  advantane  of  this,  [19]. 

v)  The  influence  of  t i me -d i scret i z a t i on s  on  the  parabolic 
smoothing  property  in  finite  elements  has  been  thoroughly  investigated 
in  [20],  [21].  Certain  surprises  are  in  store  for  high  order  time- 
discretizations  when  the  equation  has  time  dependent  coefficients. 

★ 
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I.  Asymptotic  Con\’erqence  of  Boundary  Element  Methods 

This  lecture  qives  a  survey  on  the  as\'mptotic  error  analysis 
of  boundary  inteqral  equations,  in  particular  on  joint  work  by  M.Costabel 
G,  C.  Hsiao,  P.  Kopp,  E.  Stephan  and  W.  L.  l.'endland  [25,34,38,39, 

41 ,  42  ,  43 ,  12  ,  79 ,  80]  . 

Introduction 

Nowadays  the  most  popular  numerical  methods  for  solv'inn 
elliptic  boundary  value  problems  are  finite  di  f  ferc'nces  [  22  ]  , 
finite  elements  [11,  21]  and,  more  recently,  bciunci^u  y  intociral 
methods.  The  latter  arc  numerical  methods  fc^r  sol  vine  inteqral 
equations  (or  their  c-eneralizat  ions)  on  the  boundary  r'f  tiie 
aiven  domain. 

The  conversion  of  elliptic  boundary  Vctlue  probler's  into 
correspond in<7  inttKjral  equations  for  the  invest  mat  i  on  c^f  existence 
qoes  far  back  in  history.  For  computa  t  i  ona  1  purposes,  howei’er, 
uounu  iry  inteqral  equations  of  various  typos  becann.'  more  fashion¬ 
able  only  recently.  (Sec  e.q.  [44]  and  the  proceedinns  [16,  17] 
and  [68].)  The  numicrical  discretizations  are  mostly  based  on 
collocation  methods  whereas  mathematically  Galorkin's  procedure 
and  correspondinq  variational  formulations  provide  a  further 
developed  error  analysis. 

Here  we  shall  develop  a  numerical  implementation  of  Galerkin ' s 
procedure .  The  resultinq  scheme  not  only  provides  hiqh  accuracy 
as  Galerkin 's  method  but  also  is  simple  to  be  adapted  to  modern 
computing  machines.  We  shall  tern,  this  method  as  the  Galerkin 
cr,!  location  method  [79]  . 


It  applies  to  a  very  wide  class  of  integral  equations  on 
the  boundary  man  Hold  as  to  integral  equations  of  the  second 
and  the  first  kind,  to  singular  integral  equations  with  Cauchy 
kernels  cui  c'urves  and  diraud  kernels  on  surfaces,  i.e.  Calderon 
dyqmund  operators  [  1 'J  ]  and  also  so^ie  integrodif  ferential  equations 
witli  finite  part  principal  value  operators. 

The  method  ciencralizes  the  Galerkin  collocation  in  [38]  that 
has  been  developed  for  Fredholm  integral  equations  of  the  first 
kind  with  the  louarit  ;nic  kernel  as  the  principal  part. 

The  effectiveness  of  the  method  rests  on  the  asymptotic 
convergence  properties  o:‘  Galerkin 's  method.  For  finite  element 
methods  in  the  d>Miiani  a!id  ‘  c'r  finite  di  f  ferences  it  is  well  known 
that  strong  ollipticity  imi'lies  the  asymptotic  convergence.  But 
for  the  boundai'.’  int’.  m  li  r.ethods  the  strong  ellipticity  of  the 
cor  respoiid  1  i.a  ;  sea.r  \ i  i  ■  e .  -n  t  i  al  operators  seemed  not  to  have 
receiMoi  tile  !  I  tel  at.  t  •.•nt  ion  yet. 

II.  re  we  s:;  ill  I  '..•uain:  t.owards  (i)  strong  ellipticity , 

(ii)  a  I'li  ..ast  j  rata.  ;•  f,£  th£  integral  equations ,  and  for  two- 
dimensivinai  probJi.’trs  towaids  (iii)  convolution  operators  as  the 
principal  parts  am:  (iv)  snutothness  o£  the  remaining  kernels. 

(i)  Strong  ellipticity: 

Since  .Michlin's  fundamental  work  [51]  and  the  constructive 
proof  of  the  Lax-Mi  l.it  am  theorem  by  Hildebrandt  and  Wienholtz 

O 

[35]  it  is  well  known  that  the  Carding  inequality,  i.e.  strong 
ellifiticlty  implies  asymptotic  convergence  of  Galerkin 's  method 
in  the  energy  norm.  This  in  turn  gives  optimal  convergence  rates 
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in  the  corresponding  Sobolev  spaces.  Using  or  the  Sobolev 
space  norms  which  are  equivalent  to  the  energy  norm  it  turns  out 
that  the  strong  ellipticity  is  even  necessary  for  the  convergence 
of  all  Galerkin  procedures  due  to  Vainikko  [77]  .  As  for  the 
variational  methods  [21],  the  use  of  regular  finite  element 
functions  yields  optimal  order  of  convergence  when  the  error  is 
measured  in  the  energy  norm  or  in  Sobolev  space  norms  of  hiqher 
order.  (See  also  Stephan  and  Wendland  [72].)  Here  we  consider 
equations  which  are  strongly  elliptic  with  ellipticity  correspon¬ 
ding  to  Agmon,  Douglis  and  Nirenberq  (see  [36]  p.  268)  but  also 
with  pseudodifferential  operators  of  arbitrary  real  orders. 

It  should  be  pointed  out  that  strong  ellipticity  is  a  rather 
strong  condition.  Often  serve  more  specific  weaker  properties 
of  the  problem  for  satisfying  the  Babuska-Brezzi  conditions  [10]. 

(ii)  a  priori  estimates ; 

If  the  integral  equations  are  interpreted  as  strongly  ellip¬ 
tic  pseudodifferential  equations  [46,  67,  76]  then  they  provide 
a  priori  estimates  in  the  v/hole  scale  of  Sobolev  spaces  in  addi- 

O 

tion  to  the  Carding  inequality.  This  allows  to  generalize  the 
Aubin-Nitsche  Lemma  [57]  from  differential  equations  to  the 
general  class  of  strongly  elliptic  pseudodifferential  equations 
as  done  by  Hsiao  and  Wendland  in  [42].  Nitsche's  trick  proves 
super  approximation  i.e,  optimal  order  of  convergence  even  if 
the  error  is  measured  in  Sobolev  space  norms  of  order  leas  than 
the  energy  norm.  This  super  approximation  implies  high  convergence 
rates  for  the  approximate  potentials  in  compact  subdomains  away 


from  the  boundary  mani*^old  where  the  integral  equation  was  solved 
approximately.  This  indeed  was  often  observed  in  numerical 
computations . 

(iii)  Convolution  kernels  as  principal  part ; 

In  any  case,  the  principal  part  of  a  pseudodifferential 
operator  has  convolutional  character  [67,  76],  But  if  it  can  be 
depicted  as  a  simple  convolution  in  one  variable,  i.e.  for  two- 
dimensional  boundary  value  problems,  then  the  Galerkin  weights 
of  the  principal  part  associated  with  finite  element  functions 
on  a  reaular  grid  form  a  'roepl  itz  matrix  whose  elements 

are  qiven  by  a  vector.  Ttiis  v'octrir  can  cventua]  1',’  be  expressed 
by  two  vectors  which  can  De  evaluated  exact  1'^’  up  to  the  desired 
accuracy  once  for  all  independent  the*  bfninda ry  mani  fold  !' 
as  well  as  of  the  meshsize  h  feu'  any  fixed  type  of  finite  elements. 
It  should  be  pointed  out  that  the  accuracy  of  the  numerical  results 
depends  significantly  on  how  to  cr.mpi  te  the  approximate  principal 
r>art . 

( i V )  Smooth  remaining  kernels ; 

If  the  remainder  of  the  integral  operator  subject  to  the 
coi-volutional  principal  part  has  smooth  kernel  then  the  corres¬ 
ponding  Galerkin  weiahts  can  be  treated  numerically  by  suitable 
quadrature  formulas  depending  on  the  particular  finite  elements 
to  be  used  and  the  consistency  needed.  This  leads  to  simple 
(modified)  collocation  formulas. 
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In  this  way,  the  computation  of  the  coefficient  matrix  of 
the  finite  dimensional  algebraic  system  can  be  done  in  a  most 
efficient  and  simple  manner.  On  the  other  hand,  the  solvability 
of  the  corresponding  algebraic  systems  as  well  as  the  asymptotic 
convergence  of  the  approximate  solutions  are  assured  by  the 
strong  ellipticity  of  the  integral  equations. 

If  the  consistency  is  of  sufficiently  high  order  then  the 
asymptotic  convergence  and  even  the  superapproximation  remain  valid 
for  the  fully  discretised  Galerkin  collocation  scheme  as  well. 

Our  replacement  of  the  smooth  part  of  the  kernel  is  very 
much  related  to  spline  collocations  of  smooth  kernels  in  Fredholm 
integral  equations  of  the  second  kind  due  to  Arthur  [6] ,  Chandler 
[20],  Prenter  [60]  and  Richter  [65].  But  here  we  are  interested 
in  an  efficient  approximation  of  the  Galerkin  weights  rather  than 
of  the  kernel  due  to  the  much  wider  class  of  equations. 

Although  all  properties  (i)  -  (iv)  seem  to  restrict  us  to 
rather  specific  integral  equations  it  turns  out  that  almost  all 
the  integral  equations  of  applications  provide  all  these  properties. 
In  particular,  the  systems  of  integral  equations  of  stationary  and 
time  harmonic  problems  of  elastomechanics ,  thermoelasticity,  of 
flows  (viscous  and  inviscid)  and  of  electromagnetics  form  strongly 
elliptic  pseudodifferential  equations.  Several  examples  are 
listed  in  [79]  . 

In  Section  5  we  present  some  numerical  results  from  [39]. 

These  experiments  show  the  dependence  of  the  accuracy  on  the 
meshwidth,  i.e.  the  number  of  grid  points  and  the  smoothness  of 
the  finite  elements  used.  In  particular  it  can  be  seen  that  the 
doubling  of  the  number  of  grid  points  yields  an  improvement  of 
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one  decimal  digit.  On  the  other  hand,  the  following  table  shows 
us  (for  Example  5.2)  that  the  improvement  of  3  digits  due  to  the 
transition  from  piecewise  constant  trial  functions  to  continuously 
differentiable  piecewise  quadratic  trial  functions  requires  only 
10%  more  time  whereas  the  doubling  of  the  number  of  grid  points 
requires  twice  the  computing  time. 

Table :  CPU-times  for  examples  5.2  (both  ellipses) 


m 

20  grid  points 

40  grid  points 

0 

4.60  sec. 

i 

9.93  sec. 

1 

1 

4.71  sec . 

1 

10.48  sec. 

2 

6.76  sec. 

10.55  sec. 

'■.'.uLs  comparison  shows  that  for  smooth  data  the  use  of  higher 
elements  is  more  efficient  than  a  mesh  refinement. 

A  recent  result  by  Prossdorf  and  Schmidt  [62]  indicates 
L.,at  stronci  ellipticity  is  even  necessary  for  the  convergence 
(A  ('alerkin's  method  (with  piecewise  linear  functions)  in  case 
.  f  ' nc-dimensional  singular  equations  on  a  closed  curve.  That 
v^^!ulci  -.ean  that  the  [iroiect ion  methods  of  Gohberg  and  Feldman 
i  A'!  ,  rri^ssdorf  [61]  and  Silbermann  [63]  with  classical  Fourier 
■  1 L a  o'nverqe  for  a  wider  class  than  our  strongly  elliptic 
'  ;a,;*  I  'lir.  Tf  (^ne  still  insists  on  the  use  of  finite  element 
II  ;  xii!;ations  for  elliptic  but  not  necessarily  strongly  elliptic 
•  iiiLions  then  one  has  to  use  the  least  squares  method  [53,  72]. 
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similarly  to  differential  equations,  which  have  been  treated  by 
Bramble  and  Schatz  [15]  one  again  finds  converaence  of  optima] 
order  and  super  approximation  [72]  (for  first  order  elliptic 
boundary  value  problems  see  [81]  Chap.  8). 

In  the  second  lecture  we  shall  extend  our  m.ethod  to  mixed 
boundary  value  problems  where  the  singularities  of  the  solution 
require  extra  care  and  specific  aoproximations . 

In  higher  dimensions,  i.e.  for  boundary  m.anifolds  of 

dimensions  n-1  >  2  the  triangulation  of  the  manifold  creates  addi¬ 
tional  difficulties  and  additional  approximations  which  have  been 
studied  by  Nedelec  [55]  for  a  special  integral  equation.  This 
was  extended  in  [31].  In  these  higher  dimensional  cases  the 
Toeplitz  matrix  of  the  convolutional  principal  part  can  only  be 
defined  in  the  above  mentioned  economical  manner  if  one  uses 
tensor  product  finite  element  functions  on  cubic  crids  in  the 
local  parametrizations .  (See  Michlin  [52]  II  §  9.)  All  this 
is  still  to  be  done  in  detail. 

Although  most  numerical  implementations  of  boundary  integral 
methods  are  done  with  the  standard  collocation  yet  there  are 
known  only  few  results  on  its  asymptotic  convergence  except  in 
the  case  of  Fredholm  integral  equations  of  the  second  kind. 

Here  we  refer  to  the  extensive  bibliography  by  Ben  Noble  [59] , 
the  surveys  by  K.  Atkinson  [7] ,  C.  Baker  [12]  and  results  on 
super  convergence  [20,  34,  65,  66]. 

For  our  more  general  equations  there  are  only  preliminary 
results  available  for  the  special  case  of  the  Fredholm  integral 
equation  of  the  first  kind  with  logarithmic  kernel  on  the  closed 
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bcundary  curve  T  [1,  2,  4,  78]  whereas  for  a  singular  integral 
equation  with  Cauchy's  kernel  S.  Prossdorf  and  G,  Schmidt  have 
proved  recently  that  the  collocation  with  piecewise  linear 
functions  converges  if  and  only  if  the  singular  integral  equation 
is  strongly  elliptic  [62]. 

A  more  rigorous  asymptotic  analysis  for  the  class  of  strongly 
elliptic  equations  is  yet  to  be  done.  The  numerical  computations 
with  boundary  integral  equations  show  super  convergence  where  the 
solution  is  smooth.  This  indicates  that  local  convergence 
properties  also  hold  for  the  boundary  integral  equations. 

Other  open  questions  are  uniform  convergence  properties  and 
the  analysis  of  mesh  refinements  and  non-uniform  grids  on  the 
boundary . 

Since  the  boundary  integral  method  is  in  concurrence  with 

the  well  established  finite  element  methods  in  the  whole  domain, 

lot  us  make  some  remarks  on  the  computational  complexity  for  two- 

and  three-dimensional  problems.  To  this  end  let  N  denote  the 

number  of  grid  points  on  the  simple  closed  boundary  curve  F  of 

2  2 

an  interior  domain  fic-E  and  N  the  number  of  grid  points  on  the 
boundarv'  surface  F  if 

Then  one  has  the  following  relations  between  complexity 
and  N  in  terms  of  orders  of  N.  (This  comparison  arose  from  a 
discussion  with  Professor  Dr.  I.  Babugka,  University  of 
.'.aiyland  and  Professor  D.  J.  A.  George,  University  of  Waterloo.) 


Finite  Elements  in 


Boandary  intearal 
method  on  " 


Number  of  qrid  points 


Stiffness  :'’atrix, 
computation  and  storage 


sparse : 


fully  distributed; 


Solution  of  the  discrete  Use  of  band  struc-  Gaussiaii  elimination 


equations 


ture  and  rinht 


oraering : 
(N^) 3/ 2^  ^3 


..  2,  3_  .,6 
(  )  -  a 


Computation  of  the 
solution  at  all  inner 
grid  points 


Alread'.’  known 


Cl  .mi  :ute  bour'.dary 
intecrals  in  all  grid 
points  of  i.e. 


The  above  comparison  shows  rather  clearly  that  the  computa¬ 
tional  expense  is  in  both  cases  of  the  same  magnitude,  i.e.  propor- 
3  6 

tional  to  N  or  N  ,  respectively.  Thus  the  reduction  of  one  dimension  to 
the  boundary  integral  method  is  no  reduction  in  computing  time.  However 
there  are  several  other  properties  of  boundary  integral  methods 
which  may  be  very  advantageous: 

(i)  The  experiments  showed  very  reasonable  results  already 
for  small  numbers  of  grid  points  on  the  boundary  i . 

(ii)  The  method  is  applicable  to  interior  as  well  as  to  exterior 
problems  without  mod i f icat ions . 


4  4  [j 


1 1  j.-x  t  ont.  lals  are  aiven  by  boundary  potentials 
and  hence  can  be  differentiated  analytically  away  from  T. 

C'n  the  other  hand  the  boundary  intearal  method  is  restricted 
tci  problonis  where  the  fundamental  solution  is  explicitly  avail¬ 
able  whereas  the  usual  finite  element  procedures  provide  a 
riqorous  method. 

1.  Ri'Undary  Integral  Equations 

For  the  reduction  of  interior  or  exterior  boundary  value 
[problems  as  well  as  transmission  problems  to  equivalent  boundary 
integral  (oTuations  on  the  boundary  manifold  T  one  finds  many 
differ'ent  metdiods,  since  this  reduction  is  by  no  means  uniaue. 

Th.e  Lw;.  nos‘  popular  methods  are  called  the"direct  method  and 
the"metiiOi;  of  potentials".  In  all  these  cases  one  needs  a 
fundamentai  so lu titan,  respectively,  fundamental  matrix  y{7.,r,) 
of  the  differential  eemntions  expl icit ly  since  it  will  be  used 
in  numerical  computations.  Thus,  the  practical  usefulness  of 
the  boundary  infeeril  mefliods  hinges  essentially  on  the  simple 
c  nifiu t  :bi  1  i  t '  of  .1  fundamental  solution.  This  restricts  these 
nicti'.ods  n'ainly  to  tl  i.  f  feron  t  ia  1  equations  with  constant  coefficients. 

For  exid  anat i on  let  us  consider  the  exterior  plane  boundary 
value  j  roijJc-n  for  tiie  Eaplacian  in  the  form 


(i.  ^  '  ;  on  the  boundary  7, 

F  ( c )  -  B  log  ; z  j  =  0(1)  for  |  z 


oo 


Here  P  is  a  simple  closed  plane  curve  and  denotes  the  extei  ioi 
domain  with  boundary  r.  The  exterior  problem  (1.1)  dosoi ih'e;  e.q 
a  charged  conductor  in  two  dimensions  1 70,  f-.  ]74)  .  The  sc  lie  >  n 
of  (1.1)  can  be  represented  via  r.reen's  formula  1 1-.  ta.  •  i  • 


(1.2)  U(z)  =  - 


~  I  ^  'z.-;  ) 


1  ?.u 

2  a  Tvi 


where 


(1.3) 


23F  J  Tv 


ds  =  B  and 


(1.4)  —10  =  lim  {U(z)  -  R  loci  jz 


Hence,  if  v 


and  w  are  knov;n  then  (1.2)  (lives  the  solution, 


The  limit  2->r  with  the  jump  relation  for  double  layer  potentials 
yields  with  the  "direct  method"  an  inteqral  ecjuation  for  v  and  m, 


(1.5) 


-  i  I  v(rj  log  |z-f,  I  ds^ 


(1.6) 


^  log  I  z-i  I  )  ds,.  , 


1  I 

TT  J 


vds  =  B. 


Here  B  and  f  are  given  and  v  and  m  are  the  unknowns.(  1 . 5 )  is  a 
Fredholm  inteqral  equation  of  the  first  kind. 

For  the  method  of  potentials  we  try  to  find  the  solution 
of  (1.1)  in  the  form  of  a  double  layer  potential, 
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U  ( z )  =  B  log  I z 


4 


U) 


1 


v(C)  ( 


3 


log  |z-c|)  ds 


where  the  double  layer  density  v  and  the  constant  w  are  to  be 
determined.  Since  the  last  potential  vanishes  for  constant  v,  we 
can  add  the  conditon 


(1.8)  ^  I  vds  =  0. 

r 

Transition  z*-;'  yields  the  boundary  integral  equation 

(1.9)  viz) 

)  ^  r 

=  2B  log  I  z  I  -  24)  (z)  , 


i  |v(c)  log  |z“Ci)  ds^  -u)  =  f(z) 


(1.10) 


] 


\'d  s  =  0  . 


Here  f.  is  uiven  and  v  and  u  need  to  be  determined. 

Similarly,  the  e.vterior  and  interior  Neumann  problems  as 
v.-oll  as  the  interior  Dirichlet  problem  can  be  formulated  in  terms 
of  dir  ^eror.t  b.oiindary  integral  equations. 

The  above  exterior  Dirichlet  problem  is  only  one  very  simple 
example  lending  to  boundary  integral  equations.  References  to 
ninny  other-  exargrlcs  can  bo  found  in  [79],  in  particular  from 
eon f  ' rmi  1  nai'pinc],  electrostatics,  flow  problems  including  slow 
'.'menus  fl  ws,  ’.ilite  and  shell  problems,  elasticity  problems  in 
1 V.-' .  ,n.a  tioi.'e  dimensions,  punch  and  crack  problems,  problems  of 
t  I'  l  .o,  ■  .1  time  harmonic  and  stationary  electromagnetic 

tie’i  i  (See  also  114]  and  e.n.  the  conference  proceedings  [16, 
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In  many  of  these  cases  the  integral  equations  become  much 
more  complicated.  However,  the  types  of  integral  equations  are 
Fredholm  integral  equations  of  the  second  kind  as  in  (1.9)  or 
of  the  first  kind  as  in  (1.5).  In  addition  one  also  finds  singular 
integral  equations  on  curves  as 

(1.11)  a(z)u(z)  +i-pb(z)  I  ^  dr.  +  [  k(z,rju(';)ds,  =  f(z),  z.T 

TT 1  J  ^  Z  J  (., 

r>  T’ 

or  the  corresponding  equations  on  boundary  surfaces  [54],  or  one 
finds  operators  of  the  form 


(1.12) 


4 


f  ( z ) ,  z  -•  r , 


and  the  corresponding  operators  in  higher  dimensions.  (e.g.  see 
[37];  in  [9]  the  operator  has  (1.12)  as  principal  part.) 

Often  the  above  operators  also  appear  in  systems  of  integral 
equations. 


2 .  Strongly  Elliptic  Integral  Equations 

Although  all  the  above  mentioned  types  of  equations  have 
very  different  properties  in  classical  theory  of  integral  equations 
it  turns  out  that  if  they  are  considered  as  so  called  pseudo¬ 
differential  operators  [76]  they  have  a  very  strong,  common  pro¬ 
perty.  Namely  the  equations  of  practical  interest  are  "strongly 
elliptic".  In  order  to  formulate  this  property  one  needs  the 
Sobolev  spaces  H^(r)  of  generalized  functions  on  r,  their  inter¬ 
polation  spaces  and  their  dual  spaces.  For  the  definitions  we 


where  y'^O  is  a  constant  independent  of  v  and  where  k[u,v] 
denotes  a  compact  bilinear  form  on  x  In  some  cases  k 

equals  zero,  then  inequality  (2.2)  corresponds  to  strong  energy 
estimates  as  in  [56]. 

In  order  to  characterize  those  equations  or  systems  of 
equations  that  provide  coerciveness  let  us  use  the  above  mentioned 
context  of  pseudodifferential  operators  and  let  us  consider  a 
more  general  case  of  systems  of  equations  in  the  form  (2.1).  Then 
to  A  there  belongs  a  pxp  matrix-valued  principal  symbol  a^(x,0 
=  ((a  .,(x,f)))  ■.  correspondincf  to  the  p  equations  of 

(2.1)  for  the  p  components  v  ,  q  =  l,...p.  As  usual,  the  e  (x,C) 
arc  assumed  to  be  homogeneous  in  for  |^|_>  1  with  degrees 


I 


Now  we  define  strong  ellipticity  (analogously  to  the  Agmon- 
Douglis-Nirenherg  ellipticity  for  differential  equations)  assumina 

p 

that  there  is  an  index  vector  a  =  ,  .  .  .  , ot^)  R  such  that 


(2.3) 


t 

qr 


i.i 

q 


+ 


r 


q  ,  r  =  1 ,  .  .  .  ,  p . 


A  is  then  a  continuous  linear  pseudodifferential  operator  of 
order  2a,  i.e.  defining  a  continuous  map 


(2.4)  A:  H^'^'^C’) 


P  s+a 

n  w  ‘^(r) 

q=l 


I,S  Oj.j 


s  -  a , 


( ;■) 


a=l 


s '  R , 


in  the  scale  of  Sobolev  spaces  in  (2,4) .  (The  admissible  s  depend 
also  on  the  smoothness  of  F.) 

Now  for  the  follov;ing  we  assume 


(2.5)  A  ^  strongly  elliptic 

i.e,  there  exists  a  complex  valued  smooth  matrix  P(z)  and  a  constant 
Y  >  0  such  that 


(2.6)  Re  ^’^0  (z)a^(z,C)  C  >  yU|^ 


for  all  z-  r,  all  with  K  |  =1  and  for  all  C' <E  .  A  strongly 

O 

elliptic  system  A  satisfies  the  Carding  inequality  [46], 


j  -|k[v,v]|  forallviH  (r) 

L  (D  “  H"(r) 


(2.7) 


Re ( 0  Av , V ) 


2 


U  I 


'  0  anil  v/neiaj  k  [v',w]  is  a  compact  bi  linear  form  on 

li  ‘  V  i,  In  the  !a^l  l(5win<')  v.o  shall  always  consider  the  equations 


i:;bLeaii  id  ( .i .  1  )  i.e.  for  vjc  licive  0  =  1.  Then  Gardina's 
1  niaiaa  1  L I  ;  1 1 .  / )  n  i  .•'i  iirj^lics  the  (non  unique)  decomposit  i  on 
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1,  ‘;.l; 


For  its  formulation  let  us  denote  bv  P,  the  orthononal 

Z 

projection  onto  Then  we  require  the  approximation  propertv 

(3.4)  lim  i|Fvi9“'7!'  ~  ® 

h-0  ^  h"" 

This  assumption  implies  with  the  Banach-Steinhaus  theorem  the 
stability 


(3.5)  i  I  J’k  I  !  ''  for  all  h 

^  h\h«- 

whore  c  is  independent  of  h,  and  also  by  duality 


(3.6) 


Ip  !  1 

'  h ' '  -a  -a 


c. 


These  reouirements  are  satisfied  for  rcqular  finite  elements 
and  also  for  tr ioonometric  polynomials  on  closed  curves  as  well 
as  for  spherical  harmonics  on  closed  boundary  manifolds  T  in 
higher  dimensions. 

Now  wc  are  in  the  position  testate  Cda's  lemma. 

THEOREM  3^1;  Let  Eqr  '  jo,.  1'  with  A  be  a  strongly  elliptic 

equation  with  unique  solution  u  <  II'  ^  any  f  ■  H  ''  ,  Then 
there  exists  such  that  Equations  (3.3)  a  re  unicjuely 

solvable  for  every  0'^h<h  .  Moreover  there  exists  a  constant 
c  independent  of  h  and  f  such  tiiat 


v  -  u 


c  inf 
X'f'v 


u  - 


(3.7) 


X 


For  convenience,  in  the  following  asymptotic  error  ftnalysjs 
we  are  alv/ays  using  c,  c',  ...  as  generic  constants  which  migh" 
change  their  size  and  meaning  at  different  places. 

As  was  mentioned  above,  Theorem  3.1  is  not  restricted  to 
our  finite  element  approximations  but  applies  to  a  rather  wide 
class  of  Galerkin  methods  as  e.g.  for  the  projection  methods 
using  trigonometric  polynomials  as  in  [61,63]. 

Proof :  Although  the  proof  is  standard,  let  us  repeat  the 

main  arguments.  The  Galerkin  equations  (3.3)  are  equivalent 
to  finding  v  ^  with 

(3.B)  Pf^AP^O  -  P^DP^O  +  P^KP^;  =  P,,AU  . 

Since  D  is  positive  definite  we  have  from  (2.7)  the  stability 
estimate 

(3.9)  Re(DP^v,P^v)  >  y'IIp^vH^ 

H 

which  yields  with  the  continuity  of  b  and  duality  of  H  and 
H*  the  stability  estimate 

(3.10)  (P,  DP.  )  '^  ■:  C 

on  where  c  is  independent  of  h.  Thus  we  can  write 


(3.11)  P^AP^ 


The  sequence  of  operators 

IS  a  composition  of  inverse  stable  and,  hence,  elementwise 
convergent  operators  (3.10),  and  the  compact  operator  K. 
Therefore  the  convergence  of 

lim -{(P,  DP,  )  “^P.  KP,  -  =  0 

,  „  I  h  h  h  h  I 

h  “  U  ' 

for  y  ■  II^  ,  iu  -1  is  uniforai  due  to  |5]  and  we  have 

ii  '  ■■ 

lim  (I  +  =  (I  +  D"^K)"^g 

for  any  g  ■  since  A  =  (I  +  D~^K)  ^  exists.  This  implies 
the  uniform  boundedness,  i.c.  stability 

I;  (I  +  (PuDP,  )  '^P,  KP.  )  ;l  •  c 

h  h  h  h  - 

for  all  h  ’  0,  h  ^  h^  with  an  apipropriatc  h^  '  0  where  c  is 
independent  of  h.  Consequently,  an  holds  stability 

U.12)  ;;P,AP,)"^I!  =  ll(I+  (P,  DP,  )  "^P,  KP,  )  "^  (P,  DP,  )  "^  !|  <  c 

n  n  ‘  h'*  h  h  h  h  h  h  — 

for  al  0  h  h^  where  c  is  independent  of  h.  Now  (3.12)  implies 
with  the  continuity  of  A  the  stability  of  the  Galer)tin  projection. 


i^5  7 


(3.13)  Gj^ 


i.e. 


(3.14) 


c 


for  all  0  <  h  £  h  .  Since  G.  I  =  I  and  v  =  G.u,  Cea '  s 
Lemma  (3.7)  is  an  immediate  consequence.  This  completes  the 
proof . 

Now  we  specify  the  spaces  to  regular  (m+l,m)  systems 
of  finite  element  functions  [11]?^^  They  have  the  following 
approximation  property  and  satisfy  an  inverse  assumption: 
Approximation  property; 

Let  the  multiindices  m,t,s  satisfy  componentwise 
-m-1  £t_<s£m+l,  -m£s,  t£m.  Then  to  any  utH®(r)  and 
any  h  ■  0  there  exists  a  such  that 

s  -t 

(3.15)  ||u^  -  ijgli  ^  <  c  h  ^  llUgll  g  (see  [15].) 

H  ^  H  ^ 


The  constant  c  is  independent  of 

The  f 1 n i t e  element  functions  u  =  ( n  ^  ,  .  .  . 

-m  t  ■_  s  •;  m  the  inverse  assumption 


and 


u 


q 


P 


)  •  H 


h 


provide  for 


(3.16) 


(.  ) 


(r) 


v.li.  re  tile  stability  ironstant  c  is  independent  of  u  and  h  [58]  . 

If  we  insert  (3.15)  into  the  right  hand  side  of  (3.14)  we  surely 
find  improved  asymptotic  orders  of  convergence  if  h  0.  Using 


qeneral  one  uses  (£,m)  systems  rather 
■  -  rn  +  1 .  We  avoid  these  details  here. 


than  specifying 


I 


the  inverse  assumption  (3.16)  one  can  also  extend  the'  e'stimate 
of  the  left  hand  side  to  H*"  norms  with  <  ■  L  •'  m  [72]  .  These 
are  the  results  which  have  also  been  obtaine;;  witli  variational 
methods  as  in  [21].  But  as  was  already  ::K-ntioned  in  the 
introduction,  for  pseudodi  f  ferentin  1  oi'or.'.tors  /\  one  can  even 
prove  supi'f  approx  imat  ion  [42].  Collecti:v,  tiv'se  lojsults  we 
find  the  followinu  imp'roved  conver’cence  thec/rem. 

THEOREM  3_.  ^  [J  2_'AL'22  I  = 

I^et  A  be  stronplv  ell_ip_^ic  and  let  (3.l!  ita eo  an  unique 
so  lut  ion  .  Hj,  satisfy  (3.13)  and  (  l .  1  f ; )  ani  delirii:' 


(3.17)  ( '  : -  m i n :  i  , o  i 

q  q 


C!  1  ,  .  .  .  ,  p  . 


SUP£^  ‘q  -  t  ^  ’q  ■  'q  "  ■' 2  '  '  t  '  p  ni^,  - 

for  it  =  1,  .  .  .  ,p  ,  s  0.  Then  we  have  the  asymptot  ic  error  estimate 


(3.18)  ''u  -  V,  •  c  h®  !:u!' 


i-Ot  ^Tddi  tion ,  i  f  w  consider  the  discrete  egua  t  i  ons  (3.3)  i_n  L2  ( •'  ) 
then  we  f ind  ^q_r  the  st.ibility  of  thopK)  equations 


(3.19)  '  i V 


'T.o  C') 


P  2  . ' 

c  V  h  i'a 


'h,(;')  . 


Remarks;  With  a  simtile  analv^sis  <1'  P,  AP,  -  A  lor  i  0  the 
-  t  7  h  h 

stability  ''3.19)  yielii.s  the  cond  i  t  i  on  i  ni;  numl.'i'r  iif  (3.3)  to  Lie 


of  the  order 


q=l 


The  stability  estimate  (3.19)  can  also  be  used  for  an 
estimate  of  errors  due  to  numerical  noise  and  round  off 
effects  in  the  framework  of  ill  posed  problems.  This  can  be 
found  in  [43 ] . 

The  asymptotic  estimate  (3.18)  includes  the  case 
t  <  a,  i.e.  superapproximation.  Ift=2a-m-l  then  one 
has  for  sufficently  smooth  data  the  superapproximation 


(3.20) 


2m  +2-2a 


H 


-m-l+2a  — 


,m+l 


That  implies  for  the  desired  solu'  -.on  u  of  the  boundary  value 
problems  (1.1)  inner  super convergence 


(3.21) 


V  -  u; 


X  ( ) 


2m  +2- 

.  q 


■2a, 


-m-l+2a 


,m+l 


(T) 


where  e  is  any  compact  subdomain  in  the  interior,  respectively, 
exterior  of  i’  and  X(;r':)  denotes  any  norm.  Here  c,c'  depend  on 
•m.i  Xd). 

Proof  of  Theorem  3.2: 

Since  (3.18)  follows  for  x  ^  t  immediately  from  Cea ' s 
r.emma  (3.7)  with  (3.15)  and  (3.16)  let  us  here  indicate  the 
fjroof  only  for  2u  -  m  -  1  •  t  •  a,  i.e.  the  case  of  the 
Aub 1 n-N 1 tschc  Lemma.  Moreover  let  us  consider  only  the  case 


UC  0 


1 


of  one  single  equation  (3.1)  instead  of  a  system. 

Let  us  first  note  that  the  usual  proof  of  the  Aubin- 


Nitsche  Lemma,  e.g.  [21,  p.  137], 
i.e.  t  =  0.  Thus  we  use  a  slight 
Let  us  denote  by 

(3.22)  e  =  u  -  V 

the  error  term  from  (3.18).  Then 

(3.23)  (Ae,x)T  =  (e,A*x)T  =  0 

^2  '  ^2 

From  the  existence  of  A  ^  and  the 
that  the  adjoint  equation 


would  yield  only  L2-estimates , 
modification . 

(3.3)  implies  that 

for  all  X .  • 

strong  ellipticity  it  foil','  ■ 


(3.24)  A*w  =  g 

is  uniquely  solvable  for  every  f  H  *"(1’)  with  w<  ^ 

Moreover,  the  continuity  of  A*  ^  implies 


(3.25)  l|w|i  <  c  ll^ll  _ 

H  H 

Since  H^(.’)  and  H  ^(F)  form  a  duality  with  respect  to  the 
L2-scalar  product,  we  have  with  (3.24), 

II  e||  <  sup  I  (e,^)  1 

H 

=  sup|(e,A*w)|  =  sup|(e,A*(w  -  x))  +  (e,A*x)l 
=  sup  I  (e , A* (w  -  x)  )  I 


Ul.l 


<  sup||e||  ||A*(W  -  x)  II  „ 

<  c  sup||e||  ^||w  -  xll  ^  for  every  xeH^  ■ 

H  H 

Inserting  (3.18)  for  t  =  a  (that  follows  from  (3.7)  with 
(3.15))  and  (3.15)  in  the  above,  we  find 


||e||  <  sup  c  h® 

H 


H2a-t 


if  -m  _<  2a-t  ^  m+1,  i.e.  2(-ni-j.‘'t<  m+2oi.  Finally, 
we  use  (3.25)  to  find  the  desired  estimate 


,t  — 


sup 


c  h 


s-t 


Hull 


=  c  h 


s-t  I 


4 .  The  Galerkin  Collocation  Method 

For  the  numerical  implementation  of  GalerJcin's  procedure 
(Equations  (3.3)),  the  weights  of  the  influence  matrix. 


(4.1)  a.j^  :=  (AiJj,;ij^)  ,  j,k  =  0,...,N 

have  to  be  evaluated.  Since  A  is  given  by  an  integral  operator 
(in  the  usual  or  the  generalized)  sense,  the  computation  of 
requires  a  double  integration  over  ixF.  If  this  is  done 
numerically,  the  kernels  of  the  integral  operators  must  be 
computed  at  all  combinations  of  grid  points  on  F .  In  addition, 
special  care  must  be  taken  of  the  singular  integrals.  In  order 
to  reduce  the  computing  time  for  the  evaluation  of  the  stiffness 


matrix  (4.1)  and  in  order  to  simplify  the  computation  of  the 
singular  integrals  let  us  specify  the  further  investigations  to 

two  dimensional  problems,  i.e.  F  is  a  plane  and - for  brevity - 

closed  curve.  We  further  assume  that  the  principal  parts  of 
A  are  given  by  convolutional  operators .  For  simplicity  let  us 
consider  just  one  equation  (3.1).  The  extension  to  systems 
is  of  simplest  technical  nature  (see  [79]).  Let  F  be  given 
by  a  regular  parameter  representation 

(4.2)  r:z  =  z  (t) ,  t.  [0,1] 


with  z(t)  an  l-[>eriodic  sufficiently  smooth  vector  valued 
function  satisfying 


(4.3) 


dz  I 

3t| 


where  R  denotes  the  Jacobian.  Then  the  operator  A  with  a 
convolution  operator  as  principal  part  has  the  form 


(4.4) 


Au  1 


p.v. 


I  <-L 

I  I 


[Pj^(t-T)  +  log  I  t-T  I  p^  (t-T  )](u  (t)  R  (t)  )  dt 


+ 


L (t , t) (u (t) R (t) ) dt 


f(t)  . 


Here  Pj^(’)  and  P2(F)  for  r  ^  0  are  homogeneous  functions  of 
degree  F  =  -2u-l.  The  principal  symbol  a^  and  (4.4)  are 
related  by  the  Fourier  transformation  F, 


r 


(4.5) 


5 


‘ib-. 

:  =  F(Pj^(*)  +  log|*(p2(*)) 

For  singular  integral  equations  with  the  Cauchy  kernel,  the 
above  special  form  (Equation  (4.4))  of  A  is  too  restrictive. 

We  leave  this  detail  to  [80]. 

From  now  on  we  consider  strongly  elliptic  integral 
equations  of  the  form  of  Equation  (4.4)  and  we  further  assume 
that  the  remaining  terms  collected  in  L(T,t)  define  a 
sufficiently  smooth  function  of  t  and  t.  Otherwise  we  again 
split  into  two  terms,  where  the  first  contains  the  singularity 
and  has  to  be  treated  similarly  to  the  principal  part. 

Since  in  Equation  (4.4)  only  R  depends  on  F  we  consider 
Equation  (4.4)  as  an  integral  equation  over  [0,1]  for  the 
1-periodic  new  unknown  function 

(4.6)  v(t)  :  =  R(t)u(t) 

Note  that  the  principal  part  in  Equation  (4.4)  then  becomes 
independent  of  the  special  choice  of  the  curve  F.  Therefore 
we  shall  adapt  numerical  integration  to  the  special  integrals 
in  Equation  (4.4). 

The  principal  part  in  the  standard  form  (Equation  (4.4)) 
will  be  handled  independently  of  the  special  boundary  F 
yielding  a  Toeplitz  matrix  whose  elements  are  given  by  a  vector. 
This  vector  can  be  computed  exactly  up  to  the  desired  accuracy 
once  fo^  all  independent  of  F  as  well  as  of  h  for  any  fixed  type 
of  element,  i.e.  shape  function-  It  should  be  pointed  out  that 


the  accuracy  of  the  numerical  results  depends  significantly 
on  how  to  compute  the  approximate  principal  part. 

The  Galerkin  weights  due  to  the  smooth  remaining  parts 
will  be  treated  numerically  by  appropriate  quadrature  formulas 
depending  on  the  particular  finite  elements  to  be  used.  In 
them  we  use  only  grid  points  in  a  regular  grid  connected  with 
the  finite  elements  such  that  the  kernel  functions  are  to  be 
evaluated  as  seldom  as  necessary.  This  leads  to  simple  modified 
collocation  formulas  and  the  computation  of  the  corresponding 
stiffness  matrix  is  extremely  fast. 

In  order  to  utilize  the  convolution  in  the  principal 
part  we  use  regular  finite  elements  on  a  uniform  grid  of 
[0,1]  defined  with  shifts  and  stretched  variables  from  one 
shape  function  i.(t,).  The  latter  we  define  as  in  [8,  Chap.  4] 
by  suitable  piecewise  polynomials  of  order  m  with  i  . 

For  m  =  0,1,2  e . 


(4.7)  mC')  = 


With  ;i  we  del  ine  a  basis  of  by 


g .  we  have 


3 

II 

o 

3 

It 

m  -  2 

for 

1 

n 

1  2 

7  '■ 

o 

1  ^ 

J 

A 

0 

2  -  n 

-n^  +  .3t|  -  3/2 

1  ri  <  2 

0 

0 

i  -1^  -  3ri  +  9/2 

2  <  n  <  3 

0 

0 

0 

elsewhere 

(4.8)  lij  (t)  :  =  M  (^  -  j  )f{-^  for  hj  i  t  1  +  hj  ,  j  =  0,...,N, 

h=l/  (N-rl) 


and  their  1-periodic  extensions 


U  j  ( t  +  f  )  : 


ii^(t)  for  integer  1. 


I 


465 


For  u  in  Equation  (4.4)  we  use  the  approximation 

N 

(4.9)  u  (t)  :  =  I  (t)  . 

j  =  0  ^  ^ 

Remarks ; 

Our  boundary  elements  have  been  defined  by  the  transplanta¬ 
tion  of  a  regular  (m+l,m)  system  in  the  parameter  domain  onto 
r  with  the  local  parameter  representation  of  F.  For  calcula¬ 
tions,  the  integrals  will  be  evaluted  by  using  the  local 
coordinates.  In  those  the  finite  elements  appear  as  simple 
functions  over  the  parameter  domain.  This  construction  of 
finite  elements  on  F  requires  that  the  parameter  representation 
is  fully  available.  For  the  two-dimensional  case  this  is  a 
sensible  requirement.  In  the  space,  however,  the  boundary 
surface  has  also  to  be  approximated  [55]. 

For  the  computations  we  insert  (4.9),  (4.8)  into  Equations 
(4.1)  and  we  find  for  the  terms  due  to  the  first  expression 
in  Equation  (4.4), 

1 

=  I  p.v.  I  [p^(t-T)  +  log|  t-T  I  P2  (t-T)  ]  p  j  (t)  R  (t)  dtpj^  (t)  R(T)dT 

0  |t-T|<^ 

f  m+1  m+1 

=  |j  p.v.  [p^  (t ' -T '+ ( j-k)  )  +  P2’ log  1 1' -T '  + ( j-k)  I  ] 

[r'=0  t'=0 

•  p (t ' ) P ( T ' ) dt 'dr ' 

m+1  m+1 

+  log  h  I  p.v.  I  P2 ( t ' -T '  +  ( j -k) ) p (t ' ) P (t ' ) dt 'di  ' 

t'=0  t’=0 


(4.10) 


k  ■  Z. 


d.,  =  +  W.,  log  hj  with  o  =  j  - 

J  K  -L )  z  p  ■ 


Here  the  two  vectors  of  weights 

m+l  m+l 

(4.11)  W-,  =  ^  p.v.  ^  (p,(t '-:'  +  .)  +  D^log  I  t  ' -T  ' I  ]  ^ 

1,'  J  J  J-  '  ^ 

i '=0  t'=0 

•  (t  '  )  ;:  ( T  '  )dt 'dT  ' 

m+l  m+l 

f  r 

(4.12)  Wo  =  '  p.v.  '  Po  (t '-T  •+;i)  (t  ’ )  ;:  (  r  '  )dt 'dr  ’  ,  P'  Z 

Z :  !  J  ‘  Z 

'r'=0  t'=0 


can  be  computed  once  for  all  independent  of  i'  and  h.  For 
more  details  see  [37]  and  (79).  For  all  the  remaining  smooth 
terms  in  the  Galerkin  equations  to  Equation  (4.4)  we  use 
numerical  integration. 

Since  in  the  corresponding  intecjrals 

m+l 

(4.13)  I  f (t) p j (t) R(t)dt  =  h|  f  (h ( j+G ) ) u  (c) do 

0  =  0 

supp 


the  finite  element  functions  appear  as  factors,  the  numerical 
integrations  are  chosen  accordingly  to  the  respective  reference 
function  u  such  that  polynomials  f  up  to  the  order  2M+1  are 
integrated  exactly.  This  leads  to  formulas  like 


(4.14) 


f (t) p j (t) R(t)dt 


=  h 


supp  u. 


M 

I 

«.  =  -M 


bjf  (z.p 


+  R 


where 


(4.15) 


=  z(h(k  +  51^))  and 


j,£-  "  ^  Y^))  , 


Z  =  -M, , , . ,M, 


are  the  gridpoints  subject  to  the  boundary  elements  and, 
correspondingly  subject  to  the  integration  formula.  R 
denotes  the  error  term  which  is  of  order  h^^^^  .  The  simplest 
choice  Y£  =  ^  yields  =  Zj+£  and  weights  b^  =  b_jj^  as  follows; 


m  =  0 

3 

II 

3 

II 

*=o  ^1 

b  b-, 

o  1 

M  =  0  : 

1  0 

1  0 

1  0 

M  =  1  : 

11  1 

12  24 

5  1 

6  12 

3  1 

4  8 

For 


and  M 


2  one  has 


(4.17) 


m  =  1 

m  =  2 

b^  b,  bT 

b  b,  b™ 

o  1  2 

o  1  2 

13  4  1 

2  7  1 

30  15  60 

5  30  15 

Instead  of  (4.17)  one  often  uses  Gaussian  integration  formulas, 
then  correspond  to  the  Gaussian  nodal  points  and  (4.14)  is 


modified  1 1 


(4.18) 


^  1.  8 


m  M 


f  (t) u  .  (t)R(t)dt  =  I  I  Bjfu  +  R 


supp  U 


j=o  e=-M 


where 
(4.19)  z 


l+> 


z  ( h  ( j  +  2  p  ^  • 


and  are  the  Gaussian  weights. 


Using  Formula  (4.18)  for  the  smooth  terms  of  the  weights 
in  Equation  (4.4)  we  obtain 


1 

(4.20)  I  I 


L  (I ,  t)  11  j  (t)  (  r  )dT 


T  =  0  lT-ti<2' 


h  I  b.bnL(z,  .  ,z  .  „ )  +  R 

,e,i  =  -M  ^  ^ 


with  the  error  term 


(4.21)  IrI  <  h^'^^c 


max 


d  1 


+  max 


Ot^ 


I  >,  0  <  s  <  2M  +  2  . 


Now  we  are  ready  to  formulate  the  Galer)<in-collocation  equations 
by  using  Equations  (4.8),  (4.10)  and  (4.20).  They  read  as 


N  IN  I 

'  iJ'’  "'l.plj.K)  *  ”  ''2.p(j,u 


N 

I 

j  =  0 


I 


M 


^  ^  £,xLm 


1=-M 


Fj^  k=0,  .  .  .  ,N 


L' 


For  saving  computing  time,  the  values  of  L  and  f  at  the 
grid  points  should  be  evaluated  only  once  at  the  beginning 
and  then  be  stored  for  furthe  use  as  to  build  up  the  stiffness 
matrix  in  Equations  (4.22). 

This  suggests  a  choice  Yjj  =  *■  j  ^  or  j  Jl  ,  etc.,  in 
the  numerical  integration  formulas. 

For  the  asymptotic  error  due  to  the  Galerkin-collocation 
we  shall  use  the  already  established  error  estimates  (Formula 
(3.18))  for  Galerkin's  method.  To  this  end  we  abbreviate  the 
Equations  (4.22)  by 


N 


4.23)  I  a^jk^j  "  ^k  '  =  0,...,N 


j=0 


is  mappings  in  ,  If 


N 


(4.24)  w  =  I  u 

j  =  0  J  ^ 


then  the  mapping  associated  with  Equation  (4.23), 

N 

(4.25)  I  =  A,  w 

?=0 


will  be  defined  by  the  linear  equations  for  the  coefficients  6^^  , 

N  N 

^  ,  /  it ,  )  —  ^  ^1-.  4 1.U  -  ,  k—  0  ,  .  .  .  ,  N  . 

e=o  '  j=o  ^ 


(4.26) 


since  the  Gram  matrix  is  regular,  in  Equation  (4.25) 

IS  well  defined.  Correspondingly  we  define  F  ■  by 


(4.27)  ^  "  0,...,N. 


Then  the  Galerkin  Equations  (3.3)  and  the  Galerkin  collocation 
Equations  (4.22)  take  the  form 


(4.28) 


^h^Ph'^  ^  '’h^  ■^h'^h  ^  ^''^h  '  ^h  '  ^2  '  ' 


respectively.  One  easily  obtains  the  estimate 


This  estimate  shows  clearly  that  we  need  estimates  for  stability, 


1 .  e . 


A, 


^  ,  consistency,  i.e.  ||  (A.  -P,  AP,  )  v  ||  ^  and  the 

L2L2  "  h  h~  h  "  L2 


truncation  error  [|Pj^i-F||  .  Let  us  begin  with  the  consistency. 

With  Formula  (4.21)  one  can  prove  the  following: 

THEOREM  4.1:  Let  the  weights  W,  ,W^  be  accurate  to  an  order  h^ 
f  ■>  ,  2M+2  (  5  'I  2M+2  P 

and  let 


■5T 


consistency 


L  and 


3t 


L  be  continuous.  Then  we  have  the 


(4.30) 


:a^u,  .) 


-  (An ,  v)  I  <  A  (h)  111 


:  I 


^2  ^2 


for  all 


where 


A  (h)  c^llog  hlh^"^"^  ^  +  c^h 


(4.31) 


2M+2 


From  the  estimates  (4.30)  and  (3.19)  one  easily  obtains  stability 
THEOREM  4.2;  Let  the  assumptions  of  Theorem  4 . 1  be  fulfilled  and 
in  addition  let  a  >  1+2 (a-a ' ) #  M  >  -a ' -1 .  Then  we  have  stability 
i.e.  there  exists  ^  0  such  that 


where  c  ^  independent  of  h  for  all  0  <  h  £  h^  . 

Finally,  the  estimation  of  the  error  term  R 
(4.14)  in  connection  with  Equations  (4.27)  yields 
truncation  error: 


Theorem  4.3: 


M 

For  F,,  =  h  y  b„f(z,.„)  in  Equations 
^  £=-M  ^ 


there  holds 


in  Equation 
for  the 

(4.27) 


(4.33)  !|P^f  -  Fjl  <  ch^"ilf!|  ^  with  1  1  a  ^  2M+2  . 

Xj  2 

Collecting  the  foregoing  estimates  and  using  Formulae  (4.29) 
and  (3.18)  we  find  the  following  estimates  for  our  Galerkin 
col  location . 

Theorem  4.4:  For  a  '■  m+2  +  2(i'-.i)  and  M  >  -  a'  we  find 

I  ^ 

an  error  estimate 


(4. j4) 


'^h'lL2  - 


ch' 


.s-2a  ' 


with  1  +  2i'  <  s  m  +  1  and  0  <  s. 

For  a  ■  2m  +  3  -  2  I  ’  and  M  '■  m  -  a  -  a '  we  have  even  the  super 
approx imation 


.4 


r 


(4.35) 


u  -  vv 


ch 


s-t 


,  u  I 


f 


■"2 


,  s  - 1  -  2  X  ' 


provided  -  t  s  ■  m+1  ,  s-t  :  l-2..c' 


5 .  Some  Numerical  Examples 

As  we  can  sec  rrorn  the  foregoinq  error  estimates,  it  seems 
that  t'le  Galerkin  collocation  (Equations  (4.22))  combines  the 
theoretical  advantages  of  Galer)<in’s  method  witli  the  practical 
advantages  of  the  collocation  methods.  For  illustration  we 
present  some.:  numer:ical  examples  treat-^d  in  [37,38  ,  39,79]  with 
t  =  -j  =  i'.  There,  the  choice  m=2,  ,M=1  and  >,,  =  1  presided 
excellent  numerical  results  in  combination  with  siiort  computing 
times . 

The  boundary  integral  equations  treated  so  far  numerically 
are  all  of  the  form 


(5.1) 


- i log (2-- ) u (  '  )ds.  + 


I,  (  z  ,  '  )  u  ( t )  ds  . 


?  (  2  )  +  m  , 


u  ( t )  d  s  .  =  B  , 


Uery  f  is  a  qiven  n-component  vector  function  on  F ,  n  =  1,2, 

B  ■  ®  IS  a  qiven  constant  vector  and  u  and  ..  are  the  unknown 
n-component  vector  function,  resfiect  i  veiy ,  cons!  ant  vector. 

L  is  a  qiven  smooth  n  n  matrix  function  on  F  ■' F  . 
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Example  5.1; 

Symm's  method  in  conformal  mapping  [74,75,39,79] 

5.1;  Interior  Conformal  Mapping 

Let  w  denote  the  conformal  mapping  of  onto  the  unit 
disc  and  let  8^^  =  arg  w|p  denote  the  angle  of  the  boundary  mapping. 
Then  Gaier  [30]  showed  that  Symm's  integral  er  .ation  [74]  for 
the  interior  mapping  function  provides  as  the  solution. 

Then  the  slightly  modified  equations 

(5.2)  -  I  log|z-?|  u(C)  dt^  +  w  =  -log|z(  ,  z  e  F, 

r 

I  u  dt  =  1 

r 

have  a  unique  solution  u  =  u(t),  w  [40]  and  with  Theorem  12  in 
[30]  it  can  easily  be  shown  that  the  unique  solution  is  given  by 

1  i 

(5.3)  ^  ~  Tif  "dt”  f  w  =  0  , 

no  matter  whether  the  capacity  of  is  1  or  not. 

Since  the  Mj  (t)  =  4(p  ~  j)  piecewise  polynomials,  the 

integrals  can  be  evaluated  exactly  either  with  explicit  integration 
or  with  appropriate  most  simple  numerical  formulas.  For  details 
see  [39] . 

In  the  tables  we  compare  the  results  of  our  computations 
with  the  exact  values  for  three  examples  of  inner  mappings  in  [29] . 


Interior 


of  ellipses 


{See  [29,  p.  264,  Example  3  and  p.  161,  Table  14a]) 

T:  z(t)  =  (cos  27it,  i5sin  2-nt)  ,  0  <  5  ^  1.  Computations  for 
6  =  0.2,  0.5,  0.83  with  m=2  and  60  grid  points  on  F  in 
double  precision  (14  decimal  digits)  showed  the  following 
absolute  errors: 


5 

0.2 

0.5 

0.83 

abs .  errors 

4  X  lo~^ 

7  X  10"^ 

3  X  10'^ 

Interior  mapping  of  reflected  ellipses 

(See  [29,  p.  264,  Example  2  and  pp.  102,  103]) 

Boundary  F ;  z(t)  =  (cos  2Trt,  6  sin  2TTt)/{cos^  2TTt  +  6^  sin^  2TTt} 
Computing  time  fot  each  case:  1.3  sec.  CPU. 

Number  of  grids  point:  N+1  =  36 

Computations  for  6  =  0.25,  0.6  and  0.65  with  m=2,  and  in  single 
precision  (7  decimal  digits)  showed  the  following  absolute  errors 


5 

0.25 

0.6 

0.65 

abs.  errors 

3  X  10"^ 

7  X  10“^ 

lO"'* 

Interior  mapping  of  an  excentric  circle 
(See  [29,  p,  264,  Example  1]) 

Boundary  F :  z(t)  -  e^^^^  [cos  2 


TTt  +  /  b^  -  sin^  2TTt 


Computing  time  for  each  case:  4  sec.  CPU. 

Number  of  grid  points:  N+1  =  60. 

Computations  for  b  =  5  and  5/3  with  m  =  2  and  in  double  precision 
(14  decimal  digits)  showed  the  following  maximal  absolute  errors: 
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b 

5 

5/3 

abs .  errors 

o 

1 

10-® 

5.1.1  Exterior  Conformal  Mapping : 

Here  we  compute  the  conformal  mapping  w  of  the  exterior 

domain  onto  the  exterior  of  the  unit  disc  and  again  we  are 

interested  in  the  boundary  map  given  by  6  =  arg  wi 

I  p 

According  to  Symm  [74]  and  Gaier  [30]  we  now  solve  the  again 
modified  equations 

(5.4)  -  I  log  I  2  -  ^|u  dt^  ~  (0  =  0,  z  e  T  . 

r 

I  u  dt  =  1. 


Due  to  [40]  they  have  a  unique  solution  u(t),  u  . 

With  Theorem  11  in  [30]  it  immediately  follows  that  u(t)  and 
0)  are  given  by 

(5.5)  u(t)  =  and  w  =  -log  (capacity  of  D  =  (Robin's 

constant) 

Hence,  the  solution  of  (5.4)  provides  at  the  same  time  the 
boundary  mapping  of  the  exterior  mapping  and  Robin ' s  constant. 

We  have  computed  one  exterior  mapping  of  an  ellipse.  (See  [29, 
p.  264,  Example  3]).  There  the  boundary  curve  F  is  chosen  by 
z(t)  =  2(/J)  cos  2TTt  +  (i//J)  sin  2iTt  . 

We  chose  m=2,  M=l,  N  +  1  =  40  grid  points  and  double  precision 
(14  decimal  digits) .  The  boundary  mapping  is  in  this  case 
explicitly  known  as  0g(t)  =  2Trt.  The  numerical  results  are 
accurate  up  to  10  digits.  The  computed  capacity  is 
capacity  (F)  =  0.8660253881  . 
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Example  5.2: 

Exterior  boundary  value  problem  for  the  Bilaplacian ,  the  Stokes 
problem 

Here  the  underlying  boundary  value  problem  is  the  exterior 
Stokes  problem 

A^U  =  0  in  , 

VU  =  0  on  r 

and  VU  -►  (0,-1)  for  jzj  -*•  “ 

According  to  [40]  we  have  the  solution 


U  (z)  =  -  i  i  { ;  z-rj  ^log  I  z-c  I  )  •  (u^^  ( A  )  ,  U2  ( C )  )  -  xwj^-  yu)2 


where  u^,U2  solve  the  system  (5.1)  with 


(5.6)  L 


a,  6 


a6  ■  ,  _  ,  ,  2 


2  -  Cl 


For  r  we  again  choose  the  ellipses 

T;  z(t)  =  (cos  2TTt,6  sin  2Tit)  . 

Computations  for  6  =  0.6,  0.9  with  m  =  0,1,2  and  20  and  40 
grid  points  on  F  in  double  precision  (14  decimal  digits) 
showed  the  following  absolute  errors  for  U2 : 
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More  details  and  a  further  example  can  be  found  in  [39] . 
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II  Integral  Equation  Methods  for  Mixed  Boundary  Value 
Proble]^  ~  ~~ 

This  lecture  gives  a  survey  on  joint  work  by  M.  Costabel, 
G.  C.  Hsiao,  U.  Lamp,  T.  Schleicher,  E.  Stephan  and 
W.  L.  Wendland  [24,25,49,50,71,82,83]. 

Introduction 

The  application  of  the  boundary  element  method  in 
the  form  of  Galerkin  collocation  to  mixed  boundary  value 
problems  requires  some  modifications.  This  is  due  to  the 
singularities  of  the  solution’s  gradient  at  the  collision 
points  in  two  dimensional  problems  and,  respectively, 
at  the  collision  curve  in  three  dimensional  problems  where 
the  two  different  boundary  conditions  are  adjoining. 

Since  Fichera's  fundamental  work  on  the  Zaremba 
problem  [28],  it  is  well  known  that  these  singularities 
are  unavoidable  unless  the  data  satisfy  specific  side 
conditions.  These  singularities  generate  corresponding 
singularities  of  the  boundary  charges  in  the  boundary 
integral  method.  They  pollute  nametical  computations 
unless  they  are  handled  separately.  Here  we  shall  show 
how  the  boundary  integral  method  can  be  improved  by 
augmenting  the  appropriate  singularity  functions  to  the 
finite  element  scheme.  This  is  based  on  a  local  analysis 
of  the  solution  to  the  mixed  boundary  value  problem  due 
to  Grisvard  [33]  and  ct  the  integral  equations  [24,25,83]. 
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Then  we  apply  Galerkin' s  method  to  the  modified  integral 
equations.  A  similar  method  but  with  collocation  has  been 
used  by  J.  Blue  [14] .  Since  our  system  of  integral 
equations  is  strongly  elliptic  in  the  sense  of  (1.2.5  ff.)  we 
find  convergence  in  the  corresponding  energy  norm.  This 
estimate  corresponds  to  [23]  and  [27] .  In  order  to  improve 
the  convergence  of  the  approximation  we  use  local  analysis 
for  better  regularity  in  connection  with  modified  coerciveness 
on  one  hand  and  a  priori  estimates  for  the  corresponding 
pseudo  differential  operators  on  the  other  hand.  We  find 
improved  asymptotic  convergence  and  also  super  approximation 
which  cannot  be  obtained  by  variational  methods  and 
coerciveness  alone.  Moreover  we  approximate  the  stress 
intensity  factors  besides  the  desired  charges  and  give 
corresponding  error  estimates. 

In  this  lecture  we  shall  restrict  our  presentation 
mainly  to  a  review  on  the  case  of  the  mixed  boundary  value 
problem  in  a  smooth  domain  following  [83]  and  the  corresponding 
Galerkin  collocation  which  has  been  worked  out  in  [49,50]. 

The  generalization  of  the  whole  method  to  polygonal  domains 
is  here  only  sketched.  It  involves  much  deeper  analysis 
and  will  be  presented  in  [24,25].  Eventually  we  shall 
indicate  a  formulation  of  a  system  of  boundary  integral 
equations  that  governs  a  three-dimensional  mixed  boundary 
value  problem  [82]. 


Mixed  boundary  value  problems  in  two  and  three 
dimensions  describe  many  problems  of  classical  mathematical 
physics  as  crack  and  punch  problems,  contact  problems  in 
thernoelasticity ,  heat  conduction  in  space  science, 

electrostatics  and  flow  and  infiltration  problems - to 

name  a  few.  Some  of  these  examples  can  be  found  in 
[69,83]  . 

References  to  the  first  lecture  are  denoted  by 

(11. 1)  etc. 

§1  The  Plane  Mixed  Problem 

Let  us  consider  the  plane  mixed  problem  with  the 
Laplacian, 

(1.1)  AU  =  0  in  n  (or  in 

U  =  on  , 

3U _  _ 

^  -  92  on  r2  , 

(and  an  appropriate  condition  at  infinity  for  exterior 

problems) .  H  is  a  simple  connected  bounded  domain  in 
2 

1  with  a  smooth  boundary  curve  T  =  r2'J  Z  where 

and  r2  are  two  (for  simplicity)  disjoint  parts  of  F 
with  endpoints  Z-^  and  Z2  •  For  brevity  we  restrict  us 
to  the  case  of  interior  mixed  problems;  the  appropriate 
modifications  for  exterior  problems  are  easily  formulated 
We  omit  the  details. 
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As  in  (II. 1)  (11.2)  we  formulate  the  boundary 
integral  equations  via  the  "direct  method,"  i.e.  via  the 
Green  formula  with  the  fundamental  solution  representing 
the  variational  solution  U  within  the  domain  by 


U(z)  = 


U(C) 


(log  |z-c|)  ds^ 


(1.2) 


^  log|z-c|  ds^  . 


Here  s  denotes  the  arc  length  at  c  e  T  and  denotes 

°  ^  ^ 

the  normal  derivative  at  C  €  F  in  direction  of  the 
exterior  normal.  Replacing  U  on  F^^  by  g^^  and  ^  on  F2 
by  g2  and  passing  z  to  the  boundary  F,  one  obtains  with  the 
well  known  jump  relations  for  the  double  layer  potential 
the  following  equations  on  the  corresponding  parts  of  the 
boundary : 


on  ^  2  *  ^1 ^  * 


1^1  );=  U(z)  -  i  I  U(c)  [^log)z-c| 


12  -'Fi 


ds. 


7T 


f  3U 
Sv 


(C) 


log|z-cl  ds, 


(1.3) 


If  I  .1 

?  ^loglz-;;! 

r  ^  C 


ds. 


■  r  I  92 I  ds^  , 

F. 
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r  R  /TT  9U  >  _ 

on  r^:  A2(U|  ,  ) . 

^2  1 


.  i  f  fM 

TT  j 


(^) 


log|z-c|  ds 


+  ^  I  U(C) 


log  I Z-? 


ds , 


(1.4) 


=  gi(z)  -  - 


'^1  3v,  •(log|z-c|)  ds^ 


if 

+  J  92  (?)  logl  Z"?  1  ds^  . 


These  two  equations  now  serve  as  integral  equations  for 

3  u 

the  unknown  boundary  data  Ui  and  -5—1  .  As  soon  as 

'r2  'ri 

these  are  known  (1.2)  gives  the  desired  solution  in  the 
whole  of  n.  The  analysis  of  the  integral  equations 
(1.3)  (1.4)  will  be  presented  in  the  following. 

The  validity  of  the  above  steps  must  be  justified 

9  U 

and  depends  on  the  behaviour  and  regularity  of  U  and  at 
the  boundary.  To  this  end  and  for  the  further  analysis 
we  need  also  Sobolev  spaces  on  the  boundary  parts 
defined  as 

H^(r.)  :={f=F)  with  F  e  H^(r)  and 
(1.5)  ‘j 

II  (F  .)  *  l(f((Hr  (D  ^ 

J  r 
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and 


H^(rj)  ;=  {f  e  H^(r)  with  supp  ^ 

(1.6) 

and  II  f  lljjrd- .)  := 


Nov:  let  us  assume  that  the  data  are  given  with 


(1.7) 


,  H 


(3/2)+a 


(r,) 


and 


92 


e  H 


(l/2)+a 


(12) 


1 

I 


Then  for  the  boundary  value  problem  (1.1)  we  have  the 
following  theorem. 

Theorem  1.1  [83]  ;  To  every  g^^e  H  ^  ^ ( 1^ )  ,  g2e  H  (1 

with  I  a  I  <  1/2  there  exists  exactly  one  solution  u  of^  the 
mixed  boundary  value  problem  (1.1)  o^  the  form 

2 

(1.8)  U(z)  =  1  sin  j  +  v(z) 

i=l 

with  a  smooth  function  v  (fi)  ,  |  o  |  <  ^ 

Here  (i2)  denotes  the  Sobolev  space  over  the  domain 

=  |z-Z^|  denote  the  distances  to  the  corresponding 
collision  points  and  0^  denote  the  respective  angles 
between  the  tangent  vectors  at  z^^  in  the  direction  of 
and  the  rays  z  -  Z^. 

The  special  form  (1.8)  of  the  solution  provides 
the  validity  of  the  Green  theorem  (1.2)  and  the  jump 
relations  (see  references  in  [83]).  According  to  (1.8) 
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the  desired  quantities  in  (1.3),  (1.4)  can  be  written  as 


(1.9)  U| 


I  aip|l/2)x.4g,  4Wo 
1=1 


and 


(1.10) 


3U| 

3u 


1=1 


2  ~  1 

where  •  H  (82)  and  92  -  H  (1^)  are  arbitrarily  chosen 
functions  satisfying  the  transition  conditions 


(1.11)  g3^(Z^)  =  g^(Z^) 
and 

g2(Zi)  =  g2(Zi) 


for  i  =  1,2 


if 


0  <  0 


or 


(1.12)  g^(z) 


g2 ( z )  for  z  t  r2 
g2(z)  for  z 


e  H 


(l/2)+a 


(F) 


if 


a  <  0 


i  =  1,2 


Then  these  functions  w^  c  H  (F2)  ^^(12)  and 

<{>Q  e  H  (F  j^)  represent  new  unJtnown  smooth  densities 

whereas  ,  i  =  1,2  are  the  unknown  stress  intensity 

factors .  Xi  /  i  =  1,2  are  two  cut-off  functions  with 

Xj^  =  1  in  some  neighborhood  of  Z^^  which  will  be  specified 


later  on. 
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Since  the  system  (1.3),  (1.4)  admits  an  eigen- 
solution  if  r  has  conformal  radius  1  we  further  enforce 
the  compatibility  condition 


/lo 


ds  + 


0 


as  an  additional  equation  whilst  introducing  a  real  constant 
(0  e  I  as  a  new  unknown  that  must  vanish  for  the  solution  of 

(1.3) ,  (1.4).  Inserting  (1.9),  (1.10)  and  incorporating 
the  preceding  remarks,  we  find  for  the  system  (1.3), 

(1.4)  the  final  form 


(I-K22)Wq  +  Ri2^“i'‘*’o^  * 


=  w^(z)  =  - 


Wo(C)  de^ 


IT 


(c)  log|2-c|  ds 


(1.13) 


+  y  a . 
i=l  " 


1/2  1  1/2 
Pi  Xi  -  7  P/  Xi  d6 


1 


log|z-^|  dSj 


?  j  ^1  ?  91  de  -  gj^(z) 


1 

IT 


g,  log] z-C I  ds^  -  w 


Fj^(z)  -  u)  for  z  ^  r2  , 
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V 


11 


♦o  -  J  ,1 


*  K21<"o  *  Xi> 


1 

7T 


- 1  Jj  Xi<'> 


log|E-^l  ds 


+  I 

TT 


w  d9  + 
o 


J  a,  1  f  0^2  d6 

iil  1  "  J 


(1.14) 


=  gi{z)  -  ^ 


^1 


do  - 


^1 


de 


+ 


log  I  2-^1 


ds^  +  to 


=  F2(z)  +  (0  for  z  c  Fj^ 


and 


(1.15)  [ 

if  -1/2  ^ 

*^0  ~  I  i  “iPi  ^i! 

ds  =  - 

i=l  j 

r 

^2 


B  . 


In  (1.13),  (1.14)  we  denote  by  d0  the  Icernel  of  the  double 
layer  potential, 

(1.16)  dej,(^)  :=  (log|z-c|)  ds^  . 

Note  that  d0  is  the  total  differential  of  the  angle 
arg  ((;-z). 
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The  mapping  properties  of  the  system  of  integral 
equations  (1.13)  -  (1.15)  are  essentially  based  on  the 
mapping  properties  of  the  logarithmic  integral  operator  on 
a  part  of  r,  namely  on  .  We  find  that  this  operator  is 
bijective  in  suitable  pairs  of  function  spaces. 

Besides  the  explicit  knowledge  of  the  exceptional 
functions  we  shall  also  need  properties  of  the  logarithmic 
integral  operators  on  other  parts  of  F .  To  this  end  we 
define 

(1.17)  Vi/;(z):=  -  j  |i//log|z-^|  ds^  for  z  e  F 

F 

and 

(1.18)  Vjj^i(;(^):=  -  i  iJ;log|z-c|  ds^  for  z  £  Fj^;  j,k  =  1,2  . 

F  . 

3 

For  we  already  have  the  following  coerciveness  inequality 
[41]  . 

Lemma  4.1;  There  exists  a  constant  v  >  0  such  that 

(1.19)  (Vii.;.,.^)  2(r  )  ^  ^ll’^n^i/2 

1.  U  i)  g 

holds  for  every  il^  e  fl~^^^(F^)  . 

We  further  need  the  mapping  properties  of  applied  to 
the  exceptional  functions 


W 


Explicit  calculations  with  the  harmonic  functions  (1.20) 
yield  the  following  lemma  [83,  Lemma  A. 4]; 

1  -1/2 

Lemma  4.2;  Let  y  <  1.  With  Uj^  ^  (1.20)  and  j 
let  us  define 


f  1  p-1/2 
2  ^1 


3u, 


Pi  '  ^1  3v  ^2^  ^1  ' 


0 


on  r 


2  ' 


0 

3uj^ 

~ 


on  r 


1  ' 


(1  -  Xo)  on  F-  . 


Then  H^(r).  Furthermore 


(1.21) 


1  - 1 /2  Su^ 

I  Pi  ^  ^  (1  -  X2) 


c  H^‘^P(r.) ,  i  =  1,2 


(1.22)  V2i 


9Ui 

'W  ^2^ 


«  (F^)  ,  i  =  1,2  and 


(1.23)  H^'^P(rj^)  . 

1  ■“1/2 

The  same  properties  hold  for  U2  and  j  P2  '  ^2  oo^^^^spondingly . 

With  the  preceding  preliminary  results  we  prove  in  [83]  the 
following  theorem. 


r 
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Theorem  4.2;  Let  us  assume  that  dicuneter  (T)  <  1.  For 
I  a  I  <  1/2  let 


2  (1/2) +0  ^ 

Then  the  mapping  :  Z  (T  -►  H  (F  with 


(1*24)  { u / 012 ' *(^0 ^  *  *'  ^11  ^ *^1 ' ' '^o^ "  ^11  ~  ~2~  ^1  ^  ^1 


“2  -1/2 

-  ^  ^2^  X2  +  ’I'o 


is  bijective  and  continuous.  Moreover,  for  -2  <  s  <  0, 


s  /  -1,  the 


Vii  ;  ■>  is  also 


continuous  and  bijective. 

This  theorem  enables  us  to  apply  the  approach  of 
I§2  to  our  more  general  situation.  Since  Vj^2  continuous 
but  not  compact ,  the  principal  symbol  of  (1.13),  (1.14) 


has  the  form 


1  ,  a. 


(1.25)  a^  =  ,  with  a  =  (0,-l/2)  . 

°  0  ,  i?i-^ 


Now  it  is  easily  seen  that  a^  (1.25)  is  strongly  elliptic 
(see  (12.6))  since  for  k  _>  1+4  max  |aj^2(*»^)| 

Ul  =  1. 

z  e  r 


^4  90 


one  finds  the  inequality 


(1,26)  Re 


1  0 
0  K 


a  '  >  =  Re 
o 


(i.ii 


>|{ICj^|^+  10  21^)  for  [  r  I  =  1  and  r,  t  (f 
As  in  (12.7)  we  find  coerciveness. 

Lemma  1.3;  To  Aj^,A2  (1.3),  (1.4)  ^d  the  above  choice  of  k 
there  exists  a  constant  Yq  ^  0  such  that  the  Gardinq  inequality 


(Aj^(U,lj;)  ,U)  (P  J  +  .  •i’)  (r  ) 

(1.27)  ^  ^  ^ 


>  Yo{l|u| 


k[  (U,!)/),  (U,i[-)  ] 


holds  for  all  (U,i(;)  «.  L2(r2)  fl~^'^^(r^)  where  k  is  a 

suitable  compact  bilinear  form  onL2(r2)  ’‘fl  (fj^)  • 

As  we  have  seen  in  (I§3),  the  coerciveness  (1.27)  provides 
Cea's  lemma.  Theorem  1.3,1  and  Theorem  1.3.2  for  the 
immediate  Galerkin  approximation  of  (1.3), (1.4)  with  finite 
elements.  According  to  the  smoothness  of  Ui  (1,9)  and 

•5—1  (1.10)  we  find  the  following  lemma  corresponding 

3v[r^ 

to  (231  and  [27]. 

Lemma  1.4:  Let  Uj^  ,  4;^^  denote  the  Galerkin  solutions  with 
regular  finite  elements ,  m^O,  ^(1.3),  (1.4).  Then  one 
asymptotic  convergence  as 


finds 


491 


with  any  c  >  0  and  “1  ^  t  £  *-1/2.  The  constant  is 
independent  U,  h,  Uj^  ,  and  but  may  depend  on  e. 

Without  special  treatment  of  the  singularities 
this  estimate  cannot  be  improved.  Thus  we  need  to  use  a 
finer  analysis  of  the  integral  equations  (1.13)  -  (1.15). 
Defining  the  space  of  new  unknowns  by 


(1.29)  |a.£l,  wet,  (Pj^)  , 


WotH^^/^^'^°(ri)  ,  i=l,2 


we  have  the  following  theorem  [83,  Theorem  2.3  and  Theorem 
2.41  . 

Theorem  1.3;  The  mapping  defined  by  the  left  hand  sides  of 
(1.13)  -  (1.15)  is  an  isomorphism 


,(l/2)+o 


^(3/2)+a^P^j 


H(3/2)4a(,^, 


=  :  F 


(3/2)+a 


for  any  j  o |  <  1/2 . 

The  proof  in  [83}  is  rather  involved  using  (1.27),  Fredholm 
theory  and  classical  potential  theory. 
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Restricting  Theorem  1.3  to  subspaces  one  easily  finds  the 


following  theorem: 


Theorem  1.4;  (1.13)  -  (1.15) 

W  (l/2)+a  p(3/2)+o 

~o  ~o 


defines 

where 


an  isomorphism 


(1.30)  Wq  :=  |{a^,w,(})Q,WQ}  ^  W|Wq(Z^)  =  0  ,  i  =  1,2|  , 

(1.31)  Fq  :=  |{P^,F2,B}  £  F|F^(Z^)  +  F2(Z^)  =  oj-  . 


In  order  to  apply  the  Aubin-Nitsche  lemma  to  the 
system  of  integral  equations  (1.13)  -  (1.15)  one  needs  a 
formulation  which  takes  care  of  the  stress  intensity 
factors  also  in  the  case  that  the  singularity  functions  are 
contained  in  the  respective  Sobolev  space.  To  this  end 
we  multiply  equation  (1.14)  by  assuming  (without  loss 
of  generality)  that  diameter  (F)  <  1.  Then  the  equations 
(1.13)  -  (1.15)  take  the  form 


(1.32)  (I  -  K22)Wq  +  Ri2^“i'*^o^  =  Fj^  -  (0 


(1.33) 


-  T  I 


i^l 


Xi  +  v'Jk2i(w^  +  .1  “iPi^^  Xi) 

1=1 


=  V"J(F2  +  u)) 


J/iPl 


-1/2 


^  ''o 


f 


493 


(1.34) 


K'- 


*o  -  7  J, 


ds  =  B. 


With  the  function  spaces 


(1.35)  Z'  :=  i 


{cXi,<{.o} 


4 


1 


(Fj^) 


a^(rj^) 


the  desired  shift  theormem  takes  the  form  [83,  Theorem  2.5]: 
Theorem  1.5:  Let  -l<t_<T  +  l<2,  -1,  x  0.  Then 

the  system  (1.32)  -  (1.34)  defines  an  isomorphism  in 
H^(r2)  X  F'^(rj^)  X  1. 

The  proof  rests  on  Theorem  1.2  and  the  mapping  properties 
of  ^22  ' 

§2  Improved  Galerkin's  Method  and  Galerkin  Collocation  with 
Piecewise  Quadratic  Functions 

For  Galerkin's  procedure  we  use  the  finite  elements 

(14, 7), (14. 8)  with  m  =  2  for  the  smooth  parts  and  in 

(1.13)  -  (1.15).  For  the  collision  points  we  require 

(2.1)  Z^  t  {z(j-h)Ij  =  0,1,2,...,N} 

For  convenience  let  us  introduce  the  following  two  sets  of 


indices : 


4 '.-14 


(2.2) 


^  :=  { j |0  <  j  <  N 

0}  , 

2  :=  { 3  1  0  <  j  <  N 

^jlr2  ^ 

0}  . 

Now  we  are  in  the  position  to  define  the  subspaces  on 
by 


(2.3) 


Hh(re)  :=  =  .1  Yjhj 

I. 


(t) I „  }  £  =  1,2, 


(2.4)  a^ir,; 


<'h  ■ 


In  order  to  formulate  the  modified  GalerJcin  method  for 
( 1 . 13)  ~  ( 1 . 15 )  we  fi rst  approximate  the  given  funcctions 
^£h  '■  ^h^^£^'  ^  J^equiring 


(2.5)  (gjih'^j^L2  (Tj^)  ^9£'‘‘j>L2(rj^) 


for  all  j  t  I, 


Then  g^j^  c  ^h^^£+l^  with  :=  Fj^  are  chosen  arbitrarily 
satisfying 

e.g.  by  linear  functions  of  t. 
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For  the  smooth  parts  of  the  desired  solutions 
we  choose  the  approximations 


'^oh  ""  ^  Y^P-j(t)  with  =  0,  i  =  1,2  , 

jel2 


“^oh  =  J  B.Uj(t)  with  <t>oj,(Z.)  =  0,  i  =  1,2  . 

jell 


Now  the  Galerkin  equations  for  (1 . 13 )-(l .  15)  read  as 


w 


oh  IT 


''oh  ?  f  ^oh  ds^ 


+  I  “i 
i=l  ^ 


1/2  1 

*^i  ^i  TT 


f  1/2 

'  Pi  Xi  de 


(2.7) 


If 

7T 


^  Pi^^^Xi  log|z-c|  ds^ 


^h  '^^z 


r 


•^ih  7j  9ih  de  -  gih 


“  wj  ^2h  i°g|2-^l 

r 


g2h  iog|z-cl  ds  - 


ds^  for  all  Xj^  £  ^h^^2^  ' 


‘t9  6 


■ 

A 

2 

♦oh  - 

t  ''i 

X  X 

log|z-x|  ds 


(2.8) 


7T 


''oh 


r  ~  1 

.  ^  IT 


i=l 


1/2 

Pi  Xi 


dG 


ds„ 
h  z 


d0 


log  1 z-c I 


ds. 


log  I z-c 


ds^  + 


0) 


h 


ds 


z 


for  all 


H^(rj^)  and 


i  =  1,2  ; 


(2.9) 

’ 

1  r  ~  -1/2 

^oh  -  ?  •i^'^iPi  ^i 

1  X 

r, 

^2h  ds  =  B 


For  an  asymptotic  error  analysis  of  the  improved 

method  (2 . 7) -{ 2 . 9 )  we  need  the  approximation  properties 

(13.15)  for  u  t  H®(rj),  u  e  ^  =  ^'2,  m  =  2  as 

well  as  for  u  t  H®  (T  . )  n  (F  . }  and  ye  3,  (F.)  and  also 

3  3  h  3 

the  corresponding  inverse  assumptions  (1.3.16).  In  addition 


we  need  for 


i.-n 


=  ih 

h  ^oh 


2 

I 

i=I 


o  -1/2 

BiPi  Xi 


Hhdi) 


the  inverse  assumption 


(2.10) 


<  Mh 


r-s-e 


Z 


r 


with  -2  <  r  _<  s  <  2  and  e  >  0  if  s  <  0  and  r  _>  0,  otherwise 
e  =  0.  The  proof  in  (83,  Lemma  A. 5]  is  not  complete. 

The  complete  proof  can  be  found  in  [25] . 

With  (2-10)  available,  a  simple  modification  of 
the  results  in  [83]  yields  the  following  error  estimates 
[50]  : 

Theorem  2.1;  There  exists  a  meshwidth  h^  >  0  such  that  the 
Galerkin  equations  ( 2 . 7 )  -  { 2 . 9 )  are  uniquely  solvable  for  any  h , 
0  <  h  £  h^  .  For  decreasing  meshsize  h  -*■  0  5^  have  the 
asymptotic  error  estimates 


2 

i=l 


^  J“i-“il  +  ll-^oh-^oll  t-1,.  ll^oh-'^ollt,  I  “-“I 


(2.11) 


<  ch 


r-t-e 


fi"  "(r^) 


Igill  ^  +  119211  r-1 

H^(rj^)  ^  ^(12) 


H"(r2) 


i 

I 

i 

'i 

! 

i 

t 

i 

( 

i 


for  1  £  t  £  r  <  2  and  any  e  >  0 


for  -l<tj;^r<2,  t<l  and  any  e  >  0  ^  1/2  <  t  <  1 
and  E  =  0  -1  <  t  £  1/2  .  The  constant  c  ^  independent  of 

'^o  '  '^o  '  '  '^oh  '  '^oh  may  depend  on  e. 

Remark  2.1;  (2.12)  provides  an  explicit  error  estimate  of 

order  ^  with  any  e  >  0  for  the  stress  intensity  factors 

2 

if  9if92  given  smooth  enough,  e.g.  g^^  c  H  (F^)  , 

92^  H^(r2).  On  the  other  hand,  the  highest  possible  order 

3  “  G 

in  (2.12)  IS  h  ,  that  is  two  orders  higher.  Then 
t  =  -1  +  E  and  the  corresponding  norms  on  the  left  hand 
side  of  (2.12)  are  rather  weak.  However,  the  estimate 
(2.12)  yields  inner  local  estimates  for  the  corresponding 

generated  potentials  (1.2)  in  with  respect  to  any  local 

3  “  c 

norm,  i.e.  local  super  approximation  of  order  h  in  Q 
(see  [50]).  This  result  suggests  to  improve  the  accuracy 
of  the  stress  intensity  factors  by  an  additional  fitting 
within  n.  Instead  of  fitting,  the  computation  of  the 
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J-integrals  via  our  approximation  of  u  also  promises  an 
h  approximation  of  the  stress  intensity  factors. 

For  the  numerical  treatment  of  the  Galerkin 
equations  (2. 7) ~ (2.9)  one  has  to  evaluate  the  entries  of  the 
stiffness  matrix  on  the  left  hand  sides  and  the  weights  on 
the  right  hand  sides  as  well  as  of  (2.5)  by  the  use  of 
appropriate  numerical  integrations.  Note  that  in 
(2.7)-C2.9)  on  both  sides  appear  the  same  double  integrals 
if  g^,q^  are  replaced  by  according  to  (2.5). 

In  the  following  we  indicate  our  choices  of  the 
quadrature  formulas.  More  details  can  be  found  in  [50]. 

We  consider  first  the  cases  z.  /  (supp  y-)°  u  (supp  y.)®, 

1  J  K 

i.e.  away  from  the  collision  points 

2.1  The  Logarithmic  Standard  Terms 

For  these  terms  we  follow  (1.4.22)  and  use 

(2.13)  I  I  log|t-T|  u(^  -  j)  -  k)  dt  dx 

=  h^ ( log  h  +  W  ,  .  ,  ,  ) 

^  p (3 ,k) ' 

with  p(j,k)  =  lj-k|  the  weights  Wp  in  [37,  Table  1]  for 
m  =  2.  They  are  accurate  up  to  10  decimal  digits. 


1 


soo 


2.2  The  Regular  Double  Layer  Weights 

Because  of  (1.16)  we  integrate  the  corresponding 
weights  by  parts  obtaining 


(2.14) 


k) 


d0 

at 


dt  di 


1 

h 


k) 


j)G 


z  (t  ) 


(t)  dt  dx 


Since  u  is  piecewise  linear,  i.e.,  a  finite  element  function 
in  the  sense  of  (37,  (2.14)]  with  m  =  1 ,  we  use  the 
corresponding  three  point  integration  formula  with  m  =  1, 
[37,  (5.15)]  for  the  inner  integral,  i.e. 


(2.15) 


=  =  17  -  e^(i.)) 


where  =  z(j-h),  j  =  0,1,...  and  where 


(2.16)  02^^j+l^  ~  ~ 


=^2  +  1  ^ 


For  the  outer  integration  in  (2.14)  we  use  the  three  point 
integration  formula  [37,  (5.21)]  for  m  =  2  obtaining 


r 


(2.17)  \i^{z)  Uj{c)  <aejj(c) 


~  h  -  i  ©z  +  T  0,  (j)  +  i  0_  (j) 

“  ^k-1  ^  “  ^k+1 


Note  that  all  angles  in  (2.17),  respectively  (2.15)  can 
be  evaluated  explicitly  via  trigonometric  functions. 


2.3  Smooth  Remaining  Terms 


The  weights  due  to  smooth  remainders  are  of  the  form 


(2.18)  I  I  A(z,^)  Uj(C)  Mj^(z)  ds^  ds^ 

=  I  I  log  y(^  -  j)  M(p  -  k)  dt  dT 


For  the  corresponding  numerical  integrations  we  have  used 
four  point  Gaussian  formulas  (14.20)  although  one  also  could 
apply  the  three  point  formulas  with  m  =  2  as  in  [37] . 


2.4  Weights  Involving  the  Singular  Elements 

It  remains  to  evaluate  the  weights  if  is  in 

the  domain  of  integration  or  if  the  singular  elements 
-1/2 

'  Xi  are  involved.  In  case  of  regular  finite  elements 
some  of  the  integrals  in  (2.13),  (2.14),  (2.18)  are 
integrated  only  over  regions  corresponding  to  one  of 
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the  parts  or  V2  •  In  all  these  cases  we  have  used 
four  point  Gaussian  integration  either  without  or  with 
logarithmic  weight  function.  Let  us  omit  these  details, 
they  can  be  found  in  [50] . 

In  case  of  the  singular  elements  let  us  consider 
only  one  of  the  typical  cases,  for  the  others  we  again 
refer  to  [50].  Let  us  consider 


(2.19)  I 


3 


M j  (2) 


log|  2-i;  I  p 


-1/2 


(0x^(0 


ds_  ds. 


The  cut-off  function  we  define  by  a  combination  of  a 
piecewise  polynomial  and  the  square  root  function,  namely 
by 


(2.20)  Xi(C(t)) 


fi 


for 


1 

/iz(t)  1 


■  /t  •  V  (t) 

0 


for  <  t  ^  6 , 
otherwise  , 


where  v(t)  is  given  by 


(2.21)  v(t) 


(2t 

T 


i3r2ti^ 

TtirJ 


2  . 


Note  that  with  Xj  respectively  v  the  whole  method  depends 
on  the  parameter  6  >  0,  i.e.  the  support  of  Xj^  •  As  one 
of  our  experiments  indicates,  6  >  0  should  be  chosen  not 
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too  small  in  size.  With  (2.20),  (2.21)  the  integral 
(2.19)  takes  the  form 

(j+i+l)h  g 

(2.22)  I.  =  I  f  f  -  —  Xi  (t)  log|z(t)-z(T)  I 


(j+£)h  0 


X  I  z  (t)  1  dt  p  (j-  -  j)  dr 


2 

I 

«,=0 


( j  +  «,+l)h 
f 


( j+£)h 


6/2 

—  log| z (t) -z (t) |dt 
0  /t 


6/2 


log  I z (t) -z (t ) I  V (t)  dt 


dt 


In  order  to  regularize  the  first  integral  in  (2.22)  we 

y 

introduce  there  the  new  variable  t  =  x  arriving  at 


(2.23) 


2 

=  I 
£=0 


(j+£+l)h  /672 


J 


log| z (x^) -z (t) I  dx  u (r  -j) 


(j  +  il)h 


(j  +  l!,+l)h  6 

+  I  v(t)  log  I z (t) -z (t ) I  dt  p (^  -  j)  dx 

(j+£)h  6/2 

All  outer  integrations  with  respect  to  x  in  (2.23)  have  been 
executed  with  the  regular  four  point  Gaussian  formula.  For 
the  inner  integrations  we  have  distinguished  the  cases  j  >  7 


and  j  •  7.  In  case  i  7  we  aqain  used  four  point  Gaussian 

formulas.  For  j  7  wc  use  weighted  Gaussian  “"ormulas  with 
the  loaarithmic  weight  and  20  no<hil  points  (see  for  such 
formulas  in  (73)). 

2.5  Lr ror  Estimates  fo_r _ the  Galerkin  Collocation 

In  order  to  f  uni  the  Ov)nsistencv  estimates  for  our 
Galerkin  collocation  we  collect  all  error  terms  corresponding 
to  the  foreqoino  numerical  integrations. 

For  (2.1^;  lot  us  assume  that  the  W  are  available 
as  accurate  as  r*."  ;u  i  t  ewi-- P  t  the-  presented  results  they  are 
accurate  up  to  10  decimal  di^lits.  Thus  we  neglect 
corresponding  error  ter'ms. 

For  the  double  layer  we  mints  (2.17)  we  can  use  the 
error  estimates  [37,  (5.13)1  with  m  -  1  and  m  =  2, 
correspondingly,  and  find  an  errc,r  ot  order  h  for  each  weight 
similarly  to  137,  (5.20)]. 

For  the  smooth  remainder  terns  we  find  an  error  of 

g 

order  h  for  each  weight  corresponding  to  tlie  four  point 
Gaussian  formula.  Analogously,  the  errors  belonging  to 
(2.23),  i.e.  to  the  weifihts  involving  singular  elements, 

g 

are  of  the  same  ordei'  h  each. 

In  order  the  formulate  the  consistency  estimates  let 
us  abbreviate  the  Galerkin  equatif,ns  (2. 7) -(2. 9)  by 


for  all  W, 


Mh(  2)  ®  i 
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and  the  corresponding  equations  defined  with  the  above 
numerical  integrations  by 

(2.25)  (AV^.W^)  =  . 

Then  we  find  as  in  [35,  Theorem  6,2]  the  consistency 
estimate 

(2.26)  l(AUj^,Wj^)  -  (AUj^,Wj^)|  <  h  •  e(h)  Hu^H  HWj^H 
with 

(2.27)  e (h)  <  c  •  h^  , 

where  c  denotes  a  constant  independent  of  h,  Uj^  and  . 
This  consistency  in  connection  with  the  estimates  (2.11), 
(2.12)  implies  the  following  error  estimates  for  the 
solution  ,  (0,  oi^  of  the  numerically  integrated 

Galerkin  equations  (2.7)" (2.9). 

Theorem  2.2  [50 ]  ;  There  exists  a  meshwidth  h^  >  0  such 
that  the  numerically  integrated  Galerkin  equations 
corresponding  to  ( 2 . 7)~(  2.9)  are  uniquely  solvable  for  any 
h  with  0  <  b  ^  h^  .  For  h  -*■  0  have  the  asymptotic 


error  estimates 


5  0  b 


(2.28)  J 
1  =  1 


ul-t  J 

<  c  _  h  ■{ 


(r^) 


4(11) 


and 


(2.29] 


V  u-V  . 

oh  oh 


ah'* 


L2 (12) 


I!*!!  II 


(r^) 


(12) 


with  any  e  >  0.  The  constants  are  independent  of  h,  the 
data  ,  92  and  the  solutions  but  may  depend  on  c . 

§  3  Numerical  Results 

The  following  numerical  experiments  have  been  carried  out 
on  the  IBM  370-168  computer  at  the  Technische  Hochschule  Darmstadt. 
For  n  we  choose  the  unit  disc  with 

=  {z  =  cos  27Tt  +  i  sin  2Tit|  “  ^  t  < 

1  3 

12  =  {z  =  cos  2iTt  +  i  sin  27rt|  ^  t  <  j) 

=  -i  ,  Z2  =  +i  . 


L 
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=  0  . 


Largest  absolute  errors,  case  6  =  0.2; 


Number  of  grid  points  N+1 : 

40 

80 

160 

error  of  U ( p  : 

‘  2 

7.10"^ 

10-2 

IQ-^ 

error  of  4>^|p  : 

1.5.10"^ 

7  10-2 

CM 

1 

O 

• 

error  of  a^: 

7  .10“^ 

3  .10-2 

2  -10-2 

Example  3 ; 

(3.5)  U  =  . 

For  this  smooth  solution  we  have 

(3.6)  ~  ^2  ~  ^ 
and  the  given  data  are 

f !  -  x^  i  =  sin^  2TTt  -  cos^  2TTt  for  -j  t  <  j 

— !  =  2(y^  -  x^)l^  =  2(sin^  2'nt  -  cos^  27it)  for  i  < 

‘  2  ^ 
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Exanipl'a  2  with  6  =  0.2  and  160  grid  points,  plots  of  error  curves. 


Mm 


Largest  absolute  errors,  case  S  =  0.2 : 


Number  of  grid  points  N+1 :  40 

80 

160 

error  of  Ul,,  :  2*10 

2 

3-10~^ 

2-10"^ 

1  -4 

error  of  :  5*10 

o'  ( ^ 

6-10“^ 

10"^ 

error  of  n^,i  =  1,2:  6*10  ^ 

6-10"® 

4.10"^ 

1 _ 

In  this  case  the  errors  for  160  grid  points  are  unexpectedly 
too  large.  The  reason  is  that  the  integrals  (2,23)  are  not 

evaluated  accurately  enough.  In  this  case  the  choice  of 

“  6 

6  =  0.01  improved  the  results  significantly  to  4*10  for  U, 
10  ^  for  and  2*10  ^  for  ,  i  =  1,2. 


§4  Plane  Mixed  Problems  in  Polygonal  Domains 

M.  Costabel  and  E.  Stephan  extended  in  [24,25]  the 
results  of  [83]  to  polygonal  curves  1’. 

If  the  smooth  curve  I'  is  replaced  by  a  polygonal, 
then  it  turns  out  that  Lemma  1.3  is  not  valid  anymore  for 
(1.3),  (1.4).  Instead  one  has  to  eliminate  K22WQ  from 

(1.14)  first  and  then  to  solve  the  modified  system 


(4.1)  (I  +  K22)U|  -  Vj^2 


DU 


Dv 


( g ,  g2 )  > 


■  1 


<^11  -  ^21^12^ 


'  1  2 


DU 

Dv 


B2  (gj^,g2) 


1.  T  r 


For  (4.1)  they  prove  also  Carding 's  inequality  corresponding 
to  (1.27)  with  respect  to  where 

needs  to  be  modified  at  corner  points  in  the  interior  of 

(see  (4.2)).  The  proof  is  rather  involved  and  needs  in 
particular  the  Mellin  transformation  and  a  local  analysis 
at  every  corner  point  . 

1)  If  is  a  collision  point  of  the  two  different  boundary 
conditions  on  and  12  (with  or  without  corner)  then 
the  kernel  of  K22  vanishes  identically  on  the  adjacent 
straight  part  of  12  .  Here  the  Mellin  symbol  of 

^11  ~  ^21^12  positive.  The  set  of  indices  for  such 

Z-  let  us  denote  by  I 
1  c 

2)  If  is  an  interior  corner  point  of  with  interior 

corner  angle  i.w  ,  then  let  us  denote  by  and  the 

two  straight  parts  of  F^  adjacent  to  .  If  is  any 
generalized  function  on  F  then  let  ijj^(p^)  denote  the 
"value"  of  i  at  the  point  on  F^_|_  with  distance  from 
Z^;  ,ji_is  defined  correspondingly.  Let  :=  {x  e  E|x  0 

Now  they  define 

(4.2)  H“^/^(r  ^)  :=  h"^/^(E^)-  4'+  +  ip_  t  h‘^/^(E^)J 


Then  compact  and  is  positive  definite  on 

h"1/2  (r^i) , 

Using  a  partition  of  unity  on  and  pasting 
together  H  for  all  one  defines  H 

The  set  of  indices  belonging  to  the  interior  corner 
points  of  let  us  denote  by  1^^  . 


3)  If  Z^  is  an  interior  corner  point  of  ”2  then  K2^K22 

becomes  compact  in  L2  and  11^22  L  1/  i-e-  I  +  ^22 

becomes  positive  definite  in  L2  .  The  corresponding  indices 
let  us  denote  by  . 

For  an  improvement  of  Galerkin's  method  one  again  expands  the 
solution  about  the  points  Z^  and  incorporates  the  stress 
intensity  factors  and  singular  functions  into  the  integral 
equations  (4.1)  as  well  as  into  the  augmented  trial  and 
test  functions.  Here  Grisvard's  representation  [33]  yields 
for  the  solution  of  (1.1)  the  following  form: 


TT/2w: 
a  .  p  .  1 

1  1 


/  TT  3„ 

Wi  ^  2  '  2"^ 


sin(G^  n/2a)^)  +  I  a^Re {  (z-z^)  log  ;z-z^)  } 
if  I 

c 


_  IT  3 

oJi  2  '  2^ 


+  1 

sin  (G  .  tt/oj  .  ) 

+  1 

J.  X 

If  II 

/  TI  3 

TT  3_ 

^i  ^  2  '2^ 

‘^'i  ~ 

cos  (0^71 /w^) 

+  1  a^p^ol 

,  TT  3 
‘^i  ^  I  '  2'^ 


_  tt  3 

Wi  -  2  . 
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where  w^  is  smooth.  Costabel  and  Stephan  find  error  estimates 
similar  to  (2.4)  and  (2.12).  In  particular  for  smooth 

1-E 

enough  also  find  convergence  of  order  h  for 

the  stress  intensity  factors  and  a  maximal  order  h^~^  with 
any  e  >  0  in  appropriate  weak  norms. 

For  the  details  we  refer  to  [24,25]. 

§5  The  Mixed  Boundary  Value  Problem  for  the  Three-Dimensional 
Laplacian 

Let  be  a  bounded  simple  connected  domain  in 
whose  boundary  r  is  a  sufficiently  smooth  simple  closed 

4 

surface  (at  least  C  ) ,  i.e.  r  is  topologically  equivalent 

to  the  unit  sphere.  T  is  divided  into  two  disjoint  pieces 

and  T2  such  that  ^  ^2  ”  ^^2  “  defines  a  simple 
4 

closed  smooth  C  curve  on  r.  Note  that  the  curve  y  now 
replaces  the  former  two  collision  points  .  Let  us  consider 
the  classical  Zaremba  problem: 

JiTT 

(5.1)  AU  =  0  in  U  =  g  on  and  -^  =  0  on  r2  . 

In  contrary  to  the  two-dimensional  problems,  the  asymptotic 
behaviour  of  U  near  the  collision  curve  y  was  not  known  yet. 
Only  for  half  space  problems  with  n  =  K  one  obtains  the 
local  behaviour  for  y  being  a  circle  from  the  work  of  Sneddon 
and  Lowengrub,  see  [69] ,  for  y  being  a  straight  line  it  is 
given  by  Eskin  [26].  Eskin's  local  asymptotic  of  U  is 


obtained  via  Fourier  transform  and  Wiener-Hopf  technique 
using  distributions  in  weighted  Sobolev  spaces.  For  the 
above  much  more  general  problem  Eskin's  approach  has  been 
carried  over  by  E.  Stephan  in  [71].  Based  on  the  formulation 
of  the  Neumann  problem  in  [31],  Baldino  formulated  a  varia¬ 
tional  approach  for  the  integral  equacions  [13].  Using 
complex  function  theory  Johnson  investigated  in  [45 j  for 

the  special  case  of  a  sphere  an  integral  equation  for  the 

3U 

smooth  parts  of  u  and  on  T.  Based  on  [26],  E.  Stephan 
showed  in  [71]  the  following  local  behaviour  of  U : 

3 

Theorem  5.1;  I  f  g  ^  smooth  enough,  e .  g.  g'- H  (F^)  then 
the  variational  solution  U  <.  (‘7.)  of  (5.1)  has  the  form 

(5.2)  U  =  a(s)p^/2(sin  §)x((>)  +  v 

with  v  <-  ^  (n)  and  a  (.  ^(y)  and  any  e  >0. 

Here  s  denotes  the  arc  length  on  y  and  d ,  0  denote  the 
local  polar  coordinates  in  the  plane  normal  to  y  and  F 
at  Y (s)  . 

3 

Near  y,  the  transformation  from  E  to  (s,p,0)  is 
regular  for  p  >  0.  x(P)  is  s  suitable  C*  cut-off  function 
with  X  ^  P  small  enough.  For  the  further  analysis 

we  suppose  without  loss  of  generality  that  g  is  given  on 
the  whole  surface  F,  g  e  H^(r).  Corresponding  to  (5.2) 
the  Cauchy  data  of  U  are  of  the  form 


(5.3) 


U  =  a(s)p^^^X(P)  ^2 


3U  _  a(s)  -1/2  ,  V  ^  p 

^  -  —  P  X(P)  +  <t>Q  on 


with  e  and  (j)^  e  H^”^(r^) 


Using  Green's  third  identity  and  a  suitable  analysis 
of  the  jump  condition  in  the  frame  work  of  Krai  [47,48]  and 
Burago,  Mazja,  Sapozhnikova  [18]  one  finds  the  system  of 
integral  equations: 


(5.4)  w^{2)  +  i  I  W^(U  ^  -i-  do 

‘  2 


4  4  ^  I  a(s  ^  -L_  do, 

r  I  <;  |z-ClJ  ■ 


•  i  (,  5- 

‘  1 


-  —  f 

2tt  j 


=  -g(z] 


1  f  9  1 

"  27  J  277  ^  7" 

•'r  y  ^  1 


for  z 


'  on  the  curve  y  . 
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The  analysis  of  this  system  of  integral  equations  together 
with  appropriate  finite  element  approximations  for 
and  a  again  yields  an  improved  boundary  integral  method. 
These  will  be  presented  in  [71] . 


r 
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1.  Defect  Correction 

Defect  correction  is  one  of  those  deceptively  simple  ideas  vhich 
has  been  around  for  a  long  time,  sometimes  in  disguise.  Many  numerical 
algorithms  use  this  principle,  vhich  attests' its  obviousness  as  well  as  its 
power.  A  definitive  survey  has  been  written  by  H.  Stetter  [20]  which  has 
aroused  and  renewed  interest  in  the  method  of  defect  correction.  I  am  going 
to  emphasize  certain  formal  aspects  of  the  method,  and  show  some  applica¬ 
tions. 

The  most  basic  defect  correction  algorithm  is  known  as  iterative 

improvement  for  linear  systems  (Forsythe  and  Moler  [9]).  Suppose  that  in 

attempting  to  solve  the  linear  system  Ax = b  we  obtain  an  approximation  x^ 

which  is  the  solution  of  some  other  system  A  x^  =  b.  For  example,  a  might  be 

the  approximate  LU  decomposition  of  A  obtained  by  Gaussian  elimination.  Ve 

would  like  to  use  the  information  contained  in  x  to  improve  x  .  This  can  be 

o  o 

done  by  defining  a  new  approximation  by 

(1)  Ax,  =  b  +  (Ax  -  Ax  ) 

o  1  o  o  o 

A  more  common  way  to  write  this  is  to  introduce  the  residual 

r  =  b  -  Ax 
o  o 

and  the  correction 

"  *1  -  *0 

so  that  eq.  (l)  becomes 

A  d  =  r 
0  0  o 

The  iteration  is  r^  =  b-Ax^,  A^dj^^r^^,  •  However,  the  practical 
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value  of  this  procedure  is  not  as  an  iteration  but  as  a  way  to  reduce  the 
error  in  one  or  two  steps.  Such  a  reduction  can  occur  because  we  have  the 
identity 

(2)  A  ;  X,  -  x)  =  (A  -  A^)  ;x  -  X  ) 

o  ^  o  o 

Then  for  any  consistent  ncrt: 

i  3 )  II  X  -  X  II  <  II I  -  A  ~A  11  il  X  -  X  II 

0  0 

Thus,  if  A  and  x  are  within  £  of  A  and  x,  in  the  sense  that 
0  0 

1II-A'^A1I  <  £  ,  ilx-x  II  <  E,  th^n 
0  o 

II  X,  -  X  II  <  E^  , 

and  we  can  expect  x^  to  be  a  better  approximation  than  x^. 

Generalisations  of  the  identity  eq.  (2)  are  the  basis  of  just 
about  every  successful  application  of  defect  correction. 

An  important  step  for'</ard  was  taken  in  (Pereyra  [l8],  where  the  method 
is  called  deferred  correction.  Suppose  that  we  wish  to  solve  the  differential 
equation 

Lu  =  f 

using  a  finite  difference  operator  .M  to  approximate  the  differential  operator 
L.  If 

Mu  =  f 
o 

then  the  analogue  of  (1)  would  be 

Mu^  =  f  +  Mu  -  Lu 
1  0  0 

However,  u  ,  being  a  grid  function,  is  not  in  the  domain  of  L.  What  we  can 
o 

do  is  replace  L  by  another  finite  difference  operator  N  which  is  more  accurate 
than  M.  If  we  define  u^  by 

(U)  Mu,  =  f  +  Mu  -  Nu 

U  0  0 
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we  have  instead  of  eq.  (2)  the  identity 

(5)  M(u^-u)  =  (M-N)(u^-u)  +  (L-N)u  . 

Suppose  that  for  some  representative  grid  size  h,  and  smooth  u, 

=  Lu  +  O(h^)  and  Nu  =  Lu  +  0(h‘^)  ,  q  >  p  . 

Then  if  =  u  +  O(h^) ,  formally, 

M(u^-u)  =  0(h“^^^2p.q))  ^ 

and  if  q  >  2p  we  can  expect  to  he  an  approximation  of  order  2p.  For  this 
to  actually  work  there  must  be  an  error  expansion  of  the  form  u^  -  u  ®  h^e, 
where  e  is  a  smooth  function.  In  the  example  studied  by  Pereyra  such  an 
asymptotic  error  expansion  did  exist,  and  the  indicated  improvement  did  occur. 

Note  that  one  way  to  obtain  a  higher  order  operator  is  to  set 
N  =  LI,  where  I  is  an  operator  defining  a  smooth  function  by  interpolation 
from  the  grid  function.  This  allows  greater  flexibility,  and  is  discussed  in 
(Frank  and  Ueberhuber  [lO]).  An  early  application  of  this  idea  to  neutron 
transport  can  be  found  in  [l6].  There,  instead  of  increasing  the  order  of 
approximation,  certain  poor  qualitative  features  of  u^  are  improved  in  u^. 

The  obviously  attractive  feature  of  defect  correction  is  that  with 
two  passes  through  a  program  to  solve  Mu^  =  f,  with  different  f's,  the 
accuracy  can  be  increased  from  O(h^)  to  0(h^^).  Apparently,  only  the  accuracy 
requirement  need  be  considered  when  constructing  N;  stability  and  ease  of  in¬ 
version  do  not  play  a  role.  One  question  which  does  arise  is  the  following: 

Is  this  the  best  way  to  achieve  accuracy  0(h^^)?  If  we  eliminate  u^  from  the 
equation  defining  u^,  we  find 

u^  =  m“^(2-NM“^)  f  . 


Let 


Then  the  question  is,  is  there  an  operator  N^,  with  the  same  accuracy  as 
M^,  which  in  this  case  is  0(h^^),  such  that  it  is  better  to  solve 


(6)  N^v  =  f  , 

rather  tham 

(7)  Mj_u^  =  f  ? 

Perejrra  attempts  a  partial  answer  to  this  very  difficult  question 
by  solving  a  problem  which  was  also  done  elsewhere  by  a  finite  element  method. 

He  correctly  warns  the  reader  not  to  draw  too  strong  a  conclusion  from  the 
outcome;  he  claims  only  that  the  comparison  shows  that  deferred  correction  can 
be  competitive.  The  actual  problem  was 

u  +  u  =  u^  +  (-2  +  (1  -  2x)^)(e^^^“y^  -  1  +  u) 

XX  yy 

+  (-2  +  (l-2y)^)(e^^^"^^-  1  +  u)  -  ( e^^ -1 ) ^( e^^ -1 )  ’ , 

(exact  solution  is  u(x,y)  =  -l)(e^^^“^^-l) ) 

on  the  unit  sq\iart,  with  u  =  0  on  the  boxmdary.  For  M,  Pereyra  used  the 
stemdard  five  point  Laplacian,  while  N  was  a  fourth  order  accurate  difference 
operator.  This  was  also  solved  in  (Herbold  [13])  using  piecewise  cubic  finite 
elements  to  define  N^.  Taking  into  account  machine  differences,  eq.  (T)  seemed 
to  be  100  times  faster  than  eq.  (6).  The  reasons  that  the  comparison  is  not 
valid  are:  different  iterations  were  used  to  solve  the  nonlinear  equations;  an 
inefficient  linear  system  solver  was  used  by  Herbold;  and  the  error  was  mea¬ 
sured  differently  -  at  the  grid  points  by  Pere;vTa  (apparently),  and  by  Herbold 
using  a  much  finer  grid  and  the  cubic  interpolant  to  define  intermediate  points. 

Before  moving  on  to  other  uses  of  the  concept  of  defect  correction, 
one  warning  must  be  given.  Boundary  conditions  and  accuracy  at  the  boundary 
must  be  given  careful  consideration.  If  this  is  not  done  the  correction  step 
will  not  improve  the  answer.  An  example  of  this  can  be  foiuid  in  (Pereyra 
et  al.  [19]). 

2  The  Multigrid  Method 

A  very  interesting  and  powerful  application  of  defect  correction 
can  be  found  in  the  multigrid  method  for  solving  the  differential  equation 


Lu  =  f 


by  means  of  some  discretization 


(8)  f  . 

defined  on  a  grid  with  mesh  size  h.  There  are  two  parts  to  the  idea; 
first,  since  approximates  u  up  to  some  truncation  error,  say  O(h^),  there 
is  no  point  to  solving  eq.  (8)  to  any  better  accuracy.  Second,  coarser  grids, 
on  which  computation  is  relatively  cheap,  can  be  used  to  help  with  the  solu¬ 
tion  of  eq.  (8).  We  will  concentrate  on  the  latter. 

One  starts  with  some  relaocation  procedure.  For  example,  if  L 
is  the  Laplacian  and  is  the  standard  five-point  difference  operator,  then 
SOR  might  be  the  relaxation.  After  several  iterations  one  observes  that  the 
high  frequency  components  of  the  initial  residual  are  smoothed,  but  then  con¬ 
vergence  slows  down.  The  idea  is  to  continue  solving  the  equations  on  a 
coarser  grid,  G^j^.  The  crucial  part  is  to  do  a  defect  correction  on  the  coarse 
grid,  that  is,  solve  ^2h^2h  ~  ^  *  ^2h^  ~  where  u^  is  the  fine  grid 

approximation.  However,  the  domains  and  ranges  of  these  operators  are  wrong. 

So  we  have  to  choose  an  operator  :  u(gj^)  -*•  and  then  we  can  write 


(9) 


^2h^2h 


=  jf  f  . 


, .  ,.2h  o 

^^2h'^h  \ 


,2h 


is  the  residual  transfer  operator.  The  grid  function  Ug^  -  is  the 

correction  to  be  added  to  u^;  before  doing  that  we  must  define  an  interpola¬ 
tion  cnerator  Jl?,  ;  u(G.,,  )  -*■  u(G,  ).  Then  the  new  fine  grid  approximation  is 
*  dh  dn  h 


/  .  \  .r  ^  .h  f  •2h  O  V 

(10)  ^  "  Jsh^'^Sh  -  '^h  ^  ^ 


It  is  not  necessary  to  obtain  u^j^  exactly,  instead  eq.  (9)  is  solved  by  the 
same  procedure  -  do  several  relaxation  sweeps,  then  transfer  the  defect  to 
grid  and  so  on.  Only  on  the  coarsest  grid  is  an  exact  solution  possibly 

obtained.  Now  we  work  tack  up  through  successively  finer  grids,  using  eq. 

(10)  and  additional  relaxations. 

Let  us  change  notation,  calling  G^  the  coarsest  grid,  G^  the  next  finer 

The  basic  cycling  algorithm  l)  represented  by  the  sequence  Cj^,  where 

t.,  —  G,,G,,  .  ...  Gw.  ...  G,,  . 

N  N  N-1  o  1  N 


one,  etc. 


The  full  miiltigrid  stlgorithm  would  start  on  the  coarsest  grid,  as  follows: 

C  ,C  The  sequence  must  be  terminated  according  to  some  error  test 

o  X  w  *1  2 

Brandt  uses  higher  order  interpolation  (cubic  if  is  0(h  )  accurate)  each 

time  a  new  fine  grid  is  started. 

How  good  is  this?  We  can  measure  this  by  defining  the  relative 

efficiency  as  follows;  Let  p  be  the  error  reduction  or  spectral  radius  of 

!  £nc  I 

one  Iteration,  and  let  W  be  the  work  of  one  iteration.  Define  r  =  The 

larger  r  the  better  the  scheme.  Suppose  we  measure  W  in  units  of  the  cost  of 
one  relaxation  on  the  finest  grid.  In  one  (admittedly  easy)  example  Brandt 
observes 


.  l-^n  .251 

Basic  cycle:  r  =  =  .52 


In  the  same  example  the  full  algorithm  reduces  t.he  error  from  .25  on  the 
coarsest  grid  to  .001  on  the  finest  grid  in  5.33  work  units.  This  means 

Full  algorithm:  r  =  1.6?  . 

That  is,  in  this  case  at  least,  the  full  algorithm  is  3  times  as  efficient  as 
the  basic  cycle.  On  the  other  hand 

SOB:  r  •  . 

The  remarkable  thing  is  that  while  -*■  0  as  £n  -►  0,  rj^  is  asymptotically 

independent  of  h.  This  is  proved  in  varying  degrees  of  generality  in  [7],  [12], 
[3],  and  [2]. 

The  proper  formulation  of  multigrid  seems  to  be  due  to  Fedorenko 
[6]  and  Bakhvalov  [2],  going  back  to  I96I  and  1966. 

Multigrid  works  as  an  acceleration  of  the  original  relaxation,  and 
it  is  instructive  to  re-formulate  it  this  way.  I  need  to  simplify  and  change 
the  notation.  First  let 

J  =  =  residual  transfer 

h 

J  =  J”  =  coarse  to  fine  interpolation 


Q  =  =  coarse  grid  operators  . 
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The  relaxation  sweeps  are  based  on  some  splitting  of  L  ,  say  L,  =  A-B. 

o  n  n 

If  we  start  with  some  w  and  do  m  relaxation  sweeps ,  according  to 

Aw^  =  Bw^“^  +f  ,  i=l,...,m  . 


Then 


where 


w“  =  A^w°  +  H^f 


=  (A“^B)“ 


H2  =  [(A“^B)“"^  +  ...  +  i]a"^ 

Now  then,  let 

(11)  +  H2F  ,  arbitrary 

On  the  coarse  grid  we  have  the  intermmediate  step 
Qu  =  Jf  +  (QJv^  -  JLvjV^) 


or 


u  =  Q  Jf  + 


It.:.  ^  j-yJ-  _  q“^tt  ..1 


Q 


Then  we  set  v^  +  j(u  _  jv^)  =  v^  +  j(Q“^jf  -  q"^JL  v^) 

n 

=  -^  -t-  JQ"^J(f  -  Lk*/^)  . 


This  new  value  of  then  starts  the  next  sequence  at  relaxation  sweeps. 
Thus,  the  complete  iteration  is,  assuming  exact  solution  on  the  coarse  grid, 
is 

.ri^l  _  TT  r.ri  L  . 


(12) 


=  +  H^f 


Note  that  this  is  consistent:  if  Uv  =  f  then  v  =  H^v  +  H2f  *  L^^v  =  f.  This 
also  shows  the  absolute  necessity  of  transfering  the  defect  to  the  coarse 


=  -  JQ"^JL^]  . 


grid.  Let 


Recall  that  the  efficiency  is  r  =  -^ 


_  i  -dnp  ( ; 

W 


^  ,  where  o(C)  =  spectral  radius  of  C 

It  has  been  proved  in  varying  degrees  of  generality  that  there  exists  5  in¬ 
dependent  of  h  such  that  o(C)  <  o  <  1,  even  for  the  completely  recursive 
algorithm.  A  ver'/  neat  heuristic  estimate  of  r  has  been  given  by  Brandt  [3], 


follows;  Let  u  be  the  smoothing  factor  of  one  relaxation  sweep. 


Irien  arte 


all  the  grids  have  been  visited  all  the  frequency  coinpcnents  have  been  reduced 
n  21 

by  i.e.  p(C)  =  U  .  In  two  dimensions  the  work,  relative  to  the  work  of 
one  relaxation  sween  is 


(13? 


W  B  m  (1  +  (  i  )^  +  (  I  .  )  ^  — 


So  r  =  ‘ liny 2  •  Ibis  has  proved  to  be  very  reliable  in  practice. 

3 .  Higher  Order  and  .M’jltigrid 

Brandt  has  also  shown  how  one  can  combine  multigrid  with  the  use  of 
defect  correction  to  get  higher  order  accuracy.  If  is  the  higher  order 
difference  operator  then  the  coarse  grid  difference  equation  becomes 

T  T^h  .  r,  .2h  o  .2h  „  o, 

^2h'^2h  ■  “^h  ‘  ^^2h'^h  ^n  '  '"h  ‘^n^  • 


Brandt  uses 


j""  i  -  i  L,. 

h  h  3h  h  3  2hh 


,nd 


This  is  formally  fourth  order  accurate  if  is  2  order  accurate.  This  is 
called  tau-extrapolations .  The  coarse  grid  equation  becomes 


(lU)  i^2h'^h  '^h  ^  T  ^^2h'^h  "  “^h  ], 


Here  is  a  sample  computation.  The  test  problem  is  poisson's  equation 
on  a  rectfugle  with  Dirichlet  data.  is  the  standard  five-point  operator, 
J  is  injection,  and  J  is  linear  interpolation  except  when  beginning  a  new 
fine  grid,  at  which  point  cubic  interpolation  is  used  (with  or  without  tau- 
extrapolation) .  The  only  change  in  strategy  is  to  use  eq.  (1^*)  instead  of 


eq.  (9)  the  first  time  the  fine  grid  residual  is  transferred  to  the  next 
coarse  grid.  This  is  schematized  below  and  the  errors  are  shown. 


Grid 


Error 

Usual  Tau 


0 

1 _ 

Start  2  with  cubic  interpolation 


from  1 

2  relatx 

(15)  - 
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0 

1 

2  _ 

Start  3  with  cubic  interpolation 

from  2 

3  relax 

(15)  - 

(9)  - 

1 

3 

1 

2 

3 _ _ 


e 


e 
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.72e  .02e 


k 


.017e  .0019e 


5 


5 
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1 


1.6 


3.6 


8.9 


.OOUe 


. 0002e 
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Altholigh  the  accuracy  is  considerably  enhanced  by  tau-exbrapolation 
it  is  net  fourth  order,  since  the  latter  would  produce  ratios  increasing  by 
factors  of  fo'ur.  ll'.e  reason  for  the  less  of  accuracy  is  that  eq.  (ll)  is 
not  solved  exactly,  thuit  is,  instead  of  inverting  t;;e  n-ultigrid 


algor: 


»'ert.z  rcT.e  3.rrr';::xijr.9-t 


r  -  *.2v^)Ju 


■ctuced  to  0(h^^)  only  by  incr 


y  increasing  the  r/ur.ber  of 


Ihat  is  needed  here  is  a  good  test  of,  for  example,  the  incomplete 
tau-e:<trapolation  just  described,  the  more  accurate  tau-extrapolaticn,  and 
solving  ‘  efficiently  as  possible. 

h .  The  Coarse  Irid  .''teratcr 

I'icclaides  .1']  and  Hachbusch  !ll!  have  observed  that  if  instead 
of  using  ^  =  1.,..,,  we  set 


then  I  -  JL.  annihilates  the  range  of  J.  In  addition,  the  residual  of 

.1 

the  corrected  solution  vanishes  when  transferred  to  the  coarse  grid,  that  is, 

J[l,  (u^  +  JQ~h(f  -  L.u^)]  -  f]  =  0  . 

n  n 

Alcouffe  et  al.  [l]  found  that  (15)  was  necessary  in  order  to  obtain  the 
predicted  convergence  rate  in  a  problem  in  which  the  coefficients  were  dis¬ 
continuous  and  jumped  by  orders  of  magnitude. 

The  mappings  J  and  J  and  the  relaxation  splitting  must  be  properly 
chosen  for  all  this  to  work.  This  still  seems  to  be  an  art,  as  can  be  seen 
in  some  of  the  applications  to  physical  problems  described  in  [l],  and  [5], 
which  will  be  presented  later.  Here  is  a  simple  example.  Take 
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A. 

Let  the  even  points  be  the  coarse  grid,  and  let  J  be  linear  interpolation. 
Thus  ^ 


u. ,  1  even 
(Ju).  ^ 


Let  the  residual  weighting  operator  J  be  defined  by 


=  F  Vi  I  '^i  *  F  Vi  »  ^ 


Then  it  is  easy  to  see  that 
^2h  ^ 

and 

(15a)  J  =  J  =  (  I  J)"  , 

if  (a,b)j^  =  la^b.h  . 

The  reader  might  t’urn  to  section  6  to  see  how  the  averaging  in 
eq.  (15)  arises  naforally  in  a  problem  with  variable  coefficients.  Eqs.  (15) 
and  (l5a)  are  also  theoretically  useful,  as  in  [12]. 

5.  As  Application  to  Fluid  D^mamics 

The  nultigrid  method  has  the  ability,  in  principle,  to  take  an 
existing  finite  difference  code  in  which  relaxation  iterations  use  a  large 
fraction  of  the  r'onning  time,  and  speed  it  up  considerably  without  making  a 

major  revision  of  the  code.  To  see  if  this  were  really  true  in  practice,  my 
colleagues  Joel  Dendy  and  Hans  Ruppel,  together  with  Achi  Brandt,  incorporated 
the  multigrid  algorithm  into  the  SOLA  code. 

Some  of  the  results  of  this  work,  reported  in  [l],  are  given  here, 
together  with  some  additional  information  given  me  by  Joel  Dendy.  SOLA  solves 
the  incompressible  Navier-Stokes  equations,  which  are 


t 


0 


u  +  V  = 

X  y 


+  (u“ 

+  p)  + 

(uv )  = 

+  V  [  u  + 

X 

y 

X 

XX 

+  (^~ 

+  t; ),,  + 

(uv)  = 

+  V  [  V 

X 

/ 

x:c 

'?x 


0,^=0 


Fig’.u'e  1 


with  boundary  conditions  shown  in  Fig.  1.  The  difference  equations  are 
seai-implicit ,  as  follows: 


(16) 

(IT) 

(18) 


1  /  n+1  n+l  ^  ^  1  /  ^+1  n+1  \  _ 

Ax  (""i.J  "'"i-l,jj  Ag  V^,J  ~  'i,J-l/  ■ 

n+1  At  /  n+1  n+1  \  n 

-  Pl.J  )  *i,J 

(^PiJ+1  “  PiJ  )  “i.J  • 


0 


,rn+l  At  /  n+1 

ij'Ai 


The  quantities  and  b^  contain  all  the  information  from  the  previous 

i,J  i,J 

time  step;  their  exact  form  is  irrelevant  to  this  discussion.  The  grid 
structure  is  shown  in  Figure  2. 


541 


Ax 


Figure  2 

Note  that  by  using  eq.  (17)  and  eq.  (l8)  to  eliminate  the 
velocities  and  v’^"''^  from  eq.  (l6)  we  have 

(19)  L.p  =  c 
n 

where  is  the  five  point  Laplacian.  SOLA  solves  this  by  an  iteration  on 
p,u,  and  V  which  is  equivalent  to  successive  over-relaxation  for  eq.  (19)- 
This  iterative  procedure  was  maintained  in  the  multigrid  implementation, 
the  only  change  being  that  a  residual  appears  in  eq.  (l6)  on  the  coarse 
grids.  To  keep  the  proper  relationship  between  velocities  and  pressure,  no 
residuals  are  introduced  in  eq.  (17)  or  eq.  (l8),  and  these  equations  are 
used  to  define  the  corrected  fine  grid  velocities  once  the  pressure  has 
been  corrected.  The  grid  structure  and  the  relation  between  coarse  and  fine 
grids  is  shown  in  Figure  3. 


V. 


V 


?  i  rare  3 


The  resiiual  cf  eq.  ! l6 '  is  located  at  the  sane  grid  tci 
dual  veighting  ,the  intertciatict  J-  is  obtained  by  defi 
resid-oal  as  the  equally  veigr.ted  average  of  the  fo-ur  nei 
residuals  except  at  the  boundary  vhere  a  special  veighti 
discussed  below.  The  operator  J  (operating  only  or.  the 
fined  by  bilinear  interpolation.  The  efficiency  predict 
achieved.  The  proced'ore  was  non-adapt ive ,  that  is,  thc- 


r.ts  as  p.  The  resi- 
ning  the  coarse  grid 


line 


ng  vas  'jsed  vhich  is 
press'ures)  was  de¬ 
ed  by  eq.  (13'  was 
iteration  was  started 


on  the  finest  grid. 

The  boundary  conditions  on  u,  v,  and  p  require  that  a_.  ,  and  b,.  , 
vanish  at  the  sides  and  top  respectively.  This  insures  that  the  sue  over 

the  grid  of  c,  is  zero,  vhich  is  necessary  for  (19)  to  have  a  solution. 

»  J 

Because  of  the  unequal  residual  weighting  this  consistency  condition  is 
not  satisfied  on  the  coarse  grids,  except  in  the  lindt.  This  causes  no  pro¬ 
blem  since  exact  solutions  are  not  sought  on  the  coarse  grids. 

Equal  weights  at  the  boundaries  caused  a  1-'  loss  in  the  efficiency 
predicted  by  eq.  (13).  The  success  of  the  unequal  weights  used  brings  up  some 
interesting  points,  although  we  caruiot  provide  a  clean  argument  for  that 
The  actual  weights  are  shown  in  Eigore  ii. 
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Figure  k 


Note  that  the  weights  in  the  coarse  cells  at  the  bo\mdary  do  not  add  to 
one. 

Let  jg  be  the  local  sum  of  the  residual  weights;  in  Figure  3,  Jg 
is  1  at  interior  coarse  cells,  1.35  at  corners,  and  1.17  at  the  edges.  In 
[3,5]  a  heuristic  argument  is  given  to  show  that  the  effect  of  the  iteration 
matrix  C  of  (I2a)  is  approximately  |l-Jg|  when  applied  to  the  smoothest  grid 
functions,  therefore  if  Jg  =  1,  C  will  surely  reduce  the  smoothest  part  of 
the  error.  It  seems  that  all  that  is  really  necessary  is  that  |l-jg|  not 
be  too  large. 

The  weights  are  a  bit  mysterious,  but  they  can  be  obtained  by  a 
more  or  less  convincing  argument  which  we  present  for  the  one-dimensional 
case.  Suppose  the  differential  equation  is  p^^  =  f,  with  p^  =  0  at  the 
boundaries. 

bdry  fine  coarse 

-O  —j¥ - K  O  K - 

!h/2  1  h  2  3 

I 

Figure  5 


The  authors  o:'  [j]  also  inpleinented  aultigrid  into  the  SOLA-ICE 
code,  vhich  is  a  compressible  flow  version  of  SOLA.  This  was  not  straight¬ 
forward.  Difficulties  were  encountered  on  the  coarsest  grid  which  could  not 
be  overcome  by  icing  a  direct  solution  because  of  the  pec-oliar  nature  of  the 
SOLA-ICE  algoritrim,  the  latter  having  been  dictated  by  a  desire  to  maintain 
an  iteration  similar  to  SOLA.  The  authors  finally  hit  upon  a  technique  of 
shifting  r  wr-.ich  imprQvel  both  the  original  algorithm  and  the  multigrid 
version  to  the  point  that  the  correct  convergence  rate  was  obtained. 

We  should  point  out  that  it  is  possible  to  take  a  more  natural 
approach  (from  tne  point  of  view  of  a  numerical  analyst)  to  the  solution  of 
semi-implicit  difference  schemes.  The  nonlinear  difference  equations  can  be 
solved  by  Ne’vton's  method,  however,  it  is  important  to  m.ake  the  right  choice 
of  variables  about  which  to  linearize.  For  many  problems  p  =  E  (o-o^) ,  £  <  <  1 


I 
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In  this  case  linearization  around  p  produces  an  ill-conditioned  Jacobian, 
so  that  one  should  linearize  around  p.  This  procedure  is  followed  in  [l5l 
where  a  difficult  two-phase  flow  problem  is  solved.  Since  the  method  also 
involves  relaxation  oscillations  it  should  be  possible  to  apply  the  multi¬ 
grid  concept  there  also. 

6.  Neutron  Diffusion 

A  difficult  neutron  diffusion  problem  was  done  successfiilly  by 
the  m\iltigrid  method  in  [l].  The  problem  is 

-  V  •  (DVu)  +  au  =  f  . 

Some  sample  configiurations  and  boundary  conditions  are  shown  in  Figure  6. 


(a)  ranged  from  10~^  to  10“ 


D  «  10^ 

D  -  1 

D  -  1 

D  ■  10^ 

u  «  0 
y 


(b)  Four  Cornera 


Figure  6 


Because  of  the  large  Jumps  in  the  coefficient  D  there  is  no  easy 
way  to  define  the  coarser  grid  operators,  therefore  the  authors  used  eq.  (15). 
This,  together  with  eq.  (I5a),  at  least  reduces  the  variability  of  the  problec 
to  the  choice  of  J.  It  was  observed  that  with  J  taken  to  be  the  bilinear 
interpolation  operator  the  multigrid  iteration  either  failed  to  accelerate 
the  lexicographic  SOR  iteration,  or  even  failed  to  converge  at  all.  We  can 
gain  some  insight  into  this  problem  by  considering  the  one-dimensional 
problem 


where  D  is  a  step  function  with  Jumps  at  the  fine  grid  points,  as  in 
Figure  7. 


°2i  -1/2  °2i  +1/2 

- 1 - 1  ■  ■  I - 

2i-l  2i  2i+l 

Figure  7 

The  fine  grid  difference  operator  (away  from  the  boundaries)  is  defined 
by 

(h\u)_  =  D.^^/2^u.^^-u.)  -  D._1/2^^-^-1^  • 

Let  the  coarse  grid  consist  of  the  even-indexed  grid  points.  Consider  the 
following  method  for  solving 

First,  choose  anything  for  the  even  indices,  say  u^^,  and  define  by 

relaxation;  thus. 
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next,  eliminate  the  odd  variables.  If  we  define  by 


i+l/2 


^  ^i+l/2‘^^i+3/2  /^■' 


!/2 


for  i  even  only,  then 


(20)  (  L-,u°y  =  r.  +  - - -  f.  .  + 

V  2h  /I  1  |_°i-3/2  °i-l/2 


f  + 

^  ^i+l/2'^°i+3/2 


and  the  left  side  involves  only  even  indices.  Now,  solve  exactly  the  coarse 
grid  correction  equations 


(L2hV)i  =  -  r. 


i  even 


Then  if 


u.  =  (u  +v)^  ,  i 


1  even 


and  if  u^,  i  odd,  is  defined  by  relaxation,  we  will  have  obtained  the  exact 
solution. 

The  following  is  easily  verified.  Let  the  bracketed  terms  in 
eq.  (20)  define  the  residual  transfer  J.  The  relaxation  at  the  odd  points 

A  A^  A 

defines  an  interpolation  operator  J,  and  J  =  J  ,  and  =  JLjjJ* 

This  can  be  summarized  by  the  statement  that  the  appropriate  choice 
of  relaxation  strategy  and  interpolation  J  produces  the  exact  solution  in  one 
iteration,  assuming  exact  solution  on  the  coarse  grid.  Since  the  coarse  grid 
can  be  treated  in  the  same  way,  exact  solution  can  be  obtained  in  one  full 


cycle.  Furthermore, 


°i+l/2°i+3/2  ,  ,  °i-l/2°i-3/2  , 

- — -  (u_o-U,  )  -  S -  (u,  -  U. 


.l/2*V3/2  ^i-l/2^i-3/2  i-2) 


Apart  from  a  missing  factor  of  2,  the  coefficients  are  the  harmonic  averages 
of  the  D's,  which  are  well-known  to  be  the  precisely  correct  averages  to  use. 
While  none  of  this  carries  over  to  two  dimensions,  it  would  seem  reasonable  to 
try  to  stay  close  to  this  formulation  without  constructing  an  algorithm  that  is 
too  complicated.  The  method  arrived  at  in  [l]  does  Just  that. 


Consider  Figure  8.  Suppose  the  coarse  grid  points  A,B,C,D,  have 
been  found.  A  feasible  procedure  would  be  to  define  the  interpolant  at 
1,2, 3, ^,5,  by  relaxation  of  the  fine  grid  difference  operator  centered  at 
each  point.  Instead,  the  authors  chose  to  lump  the  operator  centered  at  1 
into  a  3-point  operator  involving  A,l,  and  D  and  then  used  that  to  define 
the  interpolant  at  1.  That  is,  if  the  operator  becomes  au^  -  bu^  + 
then  they  set  ’a,  =  (au^  +  cu2)/b.  The  corresponding  interpolations  are  done 
at  2,3,  and  ii.  The  full  difference  operator  centered  at  5  is  then  used  to 
define  Uj;.  With  this  definition  of  J  the  authors  then  took  J  =  ,  and 

u  =  J*L^J,  where  is  the  fine  grid  operator  which  will  in  general  itself 
have  been  defined  in  this  way  from  still  finer  grids. 

The  computational  res’ults  are  quite  impressive.  For  some  of  the 
fairly  hard  problems  the  error  reduction  (spectral  radius)  of  one  cycle  is  .1 
with  an  efficiency  matching  the  efficiency  of  the  standard  multigrii 
algorithm  for  t.ne  constant  coefficient  Laplacian. 

©  =  0 

1  5  3 

0  "  © 

Figure  6 

The  method  of  interpolating  from  the  coarse  to  fine  grid  described 
above  recognizes  that  an  elliptic  difference  operator  defines  a  natural  inter¬ 
polation.  Elliptic  interpolation  has  been  shown  by  J.  M.  Hyman  [l^*]  to  be  a 
practical  way  to  advance  from  coarse  to  fine  grids  when  solving  Poisson's 
equation.  A  very  efficient  checkered  relaxation  form  of  multigrid,  presented 
in  [l6]  also  exploits  elliptic  interpolation.  However,  this  would  not  work 
here  because  we  are  not  dealing  with  the  five-point  Laplacian. 
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I.  Introduction 

The  generalized  tlalerkiii  method  for  the  solution  of  evolu¬ 
tion  problems  consists  of  the  following  stej's;  1)  We  formulate 
the  given  i)rol)leiii  in  a  variational  form.  2)  Wo  discretize  the 
protilem  in  space,  i.e.  we  consider  a  family  [v'‘j  ,  0  <  li  < 
of  finite  dimensional  subspaccs  of  the  basic  llanach  space  V 

such  that  lim  dist  (V^',v)-0  \j  ue.  V  and  in  V*’  we  define  a 
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semidiscrele  solution  by  means  of  a  discrete  analog  of  the  va¬ 
riational  fornulation  determining  tlie  exact  solution.  .3)  To  com-' 
pute  this  solution  moans  to  solve  a  system  of  ordinary  diffe¬ 
rential  eciuations.  solving  this  system  numerically  we  get  a 
completely  discretized  approximate  solution.  In  case  of  nonli- 
neer  probl cts  tl.e  application  of  linear  multistop  iietbods  has 
advantage  in  that  vve  are  often  able  to  linearize  the  resulting 
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a  nil  row  clas-  of  lino.ir  muJtistep  me  t  bod  ,s :  to  .t-stililc  motliods. 
These  me  I  hod  ■;  it  ad  to  i. ueond  j  t  .  on,;  1  1  y  si. Me  schc.ces  ft:lfilling 


certain 

1  r. 

'  tj na  1  it!".,  ibn  t  li  tin  st 

,  r 

■  ire  drsxrtihle 

tlu;  oil.r  im  , 

VI  j 

a  s.mn)  ,-  wav  for  t! 

ii  '!('  r  1  va  t  1 1.  a 

1  o  f  a  ti  r  i  0  r  i 

oi'j’C'r  !  I'-'.it  O': . 

Ki.rst  VO  deserib'-  r;  of  linea.r  nultistep  moth.ods  con- 


s  idc  I  t’d  1 1 

1  ii-  .^etna’l.  Then  w.,-  do 

ll  ' 

.'ith  11',.' 

1  a.) 

n  1  1  :i  'iir 

lie 

at 

i.ojiia  ♦,  1 

!i.  ;  '.mill  1  no  t  on  n  i 

on  X 

11'!'- 

.'•to 

rou,' 

1  1 

0  . 

In  t)oUi  0. 

;.'.oo  ]  ;  n .  a 0  1  /',  1  n;:i  !  n  po 

.-.oil 

>  1  .  V,  j  t  1; 

.n  1 1  \ 

1  owe  r  1  n 

tho 

acc iir  icN  . 

■  mt-r  id-,  .nv  -  1  »  ; 

1 1' 

1  1  .nro 

> 

ft 

1  .1  :  In  Hi 

1 ' 

sol  11- 

t  1  'Ml  of  ■! 

.  :  .  '  ■  1  1  1  o  ;in  ;a’  la.  n  1  i  o. ■  o 

; 

;n  ■  i  1  (•  1 

joi 

iln .  l-’in.i 

1  I 

v  ,  (■ 

r.i-.  III  ]  ".'1  . 


I'l  , 1  1  I  ••  run 


[••I :  I  .non  1  i  "o ,i r 


h%  p  ■  Ik)  1  1  n  otj  II,'  t  '  I)  p. 


11,  A-ijtilblo  Linear  Mult  is  top  Methoils 


The  characteristic  polynomials  of  oiic-stcp  consistent  mi;- 


thods  are 


(1)  1 =  ( -I '-  ©• 

As  is  well  known  (see  La.ibert  [l]  )  this  0  -  method  is  A-stable 
Iff 


U)  Bi 

If  6  ^  ^  the  method  is  of  order  1,  ®  i  Sives  the  tra¬ 

pezoidal  rule  vvhich  IS  of  order  2.  Lahlqujsl  [2]  proved  that 
A-stal'le  i.ietliods  cannot  be  of  greater  order  Ilian  2.  Therefoi'e, 
concerning  k-step  A-stable  met  ;ods  with  k  >1  we  restrict  our¬ 


selves  to  two-step  methods  of  order  2  with  ^  ,  G"  having  no 

corrmon  root.  Those  meti.ods,  nori.M  1  izcd  Ihruugh  ^  A  ,  are 

given  hy 
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Itc-mark  1.  Amori/f  A-stable  riotiiods-  those  which  aro  strongly 
stable  at  infinity  (i.e.such  that  tlio  roots  of  O' ( ^ )  lio  in 
tlio  interior  of  the  unit  disc)  arc  preferable  wlien  solvini' 
stiff  equations.  In  Zla;nal  {.4]  there  is  introduced  a  sub-class 
of  (3)  ijiven  by 


(4) 


D 


and  luivip. ;  aa  optinal  stability  at  infifiity.  For  nicthods  (4) 
absolute  \alii7s  of  the  error  co;i3t<int  anal  of  tlie  roots  of  (T 


are 

(5) 

ICl  •  Ti 

^  t.l  ^ 

i  - 

' 

■  d-" 

♦  e'f  ■ 

Vi  f 

c  a  n  1 ! 

o  1  III  r,  i 

Ml/:;  ' 

Kith 

q  eo.  .'.till  OS 

s  1  mu 

1 1 1  aiieous  1  y , 

A  r  e  a  s  0  rn  - 

1  1':- 

COT' 

['.•ei'  1 

1  t  .1 

1  t.'.:. 

.  i 

'  ■  3  , 

tin 

n  1  C  h 

'  d  1  u 

jhl  1  " 

Z  ' 

Li, 

t  us  CO 

bai. 

.k  to 

0 

-MO  t  iiO' 

!  ,  i  . 

e  .  to 

me  tt;o 

(  1) 

-.Itl,  0< 

i 

• 

Let  V 

be  a 

vector 

spai  e 

and 

b(u , v) 

1  e 

a  t*  I 

1  1  ne  a  r 

S  VM  10  t 

r  1 1 

fern  --n  V 

^  V 

.  Vi’e  assume 

that 

b( u, v) 

)  s 

IKMII 

:  1  t  1  ' 

M  1  ,  (‘ 

:• 

('  ) 

0 

P 

//•  {  u 

i  1 

Vug. 

V. 

C n; .  I  il  <’  r  til-'  ^  .1  u  ,!:((■ 


I  \/  ,  n  i  .J,  .  .  .  ,  Then 


V 


n\,  =o  1^-  O 

or^,- 1 


=  i  I  \  ^  \  ^  1  ] . 


fy\,  >  o 


Hen  c  t 

is) 


‘  ^  1  /  2  0  \ 
I  s  s  ^ 

-  o 


If  rtf  ni-filv  the  0  -tnelhod  to  the  solution 
clx 


(9) 


dl 


Ax  ^  x(cw  x,^  ^  K  ^  0  j 


for  the  diNcr’Ue  solution  jx^l  ffo:i  (S)  (V-R^ 

b  (  X  ,  y  '  ;  ;<  y  ' 


2  ■> 

x*"  ^  x”  .  C'  =  1,J . 

m  -*  0 


The  sa---  jn'oi"  rly  h.is  tti<.  ex. .cl  solution:  s'"  (  I )  <  x“;o',  for 

o 


Th.e 

L  ne  r 

1  neuju  A  1  .  y 

■  3  )  \ 

with  V--l.“ 

ed 

by  :.  uny 

autb.or^  to 

deni 

e  bouiuis 

f  u  r 

...to 

-so  1  ■!  t  ',  ; 

Ml  to  puru‘ 

.■>  1  1  C  C 

y  u  .  t  j  o'.s  , 

The 

e  rio  r  l:^■ 

cne  iouli  ly 

I'. 

•  •served  ! 

s 

1  t 

v.'.is  er()’, 

t  ■  u  1  (1  /.  J  .  ■*’ 

ll  Co] 

in  a  1 1 1 1 1 

Ho  set 


(  l<') 


s"x  Xfy  u, 'X'-yi /3,u-n) 

S-o  .  yt.  J 


.  1 1 1 , 1  ' '.  1 :  ( '  1 . 


>  0 


(ID 


rP  -  A  -  *' 

^  -  /-'■I  -t  ox 


An  e<isv  cofiputation  j;ives 


Therefore 

Ta.  U(.o<^-ifvcrjiM'^-''i^ 

^».o 

-  Lo(^Cd^-A)  Kf]  i-CM"-,  u'^-')-  RCu°.m'), 
(12)  \R(u\^')\<  CU^,S)i\u'’\'^i\u'\'^). 


As 


c4  *  ci')U('^l”-  VL^=ia-^\^  i]\ 


\A 


rrr\.-\ 


f- 


J 


|[=<,c».-aU<51u""-  [U.-Afv 

VO 


it  follows 
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where 


c<,.  1,  <<c,■-^,  /i,=  -t-©,  /i„-e,  eii  ’f  i-i- 
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A.-t  Oyv^A. 

(16)  i  luil^  +  s  k  (k=i,2); 

^aO 


here  C,,C,  are  posativo  constants  depojidinn  on  the  coefficients 

1  4< 

^\\/^\  only. 

Fro(.i  (IG)  it  follows  tliat  the  a j'liroxii.iate  solution  of  (9) 
satisfies  the  inecjuality 

1  ^  i*'’  i  .  p 

^  C,  I  X.  ,  mv  >  A. 

r° 

Another  application  of  (IG)  concerns  the  proGlcin 


(  IT )  ^  ^  ^  OJX=0j  X(0)  =  ^0  ^  ~  *  d,(jJ=cnnst,d^O. 


We  write  (17)  as  a  system 


wo  apply  t!'."  r’clhou  (la)  and  n;nltiplv  the  fii’st  cciUcition  by 
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i 

o)’’  r  / 

second 

Using  (IG)  we  ob 

\ 

tain 

n  y 

(19) 

/in.  ^  A  . 

nemark  2.  It  is  easy  to  see  that  if  a  linear  miiltistep 
schewe  with  an  arbitrary  number  of  steps  ami  of  arbitrary  or¬ 
der  of  accuracy  has  the  property  (IG)  then  the  method  is  A-sta- 
ble  (xn  fact,  one  proves  that  the  method  is  A-stable  in  the  sen¬ 
se  of  definition  by  Crouzeijt-Waviart  [g  ]  ,  p,40;  however  this 
definition  is  equivalent  witii  the  classical  Laiiiquist  defini¬ 
tion  -  see  [G];  p.41). 

Ill,  Nonlinear  Heat  Equation 

1.  Let  be  a  bounded  domain  with  a  boundary  3  iTi , 

x={x, , . . .  ,N.,)  and  [k.  (x.t.u)]  ■  ^  be  a  uniformly  positive 

definite  raatrix.  FurUier,  the  coefficients  k  (x,t,u)  are  sup- 

^  J 

posed  to  be  unifor.nJy  Lipschitz  continuous  fuiictions  of  te.[0,T] 
and  of  ue{-oo,c>o!  and  the  ri^lit-hauil  side  f(x,t,u)  a  nniforr'.ly 
Lipscliitz  conlinuous  function  of  u  e.  ( -  ,  Vi'c  consider  the 

pro'olcr.i 

■St  ’ .  £ It  1  4 

uu,t)-0  on  0  <  T  <  ) 

in  Tl.  . 


i 


^^U.o')  -  u\x') 


More  j'ei\orul  lotis  ami  iMuiiulary  cciiuIjIioms  can  lie  treateil 

in  the  ^ame  way  we  will  now  descrilie. 


If  the  exact  solution  is  smooth  cnon;;h  then  it  liolds 
(21)  (.tA\ir\+  =  C  in  [o  J  ]  'i\reWU 


Here 


iA  \>-dx 


aU>  VTj  \  L  Cx,t,  ur')  |~,  dK  ^ 

H™(n  )  is  the  Sobolev  space  Aa£  L  )  1)  M6.  L  V  lo(\  ~  i>r\,  ]; 

with  the  usual  scalar  product  (<Aii^')oyv"  ^  (D  <-*  o)^l^(^,^ancl 


W.V4  wu 


the  norm  H  ti  (m  ,  and  Ho  =  [  M  [  M  e  H\^')  ^  “U  >  0  ] 

Let  us  consider  a  Ihcnily  of  finito  elor.ent  spaces  such 

ft  A 

that  V  C  Ho  ('ll ')  .  Ti;e  ('laierkin  r;-v;t;i'»d  yields  a  s  eni  il  i  sc  re  1 0 
solution  L(x,t)  which  for  each  t  e  <0,T>  is  a  function  from 
V".  L'(x,t)  IS  uniquely  determined  by  a  discrete  analog;  of  (21); 


22)  (u\  U,u-)  -  (  -f  {x.t.U')  ,  dr)o  Vt>-eV^, 

Ucx  ,0^  -  U''(,x')  •, 


L'^tx)  IS  a  suitable  approximation  of  u°(x)  from  V*',  (22)  re¬ 
presents  a  system  of  ordinary  il  if  fereiit  lal  equations.  Apply¬ 
ing  the  me  tliod  (ID)  we  obtain 

CL  -jU-i  &tL 
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The  scheme  (23)  bein^  nonline.'jr  has  little  practical  valuco  Wo 
linearize  it  as  follows: 


(24) 


4  4 

(Z.  v),,  ^  4tl /ijCxCt^  ,  U'^i  u'^n,  v)  =4t(|,c.,(- 


for  k=l 


(25)  t 


n\i  y' 
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rtv  / 


U'^,  e<i 


1  UL  j 


©■  t 


(see  Douglas  and  Dupont  [t]), 
for  k=2 

(26)  C  1  ^  ,  U'^-  d  +c4o.)U^''‘+  (.  1 -o(^) 

(see  Zl.inial  [g]  )  .  The  order  of  accuracy  q  of  tlic  mettiod  (24) 
is  equal  1  if  k“l  and  ©<  and  2  if  k-1,  0  =  ^  or  k  =  2. 

Notice  tli.it  whereas  (23)  v/ith  k-1  and  0=  ^  is  a  onc-step 
scliemc  tlio  corresponding  scheme  (24)  is  a  two-step  scheme. 

Remark  3.  Even  v-!;cn  (24)  represents  a  linear  algebraic 
system  at  every  time  stop  it  is  not  Hie  final  sclicme  in  prac¬ 
tical  compiit  .'ll  1  ons .  In  genere.l,  we  have  to  con.-,  idcr  finite 
element  si'.iccs  V*’  which  aie  sulispuces  of  (  SI.  4 

(best  kfioi'/i  ex.;r.,ple;  curved  i:  np.ii'.inet  r  J  c  eJements),  In  addi¬ 
tion,  \vc  h.!vc  to  coinputc  mass  and  stiffness  nuitrices  iinmcri- 


cally.  Let  us  (lcnol<‘  by  ('11^)^^  ami  .i|^(  t  ,»v;  ii,  v)  tlio  apiu-oxiraate 


valiH's  of 


^  u.  fy  cAx 


[  f  1,  Cx,t.-Ur)  ll  Ck 


respoc  1 1  VO  ly ,  conj'utod  liy  a  suitable  (jiiad  ratur'u  rule.  The  fi¬ 
nal  scheiiie  is 

o  ^ 


=  1,')^  V  V-^,  OS«,,s[^]-l 


When  possible  use  for  the  con'.pulation  of  *'  f{ua(lraturc 

forn-.ula  such  t.hat  the'  (rr.ass)  natrix  currespuu:!  i  iig  to  (  •  »  •  )  be 
diagonal.  The  eri/.inc'rs  '.(>  at.  abrait  luirpim;  (see  ill  enV.icwicz 
[s]  ,  it.jT)'. 


2.  We  outline  ti'.c  way  how  to  (k  nve  error  bounds .  Wo  assu¬ 
me  that  the  far.ul)  [  V^']  ,  0<h<h’‘,  h.is  tlie  following  npproxi- 

nsition  iiroperty  siiare'l  by  finite  “lei'ent  subspaces:  to  any 
lae  O  'AoLQ.)  there  exists  u*' e  V*’  such  that 


(28)  ll  U  -  U"*^  II  0  +  ll  M  -  ^  C  U  tA  1\ 


A  • 


(in  the  se.po  1,  C  .ieiioli's  a  I’onsta::*.  not  necessarily  the  saino 
at  any  C\vo  place.-  wl.icli  may  depend  on  u)  .  We  dueoiipose  the  exact 


5G3 


solution  in 


^  ^  where  ^6  is  the  Ilitz  approxima¬ 


tion  defined  by 


V  v-eV' 


Under  some  assumptions  one  can  prove  that 


(30)  lllj’llo  S  Vt£(0,T] 

(see  Wheeler  and  Dupont,  Fairweather,  Johnson  [lO]  ).  Hence, 

it  is  sufficient  to  estimate  f  ^  One  de¬ 

rives  (see  Zlamal  [5])  that 

(31)  (lo(je"”"\i>\*  ttaU^,  U"*',!  Ae""!  o-)=atCV'^v)^  Vo-^V 

^»0  ®  * 

(32)  c at’’' 1  u^Oi 


(ai^ain,  q  =  l,2  is  the  order  of  accuracy),  V.’c  choose 

-  •  O  Q 


in  (31)  and  use  the  uniform  { f?.  ) -cl  liptinity  of  the  Torn 
a(t,w;u,v)  followini;  from  tho  uniformly  positive  definiteness 
of  the  matri.’i  [  ■ix,t.w)  ]  ,  i.e.  a  ( t  ,\v ;  v,  v)  =  /b  ll  V  1\  ^  V- £- Ho  j 


Estimating  the  right-hand  side  of  (31)  by 
ll*';  +  11  Ir  witli  a  suitable  5  and 


csumaiing  rue 

Uii')'""!!’; 


taking  into  account  (32)  we  get  (  b(  u,  v) --(  u,  v)^) 
ii  Ha  ■  n 


S*-.  11 C /i,  e"'-'  11^  J  1  A  at  II L  Aj  e~-i  ll'  V  C  U (,t  1*“^  tt'l'lh  II  ni'‘  V 

(IG)  gives 

l'e'"lC  S  C,i\leMl^i  C[  Hi'*']*  ♦  Clt'^  HeMlI,. 

Uo 


The  (liscreto  Gronwal  iiicciualvly  (see  Lcos  [^1 1]  )  implies 

fte-C  ^  C{I  At‘']'j 

from  which  using  (30)  one  gets  easily  the  fi/ial  result 

A-a 

(33)  lU""- O'”  ll„  <  C  [I  . 

IV.  Time  hcpendent  Navier-Slokes  rciuations 

1,  Whereas  in  tlio  preceding  section  we  did  not  precise  the 
variational  formulation  of  the  problem  we  svant  to  do  it  liere. 

To  this  end  wo  introduce  some  spaces  of  futictions  valued  in  a 
Banach  space,  we  define  the  weak  or  general  i/cd  d(!rivative  of 
such  functions  and  consider  a  certain  space  suitable  to  tlie  so¬ 
lution  of  time  dependent  problems. 

Let  X  be  a  Banacli  space  norraed  by  II  •  llj^^  and  let 

0  <  T  <  oo  . 

For  1  wc  denote  by  L^(0,T;X)  the  space  of  strongly  measurable 
functions  f:(0,T)-^X  (sec,  »• .  g.  Kuf  nei-'^Jolin-*  I'ne  i  k  [l2]  ,  p.l07) 
such  that 

T  i 

''  f  ^  1  ll  ]^<  /\v<oOj 

\l  t  ■  y.')  '  H  ^  (.t)  Wx  ^  .  oo  . 

‘  te  Co.T) 


Uy  C(  [o,T];X)  we  denote  the  space  of  continuous  functions 
f;  [o,tJ  -*■  X  normed  by 


'I  f  '  t'Tcoj]  ^  ^  ■ 

To  define  the  weak  or  generalized  derivative  of  a  function 
valued  in  a  Banach  space  we  introduce  the  following 

Lemma  1.  Let  X  be  a  given  Banach  space,  X'  its  dual  and 
let  u  and  g  be  two  functions  belonging  to  L^(0,T;X),  Then  the 
following  throe  conditions  are  equivalent: 

i)  u  is  a.e.  equal  to  a  primitive  function  of  g, 

t 

0 

(all  integrals  with  respect  to  the  time  are  Bocfiner  integrals; 
see,  e.g,,  Kufner+John+Fuci k  [l2] ,  sect. 2, 19), 

ii)  V  ^  ^  2)C(.OiT)')  , 

o  o 


iii)  for  all 


cL 


in  2)' Clo  vT')') 


where  ^  is  tlie  scalar  prculuct  in  the  duality  between  X 

and  X.  In  .uklition,  in  each  of  lliose  cases  u  is  a.e.  equal  to 

a  function  of  C;[0,t3;X). 

The  proof  of  Lviima  1  can  he  foiiivS  in  Temrian 

The  function  g  of  tins  U  rma  -  the  we.'.l;  or  generalized  dcriva- 

^  rjL  Ka 

live  of  (lonotini  by  u  or  » 

cLt 


If  ueL^(U,T,X)  IS  <i  solution  ol‘  an  evolution  e<iuatlon 

which  should  satisfy  the  initial  condition  u(0)-u  and  if  we 

o 

find  out  that  from  the  equation  it  follows  u’ e  1.' ( 0 ,  T ;X )  then 
accordin^f  to  leinma  1  it  holds  u  £.  C(  [o,T]  ;X )  and  the  initial  con¬ 
dition  makes  sense  if  u  c  X  and  if  we  take  it  us  liMCt')- 

tlften,  we  have  a  different  situation,  let  us  consider  the 
simple  problem  A  M  0  in  SI,  ti(  >; ,  0  )  =(i^  ( x  )  in  SI 

as  an  operator  equation.  Taking  -Am  in  tlie  distributional 

N 

sense  we  have  <  -  Am  , '^>  =  X  ^  l  ■  If  u  6  11^(71)  then  the 

right-hand  side  is  hounded  by  ll  M  11  11  U  ,  Hence,  for 

u  &  L“(0,T  )  )  -  A  u  maps  (  0,T  ;  1  7l  )  1  into  lA  ( 0  ,T  ;  H"  ^  (  71)  ) 

(H  ^(71)  IS  the  dual  of  11^(71)),  From  the  cfj nation  it  follows 

*s 

that  (0,T j  h'kil)')  •  More  genci-aHy,  lot  us  assume  that 

there  are  given  a  Hilbert  space  H  with  a  scalar  product 
and  norm  II  and  a  reflexive  Banach  space  V  with  a  norm  UU 
which  is  dense  and  continuously  imbedded  in  H  (in  case  of  the 
heat  eciuation  H“L‘'(57),  V~H^(n.))o  Wo  identify  H  wi  t  1j  its  dual 
space  by  means  of  its  scalar  product.  Then  H  can  be  identified 
with  a  snbspace  of  V  and  we  have  inclusions 

(  31 )  V  C  H  C  V' 

where  each  space  is  dense  in  the  following  one  and  the  injec¬ 
tions  are  continuous.  Ftirtlu’n.iore,  the  scal,<r  product  > 

between  V  and  V  is  an  extension  of  NO'V,  let  us  consider 

an  opor<»tor  equation  u  ♦^A(u)=f  with  the  initial  condition 
u(0)-u^,  a(u)  is  supi'o.seil  to  be  a  nonlme.ir  ope;-ator  fn^m 
L*’(O.T;V)  into  L^’'  (0,T  ;  V' )  ,  '  p  *  ^  ^  and  f  G  L*'"  ( 0 ,  T  ;  V  ’  )  . 

Looking  for  ueL^\o,T;V)  we  si'c  froii  the  equation  that 


c.  r'  7 


u*€  L*'c  (  0  ,  T  ;  V  "  )  .  The  following!  lenma  ^iunranteos  that  the  initial 

condition  L’(U)=u^  makes  sense  if  we  assume  u^€  M  and  if  we  take 

it  as  1  iin  1  u(  t )  -11^  1  =0, 
t-*  Of  ® 

Lemma  2.  Let  H  be  a  Hilbert  space  atid  V  a  reflexive  Banach 
space  whicli  is  dense  and  continuously  imbedded  in  H,  Let  W  be 
the  Banach  space  W=  [  v|  v  €.  L^(0,T  ;  V)  ;  v’e  L^  (0,T;V')j,  l^p  <  <^  j 
*  p  '  '1  ,  nonaed  by  llvllv/^  "*■ 

W  C  C(  [o,T ]  ;  II )  and  the  imbedding  is  continuous.  Furthermore,  for 
any  u.veVi  it  holds  the  formula  of  integration  by  parts 
t. 

(35)  ^  +  <tr\u>}cL'r  =  -(^CO'iitrCo'l')^  0<t<T. 


The  Iti.iria  is  true  even  in  a  somewhat  more  general  form 
and  the-  pmof  can  be  found  in  Ga jewski -^Groger-^Zacharias  [l33  , 
p, 147  . 


2.  The  c --as  s  1 L  .  1  f  o  I'l'.ii  1  a  t  lo  n  of  Jio  initial  boi.ndary  value 
problcr.  to  tliv  ?<av  j  rr-at  ,'k-'s  e:;:iitiO;-<s  is  the  following;  Find 


a  vector  f  ii-ic  t  io;:  y  -  Uj  ■  x  ,  ' 


,u,^.(>;,t))  (T  v/rittfn  as  a  su- 


per  Si 

r.  r  I  p  t 

de  no  1 1  s 

t  r-ips]  .. 

' .  >  *  1 1 0  r  1 

of  a  vectoi 

a  sc 

al.ir 

f  u nc  t  :  •  n 

p  1  X  ,  t ; 

C  1 1  V 

hat 

n 

(3r.) 

3 

'oL 

U  -  V  M 

4^  v\ 

3>.^- 

■V  (:\ccu:A  -y\>  = 

(57) 

d  1 

V  u  U  , 

(3s) 

n 

-  0  on 

X 

(  3'0 

M  1 

X  ,  0  )  .. 

V  X  '  \  t\ 

1 

Q.  . 

in  Q  X  C^iT) 


In  these  t.'ijiiat  ions  Q.  c.  is  a  huiUKled  (hiriia.iii  with  the 

hound. iry  clSl  ,  x  =  (  ,  « .  .  ,  x^. )  ,  tho  voctof  function  u  is 

the  velocity  of  the.  .N-dime.is  lorial  I'otion  of  a  viscous  im- 
conjire  s  s  1 1)  I  e  fluid,  p  is  the  kmeni-itic  pressure,  V  >  0  as¬ 
sumed  to  he  constant  is  the  kineiiat  ic  viscosity,  _f  rt  presents 
a  dens  it  V  of  hodv  forces  per  unit  rna.ss  aiul  u  is  the  initial 
velocity.  VVe  restrict  ourselves  to  twi.  „ii(!  three  il  i  iituis  lon.s  : 

N  =  2,3. 

2  N 

Kv  idi  ;it  ly ,  we  liave  to  considei'  tiew  tlic-  sp.ucs  (L  (Q))' 

1  '' 

and  (I!  Q.  i  ) '  w  ith  the  usual  scalar  I'rodsct  ami  norm  wnicli  we 
denote  as  in  c.ise  N  =  1  Isee  sect. Ill): 

K  ej  ^  !L 

1  ■  I  '  =  [  ,L  ^  />TvO,d 

^  ^ ^  'I 


Let  IT  be  t.he  s()ace  (w,,thoul  lopolo;;y) 

(40)  IT-  cU-'j-  ^  ^ 


Th't  closii'c-s  ti  and  V  of  IT  in  ( 1“  ( 'iJ.  )  ! a  no  ) 

lively  ,  art!  basic  spaces  in  the  study  cl'  the  '.'avier 
t'ij  u.t  1 1  o  1) .  It  IS  pro»i.;‘  in  T  .  :i..  a  [id],  p.lh  and  IS, 
^  Q.  is  .1  I  ipuscMit/.'  iioimdary  then 


N 

,  respec- 
•stokes 
that  if 
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f  H=*  [  (. j  cIIa>-  'U-  0  •)  Vtf  ^  ®  i* 

[k\] 

^V-  {'weCHoC^l))’^-^  cW'U-o}. 

u 

Here  ^v  ^  laSl  '  ^  unit  exterior  normal  to< 

As  1|*aII<j=  UmW^  V  is  dense  and  continuously  i  ,  uedded  in  H, 

hence  H  and  Y  arc  examples  of  abstract  spaces  introduced  in  pa¬ 
ragraph  1,  we  have  inclusions  (34)  and  the  scalar  product  > 

between  V'’and  V  is  an  extension  of 

To  give  a  variational  forniulation  of  the  problem  (36)-(39) 
let  us  first  consider  sufficiently  smooth  functions  u,p  say 
y  t  (C^(5  *  C\q  X  COiT]'^  j  satisfying  the  equations 

(36), (37)  and  (35).  Certainly,  u  belongs  to  L^(0,T;V),  Further, 
multiplying  (36)  by  a  function  VfiV  and  integrating  we  get 

^  Cm-,  y  y 


where 


Using  Green  s  theorciii  we  obtain  -yf  with 

(,x;  1^'  1^' du 

^  ax^ 


( grad  P,v)^-0 
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(due  to  V .  0  ^  '^y  ^  0  2"  =  0  ).  Denoting 

(42)  a(w;u,v)  =  a^(u,v)  +  aj(w;u,v) 
we  see  that 

ctt  .  _  -  _ 

By  continuity  this  equation  is  true  for  eacl)  v«.V, 

The  preceding  lines  suggest  the  following  variational 
formulation  of  the  problem  (3G)-(39):  For  a  given  riglit-hand 
side  r£L“(0,T;{H  ( )  )  ‘  )  and  a  given  initial  value 

find  ufeL“(0,T;V)  such  that 

(43)  ^  Cld^^r^o  *0bCM-,  ih  S'(COtT>)  \/v:eV) 

(44)  u(0)  =  u^. 

It  is  proved  in  Girault'-Daviart  [l9]  (chap.V,  theorem  1,4  ■ 

1.2  and  1,5)  that  there  is  a  function  u  satisfying  (43)  which 
lies  even  in  a  sma'ller  space:  u  e  ( 0,T ;  V)  n  iT*  (0,T;H).  In  ad"* 

dition,  u’€L“(0,T:V’ )  if  :i=2  and  u6La(0,T;V')  if  N=3.  The¬ 
refore,  the  initial  condition  (44)  makes  sense  and  is  sa¬ 
tisfied  in  the  following  form:  lim  llu(t)-u  IL  =0  and 

t  •*  o*-  ~  ”  ®  ” 

lim|{n(t)-u  Ilw|  =U,  respectively.  Finally,  if  N=2  such  a  so- 
t-*0-*  ~  -o  » 

lution  is  unique. 

3,  We  define  a  semid i scretc  solution  of  the  problem  (43), 
(44)  applying  tlic  scheme  (24)-(2G)  and  derive  error  liounds  by 
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means  of  the  inequality  (IG).  These  results  belong  to  Girault 
♦naviart  [15]  (chap^.V,  S3). 

Wc  remind  the  reader  that  the  method  (24)-(26)  is  of  or¬ 
der  q=l  iff  k=l  and  ®  1  and  of  order  q=2  iff  k=i  and  0®  ^ 

or  k=2«  The  approximate  value  of  u(tjj)=u_*'(  t^=n  At)  is  denoted 
by  u''  and  recurrently  defined  as  follows: 

(45)  (I  o(;  O')  +  AtZ 

V-^€.V^  OSm/IK-A> 

yo  if  ^  ' 

y"-  yo ,  y'*  y-.  if 

Here  t-  and  u”  are  defined  by  (25)  and  (26),  f”=f(x,t-),, 
u^=u{0)  Is  now  supposed  to  lie  in  V  and  u^^aV  is  given.  Of 
course,  should  be  an  enough  accurate  approximation  of  ^(t^^). 
We  can  take  for  the  value  computed  by  the  B  -method 
wi  th  6  <  5 

Given  tho  starting  values  the  equation  (45)  defines  a 
unique  set  U  .  To  see  it  we  remark  that  tlie  function 

fi  ^  k 

t  is  the  solution  in  V  of  the  linear  boundary  value  problem 

(47)  ^)o  ir )  *  <  ^ 

0 

where  ^  is  a  known  clcru-jiit  of  V  .  The  trilinear  form 
a{w;u,y)  IS  continuous  on  (V)'*,  Nil  (see  lemma  2,1,  p.ll4  in 
[IG]),  .'.Iso,  it  is  (uniformly)  V-olliplic  as  a  bilinear  form 
in  u,v: 
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(48) 


^  o£  llv  \l!| 


V  j  ^  t  V  j  ot  s.  cxyvvfc,U  >  0 . 


Vic  have  namely 


w  •,  y  .v-")  •  k  X,  ^  'o-jl.,.  (.V? ^  cU  =  - 1 1 

tv 

-  "  1  j  cU  =  0. 

O/C-ur  -,  v.'o-')  ^  QoC'0-i'>')  *  U  L  S  ^  ^  • 


N  M 


Therefore 


Applyinu  Friedrichs  inequality  we  (48)  (of  course,  ot  is 
a  multiple  of  V)  )  .  As  /io.  ®re  positive  t)»e  form 

1- Q  Cy\  Aa  , is  V-elliptic.  This  proves  cxi- 

0  ]  . 

Let  us  now  introduce  the  regularity  conditions  for  the 
exact  solution  u.  We  assume 


(49)  utC{Co,Tl:  (L*^  (J2  ))^’), 


(50) 

(51) 


u  eI.^(0,T;V),  u"  €L^(0.T;V')  if  q  =  l, 
L^{.0,T;Y),  u^e  L^(0,T;V';  if  q=2. 


In  view  of  lemma  1  and  2  the  condition  (50)  implies  that 
u€C(Co,Tl:V)  and  ueCl  C0,T]  ;n) .  As  a  consequence, 

o.u(t);u(t),v)  €  C(CC,r]),  6C(C0,TJ),  hence 

due  to  (43)  <f  ( t ) ,  y>  C  C(  [^0,Tl)  and 


(u'(t',y)^ 


a(u(t);u(t).v)  =<r(t',y>  in  VvcV. 


(52) 


4 
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We  want  to  estimate 

We  define  the  trunc<ition  error  by 

A  _  J(L 

(53)  At<£";v->-  ( t  AtouCy^il 

From  (45)  and  (53)  it  easily  follows 


Su  ft. 

(Id,  t  Ata.Cu^iI  l^:z’^'\xr)  »  At<e'^,1r> 

■^«o  4  >  ~  ^.O  '*  ’  “  ' 

J  \»o  C  — ‘  I  — 


Before  applying  tho  inequality  (16)  we  have  to  estimate  the 
terras  on  tho  right-hand  side  of  (54),  Choosing  suitably  S 
in  the  inequality  (X  )  we  have 

(55)  l<  V-  >  1  <  qd  4  Clie'^U^^  , 

f 

( tt’llj,  »  H -llyi).)!  ;re  (and  in  tlie  sequel  of  this  section)  C  depend 
on  u.  Further,  for  the  truncation  error  one  derives  using 
Taylor  a  fornula  an<)  (52)  (sec  [^153,  lemma  2,C,  p,178  and  lem¬ 
ma  3,2,  p,15G;  the  case  0<  ©  =  ^  is  not  covered  but  can 
be  proved  in  t)io  .same  way)  that 


(50)  At  Z  iie'^li^^  ^  cy.-(,i.. 


574 


Concerning  the  form  we  easily  get  using  lemmet  2.2  fruin 
[la]  ,  p,ll4  that 

'a.te"',  I  vM  =  Ce'-,  V,  I  A;  t 

4  ^mo  0 

1  CUe'^ll^  Utrll, 

duo  to  the  regularity  condition  (40),  Hence, 

jl^ 

(57)  Z  4  qot  llAill!;  4  C  H  \l^  . 

i=o  4  - 


v« 


Sow,  clioosing  b( u, v)  =  ('iA.y)  (sec  section  II),  putting 
A.  ^ 


.1  /b^  e 


in  (54)  and  using  (48) , (55) , ( 57)  we  get 


Ji 


S."-.  llj /i-  \';i  CH  [  ]  . 


From  (16)  it  follows  in  case  q-1  (notice  tlint  £*^=0) 


<V.-4 


<*K-< 


•V-A 


A 


(53) 

”  n\,.o  ”  ''  Oi^mo  tK*o  * 


M\. 


Thus  by  (56) 


W 


<. 

s 


4 


/K-4 


CC^t  z  ll  e^ll 

<KaO 


T. 

0 


and  by  the  discrete  Gronwal  inequality 


i  CAt. 

AS  rtrv,  i  M  ~ 


(59) 


If  q-2  we  get  in  the  same  way 


(00)  Avvox  II  S  C  Ll)uU.1-a,  Ho  +  . 


From  (58)  wc  can  also  derive  bounds  for 


which  are  of  interest  in  case  of  tiic  Euler  implicit  scheme  (the 
0  -method  with  0*0  )  and  of  the  scheme  (3)  with  o(i*^  j 

(then  Ao  *  O  ).  Those  schemes  are  the  only  two 

members  of  the  backward  differentiation  schemes  (sec  Lambert 
[11.  p.242)  tthich  are  A-stable.  We  easily  derive 


(61) 

/Hf  « 4  i 

)’■  i  m 

and 

• 

(02) 

n 

‘  t  [  H Mtt.\  -  vs, li’ » 

Remark  4.  It  is'proved  in  LlS]  (see  tlieorera  2.2,  p.l79) 
that  in  case  of  the  EuK-r  implicit  method  the  bounds  (59)  and 
(61)  arc  true  without  assuming  (49),  Girault  and  Kaviart  apply 
a  different  way  of  estimating  the  form  aj^  for  which  the  only 
regularity  condition  (50)  is  sufficient.  In  fact,  the  same  trick 
can  be  used  in  case  of  the  other  backward  differentiation  sche¬ 
me  mentioned  above  and  (00)  and  (02)  are  tpue  under  tho  regu¬ 
larity  conditirrj  (5(1)  and  (51)  only. 
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V,  Nonlinear  Uuasi.stationary  Magnclic  Field 


1.  In  recent  ye^rs  attention  has  been  paid  in  electrical 
engineering  journals  to  the  conputation  of  nonlinear  (jinasista- 
tionary  magnetic  field.  This  problem  occurs,  o.g,,  in  designing 
the  magnet  systems  for  fusion  reactors  and  in  rotating  machi¬ 
nery.  In  two  dimensions  it  c.in  be  formulated  in  the  following 
model  way:  Tliere  is  given  a  two-dirnensionai  bounded  domain 
and  an  open  nonempty  set  R.  c  Q  .  Wc  are  looking  for  a  func¬ 
tion  u-u( Xj , X2 » t )  (magnet ic  vector  potentiaJ  )  sucli  that 


1) 

(63) 

'b  1  , 

^  ^  *  ■5'k, 

(64) 

AA  ^  ^  1  ■)  ®  ^ 

2) 

(65) 

3  in  R.  j 


in 


3)  u  satisfies  a  boundary  condition  on  bSl  , 

9 

4)  u  satisfies  the  conditions 

(6G)  1(^’0  On 


Here  the  conductivity  <r  -  <rCx<,x^is  a  positive  function  on 
n,  the  reluctivity  »  >3  lO  >  ^  > 

is  a  positive  function  on  x  [.0^oo^jJ=J(Xj  1)  is  **  given 
current  density,  u  (x,,x,-,)  is  a  given  function  defined  on  R 
a!»d  n  is  tho  normal  oriented  in  a  uni<4iio  way. 
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The  problem  1)  -  4)  can  be  easily  formulated  in  a  varia¬ 
tional  form.  Let  us,  for  simplicity,  consider  tbo  liirichlet 
boundary  condition 

(67)  u  =  0  on  bSl . 

ffe  multiply  (63)  and  (65)  by  a  function  V6n^(fi),  we  integrate, 
wo  uso  Green's  formula  and  (C6)  and  we  sum.  The  result  is 

(68)  C(r  \ 


where 


(69) 


^  1  U  I;.  Cix. 
ft 


(6S)  is  taken  in  Molkcs-*-Zlamal  ^16  3  as  the  starting  point  for 
the  construction  of  the  approninate  solution. 

Here  we  outline  main  results  of  the  paper  giv® 

two  equivalent  abstiact  formulations  of  the  above  problem.  One 
of  them  is  a  variational  formulatioji  generalizing  the  special 
case  (60,'.  V/o  introduce  an  existence  anJ  uniqueness  theorem. 

We  define  a  conpletely  discretized  approxir.iate  solution.  The 
discretization  in  time  is  carried  out  by  two  members  of  the 
backward  d  i  f  fcrentiat  ion  schemes  mentioned  at  tlio  end  of  sect.  IV. 
We  close  this  .section  by  introducing  results  concerning  conver¬ 
gence  of  tlio  api'i'ox  ij.Mte  sol(jtion  anJ  error  cst  ir.i.ites. 


2.  To  for.nulatc  the  problem  1)  -  4)  in  a  goner il  way  we 
introduce  several  notations  ao.d  hypotlieses. 

1)  Let  My,  be  Iv.o  (real)  Hilbert  spaces  with  sca¬ 
lar  products  Ithc  induced  nori.i'J  are  denoted  by  I'  ) 


cind  lot  the  Hilbort  space  11-11^  a  Ug  (with  elcM.ieiit  , 

have  the  scalar  product  (.,.)  such  that  the 

i 

norm  Ivi-lv.v)*-  satisfies 


V  O'fc  K 


(C  herr  and  in  the  sequel  denotes  a  positive  constant  not  ne¬ 
cessarily  the  same  at  any  two  places).  Further,  let  VcH  bo  a 
separable  reflexive  Banach  s[)ace  nonnod  by  II  •  ll  ,  Finally, 
the  vector  space  V^j  =  [cu(co-V^  ,  iXe  Y  }  (M=n,S)  and 

•  [oo|uj ,  ATa  ]  should  posses  the  following  properties; 

Vjj  are  subspaces  of  reflexive  Banach  spaces  tl  nonnod  by 
H  •  (l^^  ,  it  holds 

C'\trV  $  ll  AT  j.li»  +  ll  Argils  =  CllATli  VAi-e-V, 


Vp,  the  closure  of  m  Bj^,  is  continuously  imbedded  in 


\tOh  1  1  C  ll  a> 


Vcoe  Vr  ^ 


and  Vj^  is  dense  in  Hr,, 

Example,  Let  57.  ,  R  and  S  be  domains  from  section  1  witli 

2 

Lipschitz  boundaries.  We  choose  H^j-L^Oi),  (u, v)p=(  6  u, 

where  O'elT'CR'),  <S  i  CTo  ?■  0  ,  {  u,  v)t,  =  (  n,  v)  j^2  ^  2 )  •  H=L‘"(S7)  (u^j  is 
the  restriction  of  u  to  M),  V,^  ■  L  bo  |  oo  €.  U''CR.') 


i 


579 

Remark  5.  Wo  set  if  Hg=  The  assumption  1)  is  to 

be  understooiias  follows:  There  is  a  separable  reflexive  Uanacii 
space  V  normi'd  by  II  •  II  wliich  is  dense  and  continuously  imbed¬ 
ded  in  H. 

O 

Remark  6.  It  is  easy  to  see  that  is  a  closed  subspace 

O  — 

of  13j^.  Furtlier  and  Vg,  being  closed  subspaccs  of  refle¬ 

xive  lianach  spaces  and  Bg,  respectively,  are  reflexive  Ba- 

e 

nach  spaces,  and  Vj^  is  dense  in  because  'p* 

We  identify  with  its  dual  by  means  of  its  scalar  pro¬ 
duct  Then  can  bo  identified  with  subspaces  of 

« , 

and  Vp  and  we  have  inclusions 

where  each  space  is  dense  in  the  following  one  and  the  injec¬ 
tions  are  continuous.  Fur thernore ,  the  scalar  product 
in  the  duality  between  and  is  an  extension  of  ( 

X  •  6  • 

<u,v>j^  =  (u,v)j^  if  ueHj^, 

We  denote  the  scalar  product  between  V  and  V  by 

and  between  and  V^.  bv 

<  •  ^  •  >s  • 

Let  A^^iu),  n-R,S,  be  two,  in  g'  ntral,  norilitiear  o))erators  from 
from  V^j  to  V^j  with  the  following  properties: 

2)  A  (u)  .ire  h-Tiiicorit  muons  ,  i.c.  ^  <A  (M  + , 'U>' 
are  continuous  functions  on  the  interval  V  M  e 


5S0 


3)  It  holds 


where 


4) 


A  <  <  oo  . 

A‘'^(u)  are  monotone. 


X  •  c  • 


Me: 


<A^*(u)-A^*(v)  ,u-v  ^  0  ^  u.vcV^j 

g 

and  A  (u)  is  strictly  monotone  in  the  following  sense: 
<A^(u)-A^(  v)  ,u-v  >  >  0  V  u.vgVg,  u  ^  V,  u-ve.V^ 

w 

where  =[  oojtO  =  ,  -O-g.  V  , 


The  first  of  the  above  mentioned  formulations  is  the  fol- 
1  owl  ng : 

Prob^ea  P.  Given 

r'U  lP'  (O.T;Vj])  ,  M--:R,3,  and  e 
find  ii  =  [u  |  u  e  L^v 0,T  ;  V)  ;  £  L*’' (0,T  ;  V^)  ]  such  that 

(70) 

(71)  A^(u2)  =  r^. 

Remark  7,  If  tlien  we  denote*  A^(u)  by  A(u)  and  the 

assumptions  *^,3,4  are  to  bo  understood  as  follows:  Ai(u)  is 
hemicont  inuous  ,  monotone  and  l)ouaded,  i.e,  ll  A>  (.  M')  ll  ^ 

The  formulation  of  tlie  problem  P  reads:  Given  f  fi  (0,T;V  ) 
and  u  fill  find  ueW  =  £  u  lu  €  L*’(  0,T  ;  V)  ;  u  e  L*’  (0,T;V  )\ 


sue 


that 
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^  ♦  A(u)  =  f,  u(0)  =  Uq. 

Remark  8,  We  could  leave  the  requirement  Ujj  6  L^' (0,T ;  Vj^) 
because  due  to  (70)  it  is  autonaticaly  satisfied.  From  u^Wj^ 
it  follows  [ujIo5eLVCOjT-,vO  )  lemma  2 

e  C(  Lo.tI  ;ll^)  and  the  initial  condition  u(0)^-ii^  makes  sense. 

We  introduce  an  equivalent  variational  formulation  of  prob¬ 
lem  P.  To  tliis  end  we  define  a  form  a(u,v)  on  V  x  V  which  is  li¬ 
near  in  v  and,  in  general,  nonlinear  in  u  and  a  functional  f 
from  l’’'  (0,T;V')  : 

(72)  a(u,v)  =  ''^S  ^  S  V  u.VfiV, 

(73)  <f,v>  V  veV. 

The  form  a(u,v)  possesses  the  following  properties: 

a)  it  is  hcmicont inuous  on  VxV,  i.e.  X  — ^  a(u-*-hv,w) 
is  a  continuous  function  on  the  interval  (  -  co  ,  Oo^  V  V 

c)  a(u,v)  is  monotone  on  V  x V,  i.e. 

a(u,n-v)  -  a(v,u-v)  ^  0  V  u.veV, 

At  tins  place  we  add  the  last  assumption  whicli  we  shall 
later  net  !■  : 

5)  Q(,'Vr, iv)  I  ot  II  tr or  Ci(.'0',  v)  a  ei.  C.'b']^  V  tra  V  j 

<k »  C-ovsL  O. 
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Mere  C*3  is  a  seminona  on  V  such  that 

Lvl  V  \\y^\ >/A>-eVj  to/v»A>t  >  o  . 

Problem  P'.  Given  f^‘ €  L^' (0,T  ;  Vj' ) ,  M-R,S,  and  6  find 
ueWj^  sucii  that 

(74)  ^  ^  in  0\(.o,T^')  V-JcfiV, 


u(0)j^  =  %  • 


Here  a(u,v)  and  f  are  defined  by  (72)  and  (7J),  respectively, 

0  ■  ^ 

Remark  9.  If  H=Hjj  then  the  problen  P*  reads:  Given 
f  e  (0,1;  V  )  and  €  H  find  ueW  sucii  tiiat  in  0'((O,T)) 

(u,z)  +  a(u,2)  =<f,z>  V  2  eV»  u(0)=u^. 

Theorem  1,  Let  the  assumptions  1)  and  3)  be  satisfied. 

Then  the  problems  P  and  P*  are  equivalent. 

Proof,  I f  u  is  a  solution  of  problem  P  then  (70),  (71), (72) 
and  (73)  iir:nly 

Vac^V. 

All  terms  in  tliis  equation  belonfi  to  (0,T)  and  for  h(  t )  £  2)  (.(.OjT)) 
T  T 

we  have  ^  ^  >  -R,  cLt  *  ~  ^  \  ci't  by  lomma  2 

o  o 

as  Ajjh  6  L*'' ( 0 ,  T  ;  Vjj ) ,  Therefore,  it  hold!i  (74). 

Let  u  bo  a  solution  of  problem  P,  Choose  A.®Cb^»o3) 
in  (74).  Then  by  (72)  and  (73) 


^>,1  in  VcotV^ 

The  function  G(  t)  =( u(  t)|^, (O )|^  is  continuous  on  C0,T3  because 
Up  €  C(  to.Tl  ;nj^)  and  the  function  g{  t )  =  <f^-A*^( Up) ,  Co  >  r  be¬ 
longs,  to  lP'co.T)  (due  to  f”,A”(up)  6  LP'(0,T‘Vi  )).  Hence, 

F(t)=  cl'C  is  an  absolutely  continuous  function  on  CO,T], 

consequently  F=g  o.e,  and  the  distributional  derivative  of  G-F 
is  equal  to  zero  (due  to  the  above  equation).  Thus  G(t)=  Co 
I^C't'ioLT:  and  evidently  C^=G(0)  =(Uj^,  oi  )p.  We  have  proved  that 

t 

j  ^  to  \cLt  Vco^Vr. 


As  u(t)peHpVt6  Io,T],  Hp  and  Vp  is  dense  and  continuously 


imbedded  in  Up  it  follov;s 


V 

MC.Or*  Mo+  ^  C 


taken  as  elements  of  Hp. 


n  R 

Further,  f  -A  (Up) €  Vp  and  Hp  is  dense  and  continuously  imbed¬ 
ded  in  Vp.  Hence 


^  ^  cLT  taken  as  elements  of  Vj 


and  by  i)  of  lenma  1  it  follows  (70).  Finally,  as  C  AAr  ^  r 
’ ,  i<.R  >  R  t*'*--  eq  li.jt  ion.*,  (74), (72)  and  (73)  imply  (71). 


3.  Now  we  define  a  complelel)  discretized  approximate  so¬ 
lution  of  proMc-n;  P.  Thv,  d isrrctizat  i«.n  in  space  is  carried  out 
by  means  of  a  go nera  1  i /.td  G.iitrV;in  method  (see  Necas  [IS], 


!)8it 

p.47),  in  tirat!  we  use  tlio  ttackward  t!  if  fernut  lat  ion  scMcmfs  ncn- 
tioned  in  pur.l.  Written  foi-  the  scalar  eciu.ition  y  f  those  are 

where 

(77)  et«-  H  ,  iF 

(78)  if 

We  assuiae  tiiat  there  exists  a  family  ti6(0,h’*), 

h>0,  of  finite  dimensional  subs.ipces  of  V,  such  tliat 

(79)  lin  dist(Y^,v)  =0  V  veV. 

Jw-vO-f 

ffe  have  throe  important  remarks; 

1)  If  a  fami  ly  [  V  n  =  2  ,2, » . , ,  h,  >  >  ,  •  •  ,  linih  =0, 

with  lim  dist  ( V‘^'~  v) -0  \/  v  g  V  exists,  then  defining 

for  ^  ®  ^  ^  have  a  family  with  tlie  above  property. 

2)  A  family  witli  the  property  (79)  alv.ny  exists  under 

the  assumption  that  V  is  a  separable  lianach  space.  In  this  case 

there  exists  a  sequence  j  V,  sucl*  that  for  all  n  =  l, 

2,,..  tlie  elements  ‘f-* «  'fn" ’  i  linearly  independent  and 

the  finite  linear  combinations  of  S  ore  dense  in  V, 

JD.  4 

We  take  for  V  ,hj^  =  ^  ,  the  space  of  all  linear  combi¬ 

nations  of  ^ 

3)  In  case  that  V  is  a  Hilbert  space  )  C  Vc  ) , 

and  is  a  polyhedron,  all  in  practice  used  finite  element 
spaces  have  tlie  proj>crty  (79),  We  considi'r  tlie  boundary  value 
probLem:  find  ztV  sucJi  that  a^(  z,  vp  )  ”a^(  v,  )  V 

where  Qo(u,tp^.  ^  ^ lx'-  ■* i**  a  given  element 
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Of  V  (of  course,  z-v) .  If  is  the  finite  element  approximate 
solution  and  the  finite  element  spaces  satisfy  certain  requi¬ 
rements  then  j=0  (see' Ciarlet  Cl9],  Theorem 

3.23,  p.l34)jh  is  the  maximum  diameter  of  all  elements. 

We  introduce  At  *  ,  r  being  a  natural  number  and  consi¬ 

der  the  partition  of  the  interval  [o,T]  with  nodes 

t^  ®  i  A  t ,  i— 0 , .  • . ,  r. 

We  set 

C  t; 

f  ’it  \  sV'  ,  1  =  I . r 

t;-4 

and  define  i=l,,..,r  by 

(lo)  ■  u;’\  k> 

u;‘  •  u° .  uo . 

Remark  10.  Instead  of  we  can  take  any  approximation 
Uq  of  such  that  [  I  ^  "♦O. 

In  ^17 1  it  is  pi oved  that  (SO)  is  equivalent  to  a  nonli¬ 
near  system  F(  ^  >  =0,  Here  F:  _*  (where  is  the  di¬ 

mension  of  V*')  is  continuous,  coercive  and  strictly  monotone 
from  whicli  oxislcnce  and  uniqueness  of  follows  (see  Ortega 
Rijcinbold  t-Ol  ,  6,4,2,  6,4,3).  v/e  eNtcnd  the  approximate 
solution  on  the  interval  (0,T3.  extended  approximate  solu¬ 
tion  (T-  (.  5v  ,  the  stop  function 

U*-U’  in  ,  5'-  Civ.M')  . 


(hi) 
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In  tl7 1  it  is  proved  the  following; 

Theorem  2.  Let  the  assumptions  1)  -  5)  he  rulTlDcd,  let 

f“€  LP'(0,T;  V^),  J1=R.S,  l<p<oo,  ^  ^  >  and  Uo^Hr. 

Then  there  exists  u  unique  function  U6V»|^=  ^  u  |u  e  L^(  0,  T;  V) ; 

u^ftL^  \  satisfying  (74)  and  (75),  Further,  the  ap- 

r 

proximate  solution  U”  defined  by  (SO)  and  (81)  exists,  is  uni¬ 
que  and 

(82)  u  in  lP(0,T;V)  weakly  if  5“  0. 

If  ueC(C0,Tl:V)  and  the  form  a(u,v)  is  uniformly  monotone, 

i.e. 

a(u,u-v)  -  a(v,u-v)  i  V  iA ,  o- e.  V 

where  ^  is  a  strictly  increasing  function  on  tlje  interval 
[^0,00 )  with  ^(0)=0,  then 

^  T 

(  83 )  ^  ^  ^  C.  \i  AA  -  (J  H  ^cLl  »  0 . 

Remark  11.  If  then  the  assumptions  1)  -  5)  are  the 

same  as  those  of  theorem  1,2  and  1,2  bis  in  Lions  C^l],  p.lC2-163. 

4.  We  apply  theorem  2  to  tho  problem  (63)-(C7).  Let 

^  5  To  >  O 

and  let  be  polygon^.  We  choose  tlic  spaces  Ilg 

etc.  as  in  the  example  introduced  at  tlie  beginning  of  para- 
grapli  2.  Then  tlie  asfutmption  1)  is  satisfied.  Wo  consider  a 
regular  family  of  triangulations  (soo  Ciarlut  Cl^l.  p.l32) 

covering  ST;  and  satisfying  the  assunipt ions  of  theorem  3.2.3 
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from  Cl9^«  Tlion  tho  family  siatibfies  the  condition  (79), 

Tho  operators  A‘^(u^)  (in  the  sequel  tho  subscript  U=RfS  means 
restriction  to  U  and  will  be  often  loft  out)  and  the  form 
a(u,v)  are; 


.  CU 


H 


y\  \ 

7)k;  M 


Q  (\A \\y') 


“bx; 


cU  . 


Concerning  the  function  \)(x^,X2»^^  we  assume: 

a)  V  ^€[0»w3)  the  function  (Xj,X2)  — >->?(X|^,X2»  C,  ) 

is  neasurable  on  and  for  almost  all  (Xj^,X2)  €  ^  tho  func¬ 
tion  ^  ^)is  continuous  in  COi®^)  (Caratheodory 

property); 

*>)  V  ^  4  [O ,  CKO  ^  and  for  almost  all  (Xj,X2)€S^ 
is  bounded  from  above  and  satisfies  for  almost  all  ^ 


(84)  V ^  V  ^  > 'll  ^  O^o(-CcyMt>0. 


TIjcn  the  assumpt ior.j  2)-*l)  arc  satisfied  with  p=2  (see  Cajew- 
ski-^Gregor^Zarharias  ^1*3  ,  p.GS-Tl),  (84)  implies  that 

i  >0  for  almost  all  (XjjXj)  6  ^  and  fe 

Therefore  the  assuxption  5)  is  also  satisfied  witJi  p=2  and, 
ill  add! 1 10(1^ 


i,c.  a(ii,v)  IS  uni fui  .;il \  monotono  witli 

tile  data  J  ai.;!  u  wc  re'iuirc 
0 

J  «  L'(o,r:L“(n  ) ) 


^  A  Concerning 


>  u„€L*'(R). 
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Tho  equation  (80)  can  bo  written  as  Tollows: 


(85) 


AtC3\^VQ9.^ 


where.  ^  ^  3{.*)t'idLt. 

ti-, 

Theorem  3,  L’nder  the  above  introduced  assumptions  there 
exists  a  unique  function  which  is  the  solution  of  the 

problem  (63)-(G7).  Further,  the  approximate  solution  U^,  de¬ 
fined  by  (55)  and  (81)  exists,  is  unique  and 


u  in  L^(0,T;H^(^  ))  weakly  if  (T  0. 


If  u  «C(lO,T];H<(n) )  then 


Now  we  introduce  error  bounds  under  assumption  that  the 
solution  u  is  enough  smooth.  We  restrict  ourselves  to  trian¬ 
gular  elements  and  to  piece»yise  linear  trial  functions  which 
are  mostly  applied  in  practise.  We  take  into  account  only 
triangulat ions  which  consist  of  triangles  belonging  either  to 
R  or  to  S  and  which  form  a  regular  family. 

In  applications,  the  coefficient  ^(x^.Xg,  ^)  is  a  piece- 
wise  continuous  function  of  x=(xj^,x,,).  Every  discontinuity  in 
X  along  a.  boundary  of  a  subdumuin  leads  to  a  natural  boundary 
condition  of  tlic  form  (GO).  Wc  consider  a  model  problem  as.su- 
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mining  V  to  bo  continuoua  in  n  uiitl  in  S  for  all  6 
with  disconCinuity  along  P*  Wo  add  two  more  assump¬ 

tions: 

1  ^  1  ^  LI  \  V  I,  €•  10400 , 

u  £> 

lecctojl-,  L'^C^>V, 

and  investigate  first  the  approximate  solution  constructed  by 
means  of  tlio  scheme  (76),  (77),  The  right-))and  side  of  the  de¬ 
fining  equation  will  not  be  tlie  same  as  in  (65).  is  now  de¬ 
fined  by 

(86)  C<r  +  titaCU^ 

where  and 

The  initial  condition  is 

(87)  ll(0)j^  =  uj 

where  ~  (ujIu)  =  is  any  approximation  of  u^ 

such  tiiat 

U  Mo  -  U  ^  C  J?v  H  Mo  U  . 

<5  h 

Remark  12.  If  u^eH”(R)  we  can  take  for  the  interpo¬ 
late  of  u^.  If  u  satisfies  (SS)  then  u**  must  belong  to  U^(n) 

2 

and  the  ort liogona  1  projection  of  in  I.  (R)  onto  the  subspace 
v||  has  thv  required  property. 

Th  t'orem  4.  Let  tl>e  above  asunptions  be  satisfied  and  let 
the  exact  solution  u  bo  so  smooth  that 
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VI.  A  damped  nonlinear  maTe  equation 

Let  ^  ^  be  a  bounded  domain  with  a  boundary  and 

[ci;:  be  a  uniformly  poaitive  definite  matrix.  Let 

d(x.t*u.z)  and  gCx.t.u.z)  be  pieoewiae  continuoua  with  rea* 
pent  to  X  and  uniformly  Lipachitz  continuoua  with  reapeot  to 
t.u  and  z  for  (x«t#€  ^  xC0,T3  and  u^z €  .  Further, 

wa  amaume 


(93) 


d(x.t,u.z)  >  0. 


We  conaider  the  equation 


(94)  1^  4- •  LiA  4  in  SI 


where 


with  the  boundary  and  initial  conditiona 


(95)  0  on  c)Q.  X  (0,T')  )  ^  u\x^0)«A\x)  in  Q.  ^ 


We  write  the  problem  (94). (95)  in  a  ▼ariational  form. 

We  aet 

(96)  u'«  z 


so  that  z'«  >d(x,tfU,z)z  Lu  g(x,t,u,z).  If  the  exact  solu¬ 
tion  is  smooth  enough  then  it  follows 

(97)  -(cL(x,t,t<» -4C)  ir)^-  +  (cj(x)t  ^  v-)< 


><ve  HoCft) 


where 


The  equations  (96), (97)  will  serve  as  the  starting  point  for 
the  construction  of  the  fully  discrete  approximate  solution. 

First,  we  define  a  semidiscrete  solution.  As  in  section 
III  lot  0<h<h’*,  be  a  family  of  finite  dimensional  sub- 

/ spaces  of  H^(Sl)  possessing  the  approximation  property  (28). 

By  a  semidiscrete  Ualerkin  solution  we  mean  a  couple  of  fune- 

tion.  Utx.f),  2u,t)€  V*'  '(te[0,T]  .,tl.fylr.g  In  (0,1) 

U'.2,  + 

(98) 

+  U(.y»0)  -  UV')^  Zu,0).2%V 


Here  u'’,Z*’€  are  suitable  approximations  of  u’^gZ*^.  The  dis¬ 
cretization  in  time  is  carried  out  by  linear  one  or  two-step 
A-stable  methods  defined  by  (15)  and  by  the  linearization  pro¬ 
cedure  introduced  in  section  III: 

I  c<;U”‘n  .  At  I  (lot.  -AtlA'i  mAX 

(99)  >  .  ,  0 


3 


here 

<r.  d,(*,U,U~  2^),  <f 

and  and  in  the  same  way  Z^,  are  giren  by  (25), (26). 

Let  us  show  that  the  fully  discrete  approxiaate  solution 
exists  and  is  unique.  Assuming  that  we  have  already  computed 

. let  us  compute  X»d"'^‘‘,Y«z“‘^*^.  As  U^, 

Z^,  iaO.l,...  belong  to  we  may  assume  X  and  Y  in  the  form 
X*Z.XjVj(x),  Y»  where  [.▼j(Ji)}  are  basis  functions 

of  the  finite  dimensional  space  V".  Denoting 


we  easily  find  out  that  X  and  Y  are  solutions  of  the  following 
system  of  linear  algebraic  equations: 

(100)  C(^)<  '  +  a  ,  o(^HY  •  -AtA^.b’^Y -At/ij^V;X  ^ 

Here  a.^  are  known  vectors,  the  matrices  U  and  K  are  positive 
definite  whereas  d"  is  positive  indefinite  due  to  (93).  From 

(100)  we  get 

(101)  Uj},M  +  ftt/ij,  (  [>\  ttd'l  Y  '  t  ^  ^  ^  ^ 

(c  is  Sigain  a  known  vector).  Evidently,  the  matrix  M 
^ At/?>j^CCr4 positive  definite  shich  pn-ves  the  above 
assertion. 


5  94 


Th«  energ]^'  inequality  (16)  (used  twice  with  b(  u,  v)  =  ( u, r) ^ 
as  well  as  with  b(u,v)3a(u,v) )  can  be  again  succesfully  applied 
for  deriving  error  estiaates.  We  state  the  result  for  the  case 
of  8  -aethod  with  G<  ^  which  is  of  order  one  (q=l).  Besi¬ 
des  the  hypotheses  introduced  above  ajid  besides  soae  regularity 
conditions  which  we  do  not  introduce  we  assuae  that  U**  is  the 
Ritz  projection  of  u®,  i.e.  a( U® , v)  =a('M*^* v) 

and  that  *  Cil  (e.g.,  we  can  take  the  interpolate 

of  z®  in  for  Z®),  Then 

u  i  it), 

(102)  \1  s  it-), 

II  o'*#,  I  C(.  it'). 
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